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| PREFACE '

The ongoing Global Pandemic Covid-19 that has engulfed the entire world has changed every
sphere of our life. Education, of course is not an exception. In the absence of Physical Classroom
Teaching, Department of Intermediate Education Telangana has successfully engaged the students and
imparted education through TV lessons. In the back drop of the unprecedented situation due to the
pandemic TSBIE has reduced the burden of curriculum load by considering only 70% syllabus for class
room instruction as well as for the forthcoming Intermediate Examinations. It has also increased the

choice of questions in the examination pattern for the convenience of the students.

To cope up with exam fear and stress and to prepare the students for annual exams in such a
short span of time , TSBIE has prepared “Basic Learning Material” that serves as a primer for the
students to face the examinations confidently. It must be noted here that, the Learning Material is not
comprehensive and can never substitute the Textbook. At most it gives guidance as to how the students
should include the essential steps in their answers and build upon them. I wish you to utilize the Basic
Learning Material after you have thoroughly gone through the Text Book so that it may enable you to
reinforce the concepts that you have learnt from the Textbook and Teachers. I appreciate ERTW
Team, Subject Experts, who have involved day in and out to come out with the, Basic Learning Material

in such a short span of time.

I'would appreciate the feedback from all the stake holders for enriching the learning material

and making it cent percent error free in all aspects.

The material can also be accessed through our websitewww.tsbie.cgg.gov.in.

Commissioner & Secretary

Intermediate Education, Telangana.
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Unit 1

| Locus '

Def : The path of a point moving subject to the given condition is called locus.
The equation representing the locus is called equation of locus.

Steps to find locus

Step1 : Let the point P be P(4, k)

Step2 : Use the formula related to given condition

Step3 : Simplify

Step4 : The simplified algebraic equation represents locus
Short Answer Questions (4 Marks)

1.  Find the equation of locus of a point which is ata distance 5 from A(4, -3).
Sol: Let P(A, k) be any point

Given point A(4, —3)

|[PA| = 5 given condition

= |PA2 =25

(h—4)" + (x + 3)>=25 (distance between two points = \/(x2 —x) + ()
equation of locus (x —4)? + (y +3)* = 25
X+ )" —8x+6y+25=25=>x"+ )" —8x+6y=0
2.  Find the equation of locus of apoint which is equidistant from the points A(-3, 2), and
B(0,4)
Sol: Let P(A, k) be any point
|[PA| = |PB| given condition
= [PA]* = |PBJ?
(h+3P2+ k- 2=+ (k47
W +6h+9+k>—4k+4=1"+k* -8k +16
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Sol:

Sol:

Sol:

Sol:

6h—4k+13=-8x+16

6h+4k =3
. equation of locus 6x+4y—-3=0

Find the equation of locus of a point P such that the distance of P from the origin is
twice the distance of P and A(1,2).

Let P(h, k) be any point

0O(0, 0) be the origin

A(1, 2) given point

|[PO| = 2|PA| given condition

= [PO]* =4 [PA?

W+ k> =4(h-1)" +(k—2)°]

simplifying 34? +3k* —8h—16k+20=0
equation of locus =3x*+3y* —8x—16y+20=0

Find the equation of locus of a point which is equidistant from the coordinate axes.

Let P(h, k) be any point Y
distance from X-axis = [PM| h

1 2 1 P(h k)
distance from Y-axis = [PN| N t :
IPM| = |PN| = |PMJ* = |PN|? Ny
k= h <
equation of locus y* = x* = x? =37 M

Find the equation of locus of a point equidistant from A(2,0) and the Y-axis.
Let P(h, k) be any point
given point = A(2, 0) B |-/ P(h k)

given condition |PA| =/
PAP=W = (h-2)+ k=W
equation of locus y? — 4x? +4=0.

A2, 0)

Find the equation of locus of a point P such that |[PA|? + |PBJ* = 2¢? where A(a, 0),
B(—a, 0) and 0<|a|<|c|

Let P(h, k) be any point

given point = A(a, 0), B(-a, 0)
given condition |PAJ> + [PB|* = 2¢?
(h—ay+k +h+a)® +k =2
simplifying 7> + k> =¢? — a?

. equation of locus x* + y? = ¢? — a°.
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Sol:

Sol:

Sol:

Find the equation of locus of P, if the line segment joining (2, 3) and (-1, 5) subtends
a right angle at P.

Let P(h, k) be any point

given point = A(2, 3), B(-1, 5) B(-1, 5)
slope of PA m =22~ _k=3
X, =% h-2
slope of PB m, = k=3
h+1 P(h, k)
PA L PB AGY
my xm, =—1
k-3 k-5
= ——x——=—
h-2 h+l

simplifying 7> + k> —h— 8k + 13 =

. equation of locus x? + 32 —x -8y + 13 =0.

The ends of the hypotenuse of a right angle triangle are (0,6) and (6,0). Find the
equation of the locus of its third vertex.

Let P(h, k) be any point

given point = (6, 0), (0, 6)

slope of PA m; = % = 1;1%8
k-6
slope of PB 71, = o0 B(0. 6)
given condition PA | PB
nmy xm, =1
k k-6
Zheh ! P(, &)

A(6, 0)
— K 6k = [ - 6h]

simplifying »* + k* — 6h — 6k = 0.

. equation of locus x? + y? — 6x — 6y = 0.

Find the equation of the locus of a point, the difference of whose distance from (-5,
0)and(3, 0) is 8.

Let P(h, k) be any point

given point = A(-5, 0), B(3, 0)
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10.

Sol:

11.

Sol:

given condition |PA—PB| =38
|PA| =8 + [PB|
squaring both sides
|PA>=[8 + [PB|]?
simplifying |PA|* — |PB[]*- 64 =16 PB
[(h+5)" +k*]-[(h—5)* +k*]-64=16|PB|
— 20h— 64 = 16 |PB]
— 5h—16 = 4 |PB|
— (5h—16)* = 16 |PBJ?
= (5h—16)* =16 [(h—5) + k]

n ok
olifving T — X —q
simplifying =5
2 2
. equation of locus ——=—=1
16 9

Find the equation of the locus of P, if A(4, 0), B(—4, 0) and |PA—- PB| =4
Let P(h, k) be any point

given points = A(4, 0), B(—4, 0)

given condition [PA—PB|=4

= [PA| =4+ |PB|

[[PA]? — |PB]?] - 16 = 8 |PB]|

[(h—4)* +k*]1-[(h+4)’+k*]-16 = 8|PB|

~16h 16 = 8 [PB|

4h+ 17=(h+ 4 +k

simplifying 34% — k> =12

2 2

. equation of locus ——=—==1
4 12

Find the equation of the locus of a point, the sum of whose distances from (0,2) and
(0,-2) is o.

Let P(h, k) be any point

given points = A(2, 3), B(2, -3)

given condition [PA|+ [PB| =8

= |PA| =8 — |PB|

[[PA]? - |PBJ*] — 64 =16 |PB|

[(h—2) +(k-3)*1-[(h—2)" + (k+3)*]- 64 = —16|PB|

—12k— 64 = —16 |PB|
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12.

Sol:

Bk +16)* = 16[(h— 2)* + (k+3)"]

simplifying 16/4% + 7k* —64h —48 =0

-.equation of locus 16x? + 7)? — 64x — 48 = 0.

A(S, 3), B(3, -2) are two fixed points. Find the equation of the locus of P, so that the
area of triangle PAB is 9.

Let 3rd vertex be P(h, k)

given points = A(S, 3), B(3, -2)

given condition [PA| + [PB| =8

- P(h, k)
_l 5 3 9
areaofAPAB—E3 =
h k
A5, 3) B(3,-2)

|3h -5k —10—9-36k + 2h|=18

|5h—2k—19]=18

(5h—2k —1)(5h-2k-37)=0

. equation of locus (5hA—2k—-1)(5h—2k—-37)=0.

Practice Problem

13.

Sol:

A(2,3) and B(-3,4) are two gien points. Find the equation of locus of P so that the area
of the triangle PAB is 8.5

If the distance from P to the points (2, 3), (2, —3) are in the ratio 2 : 3, then find the
equation of the locus of P.

Let (2, 3), (2, -3) (h, k) are the vertices of the triangle

Let P(A, k) be any point
Given points = A(2, 3), B(2, -3)

|PA| 2
given condition —| PB| = 3
— 3|PA| = 2|PB|
9|PA]> =4 |PBJ?

N(h—2)"+(k—3)1=4(h—2)" + (k+3)*]
simplifying 5h% + 5k* —20h — 78k + 65 =0
. equation of locus 5x? + 5)? —20x — 78y + 65 =0.
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14. A1, 2), B(2,-3) and C(-2, 3) are three points. A point P moves such that

[PA]> + [PB|? = 2|PCJ* . Show that the equation to the locus of Pis 7x — 7y + 4 = 0.
Sol: Let P(A, k) be any point

[PAP + [PB* = (h—1)% + (k — 2)* + (h —2)* + (k + 3)*

2 [PCP = 2[(h+2)* + (k-3)*]

substituting in [PAJ]> + [PBJ* =2 |PCJ?

simplifying 77— 7k+4=0

. equation of locus 7x — 7y +4 = 0.

MMM

RIR7RRTR



Unit 2

| Transformation of Axis '

Def : Without changing the direction of co-ordinate axes of the origin is shifted to a given point
then the change occured is called translation of axes.

Let P(x, y) original coordinates

and P(X, Y) transformed coordinates
x=PQ=ON=0OL+LN=0L+0OM=h+X=X+h
y=PN=PM+MN=Y+0L=Y+k

nx=X+h y=Y+k=>X=x-h, Y=y-k
P(x,y)=(X+h, Y+k)

P(X,Y)=(x—h,y—k)

(hk=x-Xy-Y)

original equation of the curve f (x, y)

transfored equation of the curve (X, Y)

Rotation of axes : without the changing the position of origin the axes are rotated through an
angle then it is called rotation of axes.

x=0L =0Q-LQ =Xcosb - NM
= XcosO — YsinO.

y=PL =PN+NL =PN+MQ
=PM cos6 + OM sinf
=YcosO + Xsin6 = Xsin6 + Ycoso.

P(x, y) = (XcosO — Ysinf, XsinB + Ycos0)

0 X Y

X cost —sinf

X sinO coso
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Sol :

Sol :

Sol :

Sol :

Short Answer Questions (4 Marks)

When the origin is shifted to (4, —5) by the translation of axes, find the coordinates of the

following points with reference to new axes.

@ (©,3)
x =0, y=3 h=4 k=-5
X=x-h Y=y-k
X=-4 Y=8 Ans: (4, -8)
(i) (-2,4)
x=-2 y=4 h=4 k=-5
X=x-h Y=y-k
X=-4-2=06 Y=4+5=9 Ans: (-6, 9)
(iii) (4,-5)
x=4 y=-5 h=4 k=-5

(XJ Y) = (X - ha Y- k) = (4 - 47 _5(_5)) = (OJ O)
The origin is shifted to (2, 3) by the translation of axes. If the coordinates of a point P

change as follows, find the coordinates of P in the original system.

@H 43
X=4 Y=5 h=2 k=3
x=X+h y=Y+k
x=06 Y=38 Ans: (6, 8)
(i) (-4,3)
X=-4 Y =3 h=2 k=3
x=X+h y=Y+k
X =-2 Y=6 Ans: (-2, 6)
(iif) (0, 0)
X=0 Y=0 h=2 k=3
x=X+h y=Y+k
x=2 Y=3 Ans: (2, 3)
Find the point to which the origin is to be shifted so that the point (3, 0) may change to (2, -3).
x,v)=(3,0) given point
X, Y)=(2,-3) transformed point

(ha k) = (X—X’ y_Y) = (3 _27 O_(_3)) = (17 3)
When the origin is shifted to (—1, 2) by the translation of axes, find the transformed equa-

tions of the following.

(1) x2+y2+2x—4y+1:0
(ha k):(_la 2)
x=X+h=X-1 y=Y+k=Y+2

substituting (X—1)> + (Y+2)* + 2(X-1) - 4(Y+2)+1=0
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Sol :

Sol :

simplifying X?+Y?—4 =0 required equation
(2) 2x*+y* —4x+4y=0
x=X+h=X-1 y=Y+k=Y+2
substituting 2(X—1)% + (Y+2)* —4(X-1)+4(Y+2) =0
simplifying 2[X*-2X+1]+[Y*+4Y+4]-4X+4+4Y+8=0
2X*+Y?-8X+8Y+18=0 required equation
The point to which the origin is shifted and the transformed equation are given be-
low. Find the original equation.
(D G, 4, x*+y* =4
Let the transformed equation indicated by y2 1y2—4 ...... (1)

simplifying (h, k) = (3, —4)

X=x-h Y=y-k

X=x-3 Y=y+4

original equation after substitution and simplification

x*+y*—6x+8y+21=0
2) -1,2), x*+ y2 +16=0
changed origin is (h, k) = (-1, 2)
given transformed equation x* +2y*+16=0

Let this denoted by X2 42¥2 +16=0 ------- (1)
X=x-h=x+1 Y=y-k=y-2
original equation after substitution and simplification
x*+2)° +2x-8y+25=0
Fiond the point to which the origin is to be shifted so as to remove the first degree

terms from the equation.

given equation f(x,y)=4x>+9y” —8x+36y+4=0

transformed equation

fx+hy+k)y=f(x,y)=4X+h)’ +AY+k) —8X+h)+36(Y+k)+4=0
X, Y to eliminate X, Y terms equate coeflicient of X and coefficient of Y to 0
8h—-8=0=>h=1

18k+36=0=>k=-2

the point to which the origin to be shifted is (4, k) = (1, -2) or

hf —bg gh—afj
ab-h*" ab-h*

use the formula [
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7.  Find the angle through which the axes are to be rotated so as to remove the xy term in

the equation x* +4xy +y*-2x+2y-6=10

Sol : transformed equation x> +3xy—2y* +17x -7y —-11=0

for convenient let the equation X2 +3XY - 2Y2+ 17X -7Y-11=0 ...... (1)
(h k)=(2,3)
X=x-h=x-2 Y=y-k=y-3

substituting in (1)
(x—2)* +3(x=2)(y=3)-2(y=3)* +17(x—-2) - 7(y=3)—-11=0
original equation x*+3xy—2)*+4x—y—-20=0

Very Short Answer Questions (2 Marks)

1.  When the axes are rotated through an angle 30°, find the new coordinates of the

following points.

Sol: (i) (0,5) 6=30°

X = xcosf + ysind = 5sin30°= —

53
Y =—xcos0 + ycosB = 5¢0s30°= T\f
(5 53)
035
(i) (=2,4) 0 =30°

2 4
= _2c0s30° + 4sin30° = T\f —=2-3

12 43
Y = —2sin30° + 4¢0s30° = 7+Tf —23+1

(2 _J3. 23 - 1)
(1) (0, 0) 0 =30° (Home work)

2.  When the axes are rotated through an angle 60°, the new coordinates of three points
are the following.

ol: () (X,Y)=(,4) 0=60°

x = Xcos0 — Ysin® = 3¢0s60° — 4sin60° =

3-43
2
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3V3+4
y = Xsinf + YcosO = 35in60° + 4cos60° = \/;
(343 33+4)
(x,y) =l , ]
2 2
(i) (-7,2)=(X,Y) 6=060°
=7-243
x = XcosB — Ysind = —7c0s60° — 2s5in60° = Tf
2-7+3
y = Xsinf + YcosO = —7sin60° + 2¢cos60° = 2\/7

(—7-2d3 2-73)
Ans: k 5 ) 5 J
(iii) (2, 0)=(X,Y) 0 =60°

x = Xcos0 — YsinO = 2¢c0s60° — 0sin60° = 1

2V3
y = XsinO + YcosO = 2sin60° + 0cos60° = T\f = \/5
.y =(1+3)
n
3. When the axes are rotated through an angle Z,ﬁnd the transformed equation of
X2 +2\/§xy-y2 =232
Sol : 0 ="T/g
f(x, y)=x"+2Bxy -y = 24°
. X3 Y
x = Xcosd — Ysind = Xcos—— Ysin—= —f—_
6 6 2 2
. X Y3
y = XsinO + YcosO = Xs1n%+Ycos% = EJFTI

transformed equation = (X, Y)

(3X —Y\ (J_X V(x+vB) (x+YBY
) T2 )T )

simplifying X?>—Y? =qg?.
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4.

Sol :

Sol :

Sol :

When the axes are rotated through an angle /4 , find the transformed equation of
3x7 +10xy + 3y* =9
0="T/4
f(x, ¥)=3x>+10xy+3y° =9
‘ X-Y
x = XcosO — YsinQ = T

X+Y
y = XsinO + YcosO = T
by substituting and simplifying the transformed equation 8 X*—2Y?* =9
When the axes are rotated through an angleg, find the transformed equation of
XCosa +ysina = p

x = Xcoso — Ysino
y = Xsina + Ycoso
by substituting

(Xcosa—Ysina)cosa +(Xsina+ Y cosa)sino = p

X(cos® o +sin” ) = p

X=p.

When the axes are rotated through an angle 45° , the transformed equation of a

curve is 17x? —16xy + 17y* = 225. Find the original equation of the curve.
a4 y g

angle of rotation = 6 = 45°

let the transformed equation be

17X%2-16XY+17Y? =225
X=xcosO+ysin® Y =-—xsin0 +y cosd

_x+y  —x+y
NERRN
simplifying

2 2
X+y x+y\[—x+y —x+y
17[ j —16[ j[ j+17[ j =225
V2 V20 2 V2
required equation 25x* +9y? = 225

MMM

RIR7RRTR



Unit 3

| The Straight Line '

Chapter 3(a)

Note :

1

If a non - vertical straight line makes an angle '0' with the X- axis measured counter -
clock wise from the positive direction of X - axis, then tanf is called the slope of the line
L.

m = tanf
Slope of X- axis & its parallel line is zero

Slope of Y- axis & ils parallal line is not define

A line which is passing through A(x,, y,), B(x,, y,) then its slope (m) = Y2 h
X, =%
The equation of the S.L. which cut off non - zero intercepts 'a' and '’ on the X-axis and the

Y-axis respectively is £+% =1
a

Intercept Form

6.

The equation of the S.L. with slope 'm' and cutting off y - intercept 'C' is y = mx + ¢ (slope

- intercept form)

If it passes through origin then the equation is y = mx

Point - slope form :

The equation of the straight line with slope 'm' and passing through the point (x, y,) is
Y=y =mx—x,).

The equation of the S.L. passing through the points A(x,, y,) and B(x,, y,) is

(v, =y )
Y—-nmn= kMJ (x—x) (Two point form).
Xy =X
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10.

1.

x oy 1
A(x;, y)), B(x,, v,), C(x;, y,) are collinear <> X, ¥, 11=0 (OR)

X3y 1
Slope of AC = Slope of AB (OR) Aera of AABC = 0.

Questions

Find the equation of the S.L. passing through the points (atlz, 2at,) and (atzz, 2at,)

Sol: A(at}, 2at)), B(at;, 2at,)

Sol:

Y=n :(uj(x—xl)

X=X

( 2at, — 2atl\

—2at, = x—at?
Yy 1 alzz—allz ( )
2a(t, —t,)
—2at, = 2z 1 at?
Yy 1 (Zzz_tlz)( )
2(t, —t
y—2at, = (& ~1) (x —at})

b (Zz _11)(12 +Zl)
(t, +)(y —2at) = 2(x—a112)
(t,+1,)y —(t, +1,)2at, = 2x - 2at]
x—2atl —(t, +1,)y +(t, +1,)2at, = 0
X —2at, —(t, +t,)y + 2at’ +2att, = 0
2x—(t, +1,)y+2att, =0

Find the value of x, if the slope of the line passing through (2, 5) and (x, 3) is 2.
A(2,5), B(x,3), m=2

Slope of AB = P27 h

X, =X

3-5

= :2
x—2

2=2(x-2)

2x—4=-2

2x=-2+4=2x=2 =>x=1.
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Sol:

Sol:

Sol:

Find the value of y if the line joining points (3, 4) and (2, 7) is parallel to the line the
points (-1, 4) and (0, 6)

AQ3, 4),B(2,7),C(-1, 4), D(0, 6)

Slope of AB = Slope of CD

7- 6-4 7 - 2

2—? o —1y 1

T-y=-2 =>7+2=y=>y=09.

Find the condition for the points (a, 0) and (0, b), where ab = 6, to be collinear
A(a, 0), B(h, k), C(0, b)

points A, B & C are collinear <> Slope of AC = Slope of AB

b-0 k-0 b k

_—= e

O-a h-a a h-a

= -b(h—-a)=ak

= —bh+ab=ak = ak+bh=ab

ak bh ab h k
_ _ = :> — —_=
ab ab ab a b

Find the equation of the S.L. which makes the 150° with the position X- axis in the

1

positive direction and which passes through the point (-2, -1)

0 = 150°, A(-2, -1)
1

m = tan150° = tan(90 + 60) = —cot60° =~ ﬁ

1

The equation of the S.L. with slope — and passing through the point (-2, —1) is
NE)

y—y1=m(x—xl)

y+l:—;(x+2)

7
(y+1)=—(x+2)
\/§y+\/_:—(x+2)
B+ =-x-2
x+\/§y+2+2+\/§:0
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Sol:

Sol:

Sol:

Exercise:

Find the slopes of the lines (i) parallel to and (ii) perpendicular to the line passing
through (6, 3) and (-4, 5)

The angle made by a S.L. with the positive X-axis in the positive direction is 60° and
the X- intercept cul off by it is 3. Find the equation of the S.L

0=60°,C=3
.. Required equation y =mx + c. (m = tan60°= ,/3)
y= \/gx +3

= \/gx -y+3=0

Find the equation of the S.L. passing through the origin and making equal angles
with the coordinate axes.

0(0, 0)

Since making equal angles with the coordinate axes

0 =45° 135°.

m = tan45° or tan135°

m =1 or tan135° = tan(180° — 45°) = —tan45° = -1

m==l

.. Equation of S.L. with slope £1 and passing through origin is

(y-0)=%£1(x=0)

y=x=l1

x+ty=0orx—y=0

Find the equation of the S.L. passing through the point (2, 3) and making non - zero
intercepts on the axes of coordinatas whose sum is zero

A(2, 3)

sum of the intercepts = zero

atb=0=>b=-a

Equation of a S.L. in intercept form

R A :>£+l:l
a b a —a
:>x_y:l:>x—y:a ..... (1)
a

But it is passing through A(2, 3)
2-3=a=>a=-1
From (1)
x—y=-1
x—y+1=0
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9.  Find the equation of the S.L. passing through (-4, 5) and cutting off equal and non
zero intercepts on the coordinate axes.

Sol: A=(-4,5)
According to the problem a =b
equation of a S.L. in intercept form

£+X:1
a b

:>£+Z:l
a d

xX+y

=l=>x+y=a (D

But it is passing through A(—4, 5)
—-4+3=a=>a=1
.. Equation of the required S.L. is
x+y=1
x+y-1=0
10. Find the equation of the S.L. passing through A(-1, 3) and (i) parallel (ii)
perpendincular to the S.L. passing through B(2, —5) and C(4, 6)
Sol: A(-1, 3), B(2, -5), C(4, 6)
Yo=Yy _6-(=5) 6+5 _E

Slope of BC = xz_x1= Y > >

(1) Slope of a parallel line to BC also = %

11

equaton of S.L. with slope X and passing through A(-1, 3) is

)

2(y—-3)=11(x+1)
2y-6=11x+11
llx-2y+17=0

(i1) Slope of a line which is perpendicular to BC is = P
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equation of a S.L. with slope I and passing through A(-1, 3) is

-2
-3=—(x—-(-1
y=3= = (D)
11(y—-3)=-2(x+1)
11y—33=-2x-2

2x+11y—-31=0
The Straight Line

Exercise 2b

Note :

1

Sol:

The equation of the straight line, whose distance from the origin is P and the normal ray of
which drawn from the origin makes an angle o with the positive divection of the X-axis
measured counter clock - wise is

X cosa + ysina = P
It is called Normal Form

The equation of the straight line passing through (x,, y,) and making an angle 6 with the

positive direction of the X-axis measured counter - clock wise is
(x—x;):cos0=(y—y,):sin0O

X=X _JV=nh B W
cosO sin® Y

x=x, +rcosb, y=y +rsin0 is called parameteric from of the point P.

|r| denotes the distance of the point (x,, y,) from the point (X, y) on the straight line.

General form of a straight line isax + by + ¢ =0

Its slope (m)= _Ta

Questions
Transform the equation x + y + 1 = 0 into normal form
x+ty+1=0
Normal form of ax + by + ¢ =0is
—ax —(b)y c
—+ =
\/az +b? \/az + 5% \/a2 + 5%

Divide with \/a2 +b% = \/(1)2 +(1)? =J1+1=42

, where ¢ > 0
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Sol. :

X y 1
$+$+$: 0
-1 -1 1
[ﬁj)ﬁ[ﬁjy:ﬁ ...... (1)
Compare with x cosa + ysina. = P
-1 . -1 1
cosol zﬁ, sinQ :ﬁ, P= E
=22
4

.. Equation of the required straight line

X COS [S—ch + ysin [S—ch = L
4 4) 2
Transform the equation 4x — 3y + 12 = 0 into (a) slope - intercept form (b) intercept
form and (c¢) normal form
L=4x-3y+12=0
(a) Slope - intercept form (y = mx + ¢ =0)
=>4x+12=3y

4x+12
YT 73

4
=l —|x+4
-3

Xy
—+==1
(b) Intercept form R

=>4x-3y+12=0

—4x+3y=12
-4
3y 12
12 12 12
X Ly
=3) @4
=a=-3, b=4

(¢) Normal form (xcoso + ysina = P)
4x-3y+12=0
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—4x+3y=12

Divide with \/az + b2 = \/( —4)* +(3)* =416+9

-4
—Ax 3y 12
5 5 5
- . 3 12
cosat=—, sinot=—, P=—
5 5 5

3.  Transform the equation \/3x + y = 4 into (a) slope intercept form (b) intercept form

and (¢) normal form.
Sol.: L= \/§x+y:4

(a) Slope - intercept form y=mx+ ¢=0

\/§x+y:4
:>y:—\/§x+4
> m=—/3, c=4

Xy
—+==1
(b) Intercept form -t

\/§x+y:4

= —Xx+
4

..y 4
4 4

X )

&/w c

(¢) Normal form (xcosa + ysino = P)

\/§x+ y=4
Divide with Ja? + 5 = \J(v3)> +(1)* =3+1=2

4

2 2
{9019

COSQ =

3
x. ¥y
2
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Sol:

o =300=2
6

s . T
S.xcos—+ysin—=2
6 6

Home Work
II 31, iv, v, vi

A straight line parallel to the line y = J3x passer through Q(2, 3) and cuts the line
2x+4y—27=0 at P. Find the length PQ

y=A3x (D) 2x+4y—-27=0 ... (2)

Slope of a equation which is parallel to (1) also./3 .

m =13 = tan 60°= 6 = 60°

0 =60°and Q(2, 3)

P=(x,y)=(x, +rcosb, y, +rsinb)
P=(2+rcosH, 3+rsinb)

:{2+r[%j, 3+r{§D

ro. B

(
=|2+—=,3+——
T )
But P is on equation (2)

J3r)

2[2+9+4(3+TJ—27:0

2[4+r] +4{ 6+2\/§rj _

27
2

417 +12+23r =27
\B3r+Dr=11

. u o n 231 112V3-)
23+1 23+1 243-1  12-1

r:@:%g_l

A PQ=r|=243-1
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S.

Sol:

Sol:

If the area of the triangle formed by the straight linesx=0,y=0and 3x + 4y = a
(a>0) is 6, find the value of a.

3x+4y=a
Ay oa o x Y (1)
aERclo
3 4
. . . X y 1 l
Area of the triangle with coordinates axes and 5+ b lisA= E|ab |
2
e a o a s
213 4 12

—Sa’=144=a=+144
Soa=12.

x
Transform the equation ;+ Y1 into the normal form when a > 0 and b > 0. If the

b
perpendicular distance of the straight line from the origin is P, deduce that
1 1 N 1
pZ aZ b2 y
£+ X =1
a b

Divide with Va’ +b” = sz+[%jz
b))
o J e

( ( )

x

“\/*+* J 5 J e

According to the problem P—;Dl— LJFL
1 1 P Na »
A
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Sol:

Squaring on Both Sides
1 1 L

P & " b*
Line L has intercepts @ and b on the axes of corrdinates. When the axes are rotated
through a given angle, keeping the origin fixed, the same line L has intercepts p and

1 1 1 1

q on the transformed axes. Prove that a_2+ B - ?JF q_z
. C Xy
Equation of S.L. is in intercept form 2 + b | (D)

Let '0' be the angle, where axes are notabled
x=x'cosO—y'sinG, y=x'sinO+ y'cosO

Transformed equation of (1) is

x'cos®—y'sin0 N x'sin@+ y'cosO
a b
b(x'cosB—y'sinB)+a(x'sinB+ y'cosO) -
ab

1

bx'cosO—by'sinO+ax'sin@+ay'cosO
ab

1

(asin®+bcosB)x' (acos® —bsin@)y'

1
ab ab

xl yl _l
[ _ ab M ab__ j ........ @)
asin® +bcosB/ \acosd —bhsinbd

According to the problem

3 ab 3 ab
P isin0+beoso’ ! (acos® —bsinb)

[asinGJrl)cost2 J{acos@—bsin@jz
ab ab

_ a’sin®0+b” cosO+2absinBcosB +a’ cos” 0+ b” sin” 0 — 2ab cosOsin O
(ab)’

a’(sin”0 +cos*0) + b (sin” 0+ cos*0) _ a’(1)+5°(1)
- a’b? - a’b?
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I
11 11
. ? + q—z = a—z + b—z
The Straight Line
Exercise 3¢
Note :
1 L, =ax+by+c =0, L,=a,x+b,y+c, =0then intersecting point of L, L, is
bie, by, ca, —6q
ab, —ab,” ab, —ayb,
2. L=ax+by+c=0& two points A(x, ), B(x,, y,)then notation of
L,=ax +by,+¢ =0, & L,, =ax, +by, +¢, =0
(a) IfA& BaresamesidetoL =0
= L, & L, has same sign
(b) If A& B are opposite sideto L=0
= L,, & L,, has opposite signs.
3. (a) X-axis divides line segment AB in the ratio = -y,y,
(a) Y-axis divides the line segment AB in the ratio = —x,x,
4. L, =0,L,=0,L,=0 are concurrent lines
aq b g
<la, b, ¢,|=0 OR
ay by o
a (bye; —byey )+ by (cya, — c30,) + ¢ (ayby —ayh,) = 0
Questions
1.  Find the ratio in which the straight line 2x + 3y = 5 divides the line segment joining
the (0, 0) and (-2, 1). State whether the points lie on the same side or meither side of
the S.L.
Sol: L=2x+3y=5, A(0,0),B(-2,1)

L, =2(0)+3(0)=5
L, =-5<0



26

Basic Learning Material

Sol:

Sol:

L,=2(-2)+3(1)-5=—-4+3-5=-6

L,=-6<0

L = 0 divides the line segment AB in the ratio=-L : L,,

Ratio = -(-5): (-6) = -5:6

L, <0,L,<0&L,,L,<0

.. A, B are lie on the same side of the line L =0

Find the value of £, if the lines 2x -3y +k=0,3x—-4y—13=0and 8x-11y-33=0
are concurrent.

L ,=2x—3y+k=0, L,=3x—4y—13=0,L,=8x—11y—33=0

L,, L,, L, are concurent

2 3 k
=3 -4 -13|=0
&8 —-11 -33

2(132 — 143) +3(-99 + 104) + k(=33 +32)=0

2(-11)+ 3(5) +k(-1)=0

Sok=-T.

Home work I, & 11,

A triangle of area 24 sq. units is formed by a S.L. and the coordinate axes in the first
quadrant. Find the equation of the S.L. if it passes through (3, 4).

x=0,y=0, A3, 4)

. X Yy
intercept form of a S.L. 5+ e L (1)

Area of the triangle with coordinate axes & eqn (1) A = 24 sq. units.

%|ab|243ab:483b:ﬁ ....... (2)
a

But equation (1) is passing through A

3 4 3 4
2l ——=1

a b a(48j
a

From equation (2)

3 4da 36+a2_1

—
a 48 12a

=36+a* =129
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Sol:

Sol:

=a*-129+36=0

= (@-6)"=0
Soa=o.
] 48
From equation (2) b = v 8

From (1) : Equation of required S.L.
X y 1:> M — 1

_+_:

6 8 24
4x+3y=24
4x+3y—-24=0.

If 3a + 2b + 4¢ = 0, then show that the equation ax + by + ¢ = 0 represents a family of

concurrent straight lines and find the point of concurrency

3a+2b+4c=0

Divide with 4
3a 2b 4c

—t—+—=
4 4 4

a[%j+b[%j+c=0 ....... (1)

.. Each member of the family of S.Lines given by ax + by + ¢ = 0 passes through the fixed

3 1
point [Za Ej . Hence the set of lines ax + by + ¢ = 0 for parametric values of @, b and c is

0

a family of concurrent lines and the point of concurrency is [%, %j .

H.W page No. 55 Example 4

Find the point on the straight line 3x + y + 4 = 0 which is equidistant from the points
(-5,6) and (3, 2).

A(-5,6),B(3,2), L=3x+y+4=0

Let P(a, b) be the required print

AP =BP

J@+57 +(b-6)* = J(a-3)> +(b-2)’
Squaring on B.S.

a?+25+10a+b*>+36-12b=a*+9—6a+ b*>+4—4b
10a—-12b+61+6a+4b—-13=0
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16a—8bh+48 =0
Divide with2¢a-6+6 =0 ... (D)
But PisonL =0

3a+b+4=0 . (2)
Now (1) + (2)
20-b+4 =0
3a+b+4 =0
5+ 10 =0 = 5a=-10
La=-2
From (1) 2(-2)-b+6=20=>-4+6=5
Lb=2

.. Required point P = (-2, 2).
6.  Astraight line through P(3, 4) makes an angle of 60° with the positive direction of the

X-axis. Find the coordinates of the points on the line which are S units away from P.
Sol: P(3,4),r=5,06=060°

Parametri form of a point

(x, y) = (x, £r cosd, y, £ sinb)

The point on the line which is at a distance of 5 units from P

(x, ¥)=(3 £ 5cos60° 4+ 5 sin60°)

:_3i5[%),4i5{%§}}

l6+5 853
27 2
(645 8+53) (6-5 8-53)
27 2 )27 2
‘ (11 8+53) (1 8-5{3)
.. Required points = k;; 5 3T
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7.  AS.Lthrough Q(\/g , 2) makes an angle /g with the positive direction of the X-axis.

If the S.L. intersects the line \/3 x—4y+8=0 at P, find the distance PQ

Sol: 3x—4y+8=0 .. (D)

180 |
Q(3, 2), 6:%:?:303m:tan30°:—

3

1

Equation of a S.L. with slope NG and passing through Q(\/E ,2)

2=l

\/g(y—Z):l(x—\/g)
By-23=x-3

x—\/§y+\/§:O ....... (2)
For P: (1) _/3(2)
Bx—4y+8=0
3x-3y+3=0

—y+5=0=>y=5.

12
from (1) V3x—4(5)+8=0=~Bx=12=>x=

NG
4><3_4><\/§><\/§_
A e
P=(443.5)

. PQ= \/(\/5—4J§)2 +(2-5)
= (3] (3 = oGy +9 =6

- PQ=6.
H.W. Page 54 : Example 3




30 Basic Learning Material

The Straight Line
Excrcise 3d

Note :

(
1. Let O be the angle between the line L, & L, then 6 = cos ™" L

P
a,a, +bb,

2, 22\ 2 L g2
’\/(a1 er1 )(a2 +b2)
2. L 1L, ©aa,+bb,=0 ORm,m,=-1

ax, +by, +c¢
Va* +b*

4.  Distance between the parallel lines L, =ax+by+¢, =0 &L, =ax+by+c¢, =0

3.  Perpendicular distance from P(x,, ;) to L=ax+by+c=0 is (d)=

G -6

Na® +b?

is =

Questions

1.  Find the value of £, if the angle between the straight lines 4x—y +7 =0 and kx — Sy —
9=0is 45°

Sol: L =4x-y+7=0,L,=kx-5y-9=0,0=45°

030 — aa, +bb,
J(af +02)(a? +2?)
cos45°= ‘ e+ OE) ’
‘\/(42 F D) (K2 +(-57?) ’
1 4k +5

2 Jas+1)(x* +25)

1 16k* +25+40k

2 17(k*+25)

17k* + 425 =32k* + 50+ 80k
15k* +80k —375=0

3k* +16k-75=0

3k* + 25k —9% —75=0
k(3k+25)-3(3k +25)=0
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Sol:

Sol:

Sol:

Bk+25)(k-3)=0

3k+25=00R £-3=0

3k=-25 OR k=3

- k=3 OR =

3

Find the value of £k, if the straight lines y —3kx+4=0and k- 1)x— (8k—1)y-6=
0 are perpendicular
L=y-3kx+4=0=>L=3kx-y-4=0 ... (D) P(x,.¥,)
L=QCk-1)x-@k-1)y-6=0 ... (2)
L 1L, < aa,+bb,=0
3k(2k-1)+(-D[-@Bk-1)]=0
6k* —3k+8k—1=0
6k>+5k—1=0
6k* +6k—k—-1=0
6k(k+1)—-1(k+1)=0
(k+1)6k—-1)=0
k+1=00R6k-1=0
k=-1 OR k= 1
6
Find the length of the perpendicular distance from the point (-2, -3) to the line Sx —
2y +4=0.
L=5x-2y+4=0, P(-2,-3)

(d) = ax, +by, +c¢
Va® +b*

Dist bet llel Tine (1) & (2) () ‘5(—2)—2(—3)+4| _-10+6+4

istance between parallel line = =

| Jorrap | V254

sod=0.
Home Work I,
Find the distance between parallel lines 3x + 4y -3=0, 6x+8y—-1=0
3x+4y-3=0 6x+8y—1=0 .. 2)

2x(1) > 6x+8y—-6=0 ... (1)
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Sol:

. T el SV
distance between parallel lines ‘ (6) + ()’
o6+l | S I_‘—_S_’i’
J36+64  |J1oo| [10] |2

d=—
2
If Q(h, k) is the foot of the perpendicular from P(x,, y,) on the straight line ax + by +
¢ =0, then

(h-x):a=(k-y):b=—(ax,+ by, +c): (@ + D)
L=ax+by+c=0, P(x,y), Q®, k)

P(x.y)
(m)=—=
Slope of L{ 71, ) = 5 L-o

Qh, k)
k‘%
h—x

1

Slope of PQ (m,) =

L1PQ mm,=-1

Fe

k_yl_ézjk_yl_h_%

h—-x, a b a
h—x :k—yl % say
a b
h—x1:7L k—y1:7L
a b
h—x =ah k—y, = b\
h=x +ah k=y +b\

ButQisonL =0

a(x; +al)+b(y, +br)+c=0
ax, +a*h+by, +b*h+c=0
(@ +bH)A = —ax, —by, +c¢

:‘h_xlzk_)ﬁ_'{“ﬁ+bﬂ_c)

a b a’+b?
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6.  Find the foot of the perpendicular from (-1, 3) on the straight line Sx—y - 18=0

Sol: Let Q(A, k) be the foot of the perpendicular from (-1,3)toS5x—y—-18=0
h-x _k—y —(ax+by —c)

a b a’+b?
h—(=1) k-3 —(-5-3-18)

5 1 (5)* +(1)*

h+l k-3 26
5 -1 25+1
el k=3 26
5 -1 26
hel k3
5 -1
h+1=5 k-3=-1
h=5-1 k=—1+3
h =4 k=2
s (hk)=(4,2)

Home Work I,

7. I Q(h, k) is the image of the point P(x,, y,) w.r.t. the straight line ax + by + ¢ = 0 then
(h-x):a=(k-y):b=—2ax +by +c): (@ + D)
Sol: L=ax+by+c=0P(x,y) Qh, k)

oP
—a
Slope of L =0 (ml):7
™
_k-y
Slope of PQ (m,) = ——
h—x, "Q
PQLL & mm, =-1
[jj(k—yl\ _
b/\h-x
k—y :bjk—yl :h—xl
h—-x, a b a
h—x _k—y
—:—:7\1
P 5 let ........ (1)
h—x1_7L k—y1_7L
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Sol:

h—x =ah k—y, = b\
h=x +ak k=y +bh ... (2)
Since M is the midpoint of P & Q
M:[M Mj
2 72
ItisonL=0

a[u}+b[u}+czo
2 2

ax, +ah+by, +bk +2c 0
) =

ax; +a(x; +ak)+ by, +b(y, +br)+2c =0

ax, +ax, +a*h+by, +by, +b*A+2c =0
Ma® +b*) = —2ax, —2by, - 2¢

_ —2(ax, +by, —¢)
a’+b?

A

(1) o0&
h—x, k—-y  —2(ax, +by, —¢)

a b a*+b*
Find the image of (1, —2) w.r.t. the straight line 2x — 3y + S=0.
(h, k) is the image of (1, —2) w.r.t the line 2x -3y +5=0
h-1_ k+2 -2(2(1)-3(-2)+5)

2 -3 (2)* +(-3)*
h—l_k+2_—2(2+6+5)_—2(13)__2
2 3 4+9 13
h-1_, k+2_
2 -3
h—1=-4 k+2=6
h=-3 k=4
5 (h k)= (=3, 4)

Home Work I,
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9.

Sol:

Find the equations of the straight lines passing through the point (-3, 2) and making
an angle of 45° with the straight line3x -y +4=0
P(-3,2),L=3x-y+4=0,0=45°

Let m be the slope of a line which is passing through P
y=2=mkx+3) .. (*)

y—2=mx+3m

mx—-y+((2+3m)=0 ... (D

According to the problem, 45° is the angle between
L=0& (1)

EEDED 1w

JGP+ e+ 1) T2 Jornme v

Squaring on B.S.

cos45°=

1 9m® +1+6m

2 10(m* +1)

10(m* +1) = 2(9m* +1+ 6m)
10m* +10=18m* + 2+ 12m
8m* +10m—-8=0

2m* +3m—-2=0

2m* +4m-1m—-2=0
2m(m+2)—-1(m+2)=0
(m+2)((2m-1)=0

m+2=0 OR 2m—-1=0
1
m=-2 OR m=z
Case (i): L, L,
m = -2 then, from equation (*)
y—2=-2(x+3)
y—2=-2x-6
2x+y+4=0
Case (i1):
1
m=z then, from equation (*)

1
—2=—(x+3
y 2( )
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10.

Sol:

11.

Sol:

2y—-4=x+3
x=2y+7=0
.. Equation of required s. lines

2x+4y+4=0,
x-2y+7=0

Find the angles of the triangle whose sides are x+y—-4=0, 2x+y—-6=0and Sx+
3y—15=0.
Li=xty-4=0
L,=2x+y-6=0
L,=5x+3y—-15=0
1(2)+1(1) B 2+1 3
JE+13)22+1?) Ja+D@E+n V1o

-

29)+13)  _ 10+3 _ 13
JR2+12) 5% +3%)  J@+D25+9) 170

COSA =

cosB=

13
B=cos™ [—j
170

cosC = S +3) = +3 = 8 - 8 — 4

JE @) @59+ Jes 217 \I7

o

Find the equations of the straight lines passing through the point of intersection of

thelines 3x+2y+4=0, 2x+y =1 and whose distance from (2, -1) is 2
L =3x+2y+4=0, L,=2x+y=1 A=(2,-1), d=2
For the point of intersection of L, & L,

2L, - 3L,
6x+ 4y +8=0
6x+15vy—-3=0

-1ly+11=0=>1ly=11=y=1
FromL, 3x+2(1)+4=0=3x=-6 =>x=-2
P2,-1)
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12.

Sol:

Let m be the slope of a line which is passing through P

y—1=m(x+2) ()
y—1=mx+2m
mx—y+ (1+2m)=0 .1

Given that perpendicular distance from
A to equation (1) =2
m(2)—(—1)+l+2m| _,

me (- |

2m+1+1+2 dm+2
i M o M2y

m* +1 1+ m?

202m+1) = 241+m* = 2m+1=~1+m*
Squaring on both sides

4m* +1+4m=1+m*

3m* +4m=0
m(3m+4)=0
m =0 ORm= 3
Case (1): m =0 then, from (*)
y—1=0(x+3)
y =1
. —4
Case (11): m= then, from (*)

y—l:—g(x+2)

3y—-3=-4x-8
4x+3y+5=0
.. Equation of required straight lines y =1, 4x+3y+5=0.

Find the equation of the line perpendicular to the line 3x + 4y + 6 = 0 and making are
intercept -4 on the X-axis.

L =3x+4y+6=0, X-intercept =—4
Equation of any line which is perpendicualr to L =0
4 - 3y+k=0 . (*)

4x - 3y=-k=0
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4x 3y —k

(—k) (=k) (k)

ﬁ_éﬂ ..... (1)

—k
X-intercept of (1) = T

According to the problem __k - 4=k=16
4

.. Equation of required straight line 4x -3y + 16 =0
The Straight Line

Excrcise 3e

Note :

Sol:

The medians of a triangle are concerrent the concurrent point of medians is the centroid
The altitudes of a triangle are concurrent. The cencurrent point of the altitudes is ortho-
center.

The internal bisectors of the angles of a triangle are concurrent. The concurrent point is

called incenter.
The perpenducular bisectors of the sides of a triangle are concurrent. The point of
concurrency is the 'circumeenter' of the triangle.

Questions

Find the equation of the straight line passing through the origin and also through the
point of intersection of the lines 2x—y+S=0andx+y+1=0.

0(0,0),L,=2x-y+5=0, L,=x+y+1=0

FromL +L, 2x—-y+5=0
xty+1=0

3x+6=0=>3x=-6=>x=-2
FromL, :2(2)-y+5=0=>1-y=0=y=1
intersecting point of L, & L, A(-2, 1)
Equation of requirest straight line passing through O & A
1-0
0=(2% 0
y YA

2(y) = 1(x)
x+2y =0
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2.

Sol:

Sol:

Find the equation of the straight line parallel to the line 3x + 4y = 7 and passing
through the point of intersection of the linesx-2y—-3=0and x+3y-6=0
L,=3x+4y=7 L,=x-2y-3=0, L,=x+3y-6=0
To find the point intersection of L,, L,
x-2y-3=0
x+3y—-6=0
- - 4+
-59+3=0
=>5y=3=>y=7
3 5
From L, x—2(§)—3 =0

6 6+15 21
X=—+3= ==
5 5

21 3
Equation of any line parallel to A= [?, gj
L, =3x + 4y =7 Equation of any line parallel to L, =0is 3x+4y+k=0
But it is passing through A

()2

63 -
+12 0 f — 75 _
5 5
.. Equation of required straight line 3x+4y —15=0

k+ -15

Find the equation of the straight line making non - zero equal intercepts on the coor-
dinate axes and passing through the point of intersection of the lines 2x — Sy +1 =0
andx-3y—-4=0

L ,=2x-5y+1=0, L,=x-3y-4=0

To find the point intersection of L, L,

2x-5y+1=0
2x—-6y—8=0
- 4+ +

y+9=0 =>y=-9
FromL, 2x-5(-9)+1=0

2x—-45+1=0
2x=-46
x=-23
A=(-23,-9)

Since equal intercepts on the coordinate axes
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Sol:

Sol:

=>a=b5b

Equation of S.L. in intercept form

£+Z:l:>£+1:l(qga:b)
a b a a

But it is passing through A
-23-9=a
-32=a
Equation of a required straight linex+y =-32=>x+y +32=0.
Find the length of the perpendicular drawn from the point of intersection of the lines
3x + 2y +4=0and 2x + Sy — 1 = 0 to the streight line 7x + 24y - 15=0
L =3x+2y+4=0, L,=2x+5y-1=0, L,=7x+24y—-15=0

Point of intersection of L &L,

X B y B 1
2(-)-5(4)  42)-(-DB) 3(5)-2(2)
X Yy 1
-2-20 8+3 15-4
x _y_1
=22 11 11
A=(-21)

Perpendicular distance fromAto L, =0
ax, +by, +¢

Ja® +b*

7(-2)+24(1) - 15| |-14+24 - 15|

Jay+ay | | Va9+576 |

d=

N

J62s| 25
nd=1
5

The base of an equilareral triangle is x + y — 2 = 0 and the opposite vertex is (2, —1).
Find the equations of the remaining sides.

L=x+y-2=0, A(2,-1)
Let 'm' be the slope of a line which is passing through A.

Equation of a line with slope m and passing through A is
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equation of the line passing through A and intersecting L =0 at B

y+t1=m(x-2) ()

y+1=mx—-2m A
mx—-y—(1+2m)y=0 ..(1) E
Since AABC is equilatiral triangle E

> |A=[B=[C

Angle between LL =0, (1) L

1(m)+1(=1) B D
J@? + ) +(-1)%)

Squaring on both sides

cos60°=

B m-—1

]
2 Jasnaem?)

X Yy 1
2-20 8+3 15-4

1_m’ +1-2m

4 2(1+m*)
(A+m*)=2m"+2—4m
2m* +2—4m—1-m* =0
m* —4m+1=0
. ~(=4) (=4 =4

2(1)
4+16-4  4+412

2 2
4423 2(2+43)
22
m:2i\/§

From (*) : Equation of required SL. y+1=(2=% \/5)(x -2).
Home work II,

Find the incenter of the triangle whose vertices are (1, J3 ), (2, 0)and (0, 0)
Sol:  A(0, 0), B(2, 0), C(1, 3)

c=AB=4(2-0)>+(0-0)’ =4 =2
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Sol:

b=AC=1-0+(3-0) =I+3=2
a=BC=+(1-22+(3-0) =1+3=2

ax, +bx, +cx; ay, +by, + cy3j

Incentre 1= [ ,
a+b+c a+b+c

|_(20)+22)+20) 200)+20)+2(3))

24242 ’ 24242
:(O+4+2 0+0+23) A0, 0)

6 ’ 6

c b
(6 293) _[ B
s s ) "5
B(2, 0) C(1,3)

b a
U B

Find the orthocenter of the triangle whose vertices are (-5, —7), (13, 2) and (-5, 6)
A(-5,-7), B(13, 2), C(-5, 6)
6-2 4 -2
“15-13 18 9
Let AD be the perpendicular drawn from A to BC
Altitude drawn from CF to AB

Slope of BC =

A
Let BE = be the perpendicular drawn from B To AC
AD L BC
F E
Slope of AD :_—l:_—lzg
27 9
Equation of a line with Slope 5 and passing through A is

y+7:%(x+5)

2y+14=9x+45

9x-2y+31=0 ... (1)
6+7 13 _
Slope of AC —_5_(_5) 0

BE L AC = Slope of BE=0
Equation of BE y—2=0(x-13)
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Sol:

y—2=0
y=2 ..(2)
Intersecting point of (1), (2) is our required orthocenter
From (1) & (2) 9x—-2(2)+31=0
O +27=0=>9% =-27 =9 =-3.
. 0=(3,2)

If the equations of the sides of a triangle are 7x+y—-10=0,x—-2y+S5=0and x +y +
2 =0, find the orthocenter of the triangle.
L=7x+y-10=0, L,=x-2y+5=0, L,=x+y+2=0
ForA2L, +L,
14x+2y—-20=0
x—2y+ 5=0
15x -15=0=>x=1.
FromL 7(1)+y-10=0=y-3=0=y =3 = A=(1,3)
ForB L, -L;
Tx+y—-10=0
x+ty+ 2=0

6x -12=0=>x=2.
fromL,7(2) +y-10=0=>y+4=0=>y =-3=>B=(2,-4)
ForC L,-L,
x-2y+ 5=0
x+y+ 2=0
-3y+3=0=>y=1.

L,fromx-2(1)+5=0=>x+3=0=>x =-3

=C=(3,1)
Slope of BC :_—1:—1
M)
-1

AD 1 BC = Slope of AD ZQZI
Equation of AD y=3=1(x-1)

y=3=@k-1)

x—-y+2=0 .1

-1 1

Slope of AC = @ = 5
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Sol:

1

BE L A 1 fBE =——=—
C = Slope o (%) 2
Equation of BE y+t4=-"2(x-2)
y+4=-2x-4
2x+y =0 ...(2)
Intersecting point of (1) & (2) is our required orthocenter (1) + (2)
x-y+2=0
2x+y =0
3x +2=0=>x- 23
-2 246 4
From (1) ?—y+2=03 Sy=y=3

~2 4
.. required orthocenre O = [?, gj

Home Work I, II, & 111,

Find the circumcenter of the triangle whose vertices are (-2, 3), (2,—1) and (4, 0)
A(-2, 3), B(2,-1),C(4, 0)

Let S =(a, b) be the circumcenter of the AABC

We know that SA=SB = SC

From : SA =SB

J2=a)* +B-bY = J(2—a)* +(-1-b)’
d+a*+4a+9+b* —6b=4+a* —da+1+b*+2b
4a—6b+13+4a—2b-5=0

8a—8h+8=0

Divide with 8 a-b+1=0 ... (D)
SA =SB

J(2=a)* +3-b) = J(4—a)* +(0-b)’
Squaring on B.S

A4+a*+4a+9+b*—6b=16+a> —8a+b*

4a—-6b+13+8a—-16=0

12a-6b-3=0

4a-2b-1=0 ... (2)

Intersecting point of (1) & (2) is our required circumcenter
4(1) - (2 4a— 4b+4=0

4a—-2b—-1=0
-+ o+
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—2b+5=0=>b-73/y

F 1 Cl—é-i-l_O:)Cl_é—l:)Cl_E_i
rom (1) 2 ) T2 2

. required circumcentre S = [%, %j
Home Work (1) page 73 Example (2) 4 1L, (3) 111, (4) 1,
10. If p and q p, are the lengths of the from the origin to the straight lines
xseca + ycoseco = a and xcosa. — ysina = acos2a. Prove that 4p” + ¢* = 2.
Sol: L, =xseca + ycoseca = a, L, =xcoso — ysina, — acos2a = 0

p = perpendicular distance from (0, 0)to L, =0

3 ‘(O)secoch(O)cosecoc —a| —a ‘

‘\/(secoc)er(cosecoc)z‘ \/ 1 . 1

cos*or  sin’a

a a a

sin” oL+ cos’ o 1 ( 1 j
S RN X 2 :
cos” o sin’ o (sinoccosal) Sin oL coso

p = a sind. coso

Now q = perpendicular distance from (0, 0) to L, =0

(O)cosoc—(O)sinoc—acosZoc|_ |O—O—acos20c|

\/(cos o) +(-sino)? ‘ | Veos® asin?® o |

_|—acos2a
NIl
S q=acos2a
Now 4p2 +q2 =4(asino cosoc)2 +(a cosZoc)2

= a”(2sina cosa)® +a” cos” 20
= a’[sin” 20 + cos” 2a]
= a”(1) [+ sin® 6+ cos” 0 =1]

LApPH P =a?



Sol:

Unit

[ Pair of Straight Lines '

Key Concepts
If a, b, h are real numbers, not all zero, then H = ax? + 2hxy + by?= 0 is called a homoge-
neous equation of second degree in x and y
S = ax? + 2hxy + by?+ 2gx + 2fy + ¢ = 0 is called a general equation of second degree in
x and y.
If a, b, h are not all zero, then the equation H = ax? + 2hxy + by?= 0 represents a pair of
straight lines <> h? > ab .
Let the equation ax? + 2hxy + by?>= 0 represent a pair of straight lines. Then the angle ©

between the lines is given by

la+b)

J(@—-b)> +4h?

(i) If h?= ab then the lines are coincide

cosO =

(i) Ifa+b = 0 then the lines are perpendicular

If the second degree equation S = ax? + 2hxy + by?+ 2gx + 2fy + ¢ =0 in the two variables
x and y represents a pair of straight lines

(i) abc+ 2fgh —af? —bg?—ch?=10

(ii)) h*>ab, g?>ac, f2>bc

Long Answer Questions (7 Marks)
If © is an angle between the lines represented by ax* + 2hxy + by? = 0 then prove that
|a + b|

J(a— by + 4K’

Let ax? + 2hxy + by? = 0 represents the lines

cosO —

[x+my=0 ...(D
Lx+m,y=0 ....(2)
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oax® +2hxy + by” = (Lx + my)(lx+m,y)
= ax’ +2hxy+ by’ = 1Lx* + (lm, + Lm,)xy + mm,y”
by comparing like term coeflicients on both sides
L, =a, lm,+1[m=2h, mm,=>b
If O is an angle between (1) and (2) then
|lll2 + mlm2|
\/112 +m’ \/122 +m,’
|lll2 + m1m2|

G mG )

cosO =

|lll2 + mlm2|

\/112122 +1Pm® +L’m” +m’m,’

|lll2 + mlm2|

B \/(lllz - mlmz)2 + 2lllzmlm2 + (llmz + lzm1)2 - 211m2m211

B |a+b|
B \/(a—b)z +(2h)? [ L, =a, mm,=>5b,Im,+1m = 2h]

|a+b|
J(a—b) +4h’

2.  Prove that the product of perpendiculars from (o, ) to the pair of straight lines

ax? + 2hxy + by? =0 is
|act? + 2haiB + bB?|
J(a—B) + 4k
Sol: ax® + 2hxy + by? = 0 Let the pair of straight lines

represents the lines
[x+my=0 ...(D
Lx+m,y=0 ....(2)
oax® +2hxy + by” = (Lx + my)(lx+m,y)
= LL,x* + (I, + Lm))xy + mm,y*
by comparing like term coeflicients on both sides

L, =a, lm,+1[m=2h, mm,=>b
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Let d, = perpendicular distance from a point (a., ) to [x+my=0

d = |lloc + mlB|
}112 + m12
similarly

Let d, = perpendicular distance from a point (a., B) to Lx+m,y=0

J - |lzoc+m2[3|

o em)
- Product of perpendicular distances =d, > d,
B ’lloc + mlB’ y ’lzoc + mZB’

\/112 +m’ \/122 +m,’

|G+ mpB)Eo+m )|
JU+m) 1 +my?)

|pbo + i+ L Yo + o

27 2 2 2 2 2 2 2
\/11 Lo+ 1"m, +1,"m”™ +m m,

l4d,00” + Uy, + 1,m, YouP + mym, B

\/(lllz - mlmz)2 + 2lllzmlm2 + (llmz + lzm1)2 - 2lllzmlm2

4,0 + (lim, + Lm, You + m,m, 3|

JUL —mm,y +(Lm, +Lm,)

ao.” +2hof3 +bp’
- \/(a—b)2 +(2h)2 [ L, =a, mm, =0, m,+1m = 2h]

ao.” +2hof3 +bp’
Ja—by +4n°

3.  Show that the area of a triangle formed by the lines ax*> + 2hxy + by?> = 0 and

n*\h* —ab |

Sol: Let the equation ax? + 2hxy + by? = 0 represents the lines
[x+my=0 ...(D
Lx+m,y=0 ....(2)
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oax® +2hxy + by” = (Lx + my)(lx+m,y)
= LL,x* + (I, + Lm))xy + mm,y*
Let the given linebe Ix + my + n=0....(3)
L, =a, lm,+1[m=2h, mm,=>b
Let A be the intersection point of (1) and (3)

x_y_l

mn—-o o-nl, Im—Im

mn —nl,
=X = , V=
Lm—Im, Lim—Im,

.'.A:( mn ’ —nl, )
kllm—lm1 llm—lmJ

Similarly, Let B be the intersection point of (2) and (3)
x oy 1

mmn—-o o-nl, Lm—Im,

.'.B:( m,n ’ —nl, )
klzm—lm2 lzm—lsz

clearly 0(0,0) be the point of intersection of (1) and (2)
1
[Area of a triangle whose vertices (0, 0), (x, y,), (x,, y,) is = E|x1y2 - x2y1|]

mn_ (=nb)  mp (k) |

Im—Im,  Im—Im, ILm—Im, [m—Im, ‘

1
. Area of AOAB = E

1 Lm,n® —mln’ |
2| (L — I, Y(lm —Im)|

l n (llmz _mllz)
2|LLm* — (Lm, + Lim)Im+ mm,I’

n \ (hm, —I,m, )2

1
2(1Lm> = (Im, +Lm,)im+mm.I*

1| #*JUm, +Lm)* —4lmLm
17772 2771 177527277

2|LLm* = (Lm, + Lm)Im+ mm.I’
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n*\/(2h)* — 4ab
1l

am’ —2him+ol| [V bk

n’\4h' — 4ab

am® — 2hlm + bl*

n*h*—ab

" |am® — 2him + b1

=a, mm,=b, [m,+1,m = 2h]

| =

| =

4.  Show that the straight lines represented by (x> + 2a)> — 3y = 0 and x = 0 from an

equilateral triangle.
Sol: Given equation of pair of straight lines si (x> + 2a)> — (\/3y)* =0
:>(x+2a—\/§y)(x+2a+\/§y) =0

.. The lines represented by the given equation of pair of straight lines are

x+\/§y+2a:O weee(1)
x—\/§y+2a:O ... (2)
Givenlinebe x—a =0 ....(3)

Let A be the angle between (1) and (3) then

1430
——=—=>A=060°

COSA = =
V13140 2

Again B be the angle between (2) and (3) then

1+(VB3)0] )
cosB:m:EDB:w
Since (1) and (2) are different lines and two angles are 60, 60°
Third angle is also 60°

Given lines form an equilateral triangle.
5.  Find the centroid and area of a triangle formed by the lines 2y* —xy — 6x* =
and x+y+4 =0
Sol: Given equation of straight lines 2y> —xy—6x> =0 ... (1)
=2y —4xy+3xy—6x" =0
=2y(y—2x)+3x(y -2x)=0
=((y-2x)2y+3x)=0
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Sol:

.. The lines represented by the given equation 2y? — xy — 6x> = 0 are given by

=>2x-y=0
and 3x+2y=0
and given straight line x+y+4 =0
Clearly O(0, 0) is point of intersection of (2) and (3)
Let A be the point of intersection of (2) and (4)
x oy 1
-4-0 0-8 2+1

BUEE)
33

B be the point of intersection of (3) and (4)

x oy 1
8—0 0-12 3-2
- B=(8,-12)

2

(0-4/+8 0-8/-12)
Centroid of AABC :L é A J:[& —44

3

: : 1
[Area of a triangle whose vertices are O(0, 0), A(x,, y,), B(x,, y,) is = E|x1 Y, =X, |]

)

1| -4 -8
Required area of triangle = E‘[_j (_12) -8 [_

3

1148 64| 112 56

+ = =
213 3] 2x3

9

2

9

3 Sq.units

Show that the lines represented by (Ix + my)? —3(mx—Ily)=0 and Ix + my = 0 form

n2

an equilateal triangle with area W
Given straight line ix + my=0 ... (D

Slope of (1) m, = il
m

Le the equation of line y = m,x which makes an angle of 60° with (1)

m, —m
Stan@ = |—2

1+mm,
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Sol:

‘—lx—my‘
LS |mx | _|ermy)
‘mx—ly‘ | mx —ly |
mx

squaring both sides

3(mx—1ly) = (Ix+my)’

= (Ik+my)’ —3(mx—1y)’ =0 (2)
which is given equation of pair of straight in the data
o (Ic+my)* —=3(mx —1ly)* =0and Ix + my + n =0 form a equilateral triangle
Also O (0, 0) is point of intersection of lines in (2)

.. Perpendicular distance to (1) from O(0,0) p = |n—|
NE+m’
Area of that equilateral triangle

P2 n2

BBOBE+m)

If (o, B) is the centroid of the triangle formed by the lines ax? + 2hxy + by* = 0 and

o B 2

bl—hm am—hl  3(bl* - 2him + am?)

Ix + my = 0 then prove that

Let ax?+2hxy + by* =0 represent the lines

[x+my=0 ...(D

Lx+m,y=0 ....(2) OB Dmw.
oax® +2hxy + by” = (Lx + my)(lx+m,y)

= LL,x* + (I, + Lm))xy + mm,y*

comparing both sides like terms
L, =a, lm,+1[m=2h, mm,=>b
Given equation /x + my =0 ....(3)
Clearly O(0, 0) is point of intersection of (1) and (2)
Let A be the point of intersection of (1) and (3)
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x oy 1
-m -0 0+ ml—Im
( —m, A )

A= ,
kllm —Im, " Im— lmJ
Again let B be the point of intersection of (2) and (3)
X y 1

-m, -0 B 0+1, B ml, —Im,

L Bo ( -m, ’ l, )
klzm —Im, Lm- lsz

centroid of AOAB = (a, B)

X, + X, X, y1+y2+y3j

(O(., B) = [ 3 > 3

— (OL, B) _ l|: —h m, ll + lz :|

3| Im—Im, - Lm—Im,” Im—Im ~Lm—Im,

1| -m m, A l,
o== - ,B= +
3| Im—Im; Lm—Im, lm—Im~ Lm—Im,

Now

_l{—ml(lzm—lmz)—mz(llm—lml)}

3 (L,m — Im,Y(l,m — Im.)

1 —mL,m+Imm, — [ mm, + Inmm, |
3| 4Lm* = (Lm, + Lm)lm+ mm,I* |

1 2mml —m(lm, + L,m,)
3| 4Lm* = (Lm, + Lm)lm+ mm,I* |

_1[ 2b1-m(2h)
3| am® = 2him + bI*

o 2
j— = 2 2
bl—hm  3(bl" —2him+am™)
. . B == 2
similarly we can prove am—hl ~ 3(bI* — 2him+am®)
a B 2

" bl—hm  am—hl  3(bI* —2him +am®)
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8.  Prove that the equation 2x? + 3xy — 2y* + 3x + y + 1 = 0 represents a pair of perpen-

dicular lines.
Sol: compare the given equation 2x? + 3xy — 2y? + 3x + y + 1 =0 with
ax? + 2hxy + by + 2gx + 2fy + ¢ =0

3

3
a=2h==b=-2g=>, f=—,c=1
h=3 g=7 f

1
2 2
Now abc + 2fgh — af* — bg’ — ch’

=220+2(5)(3)(3)- 2@ -2 @ ‘1@2

9 1 9 9
=44 ———4———
4 2 2 4
:—4+§_O
2
9 9+16 25
alsohz—abzg—Z(—Z):—+4: * =20
4 4 4
9 9-8 1
‘—ac==-2()==—-2="——=—>0
g = 3
1 1 1+8 9
Pbe=——(2)==42=—-=->0
4 4 -2) 4 4 4

- given equation 2x* + 3xy — 2)” + 3x + y + 1 = 0 represents a pair of straight line also
coeff. x?+ coeff. y?=2 -2 =0
.. The lines in the pair of straight lines are perpendicular.

9.  Show that the product of the perpendicular distance from the origin to the pair of
straight lines represented by ax? + 2hxy + by* + 2gx + 2fy + ¢ =0 is

d
J(a— by + 4K’

Sol: Let the equation ax?+ 2hxy + by* +2gx+2fy+¢ =0

represents the lines /x+m,y =0 (1)
Lx+m,y=0 ....(2)
oax® +2hxy+ by’ +2gx+2fy+c=(lx+my+n)(Lx+my+n,)

=11Lx> +(Im, +Lm)xy+mm,y’ +(n, +1,n)x+(mn, + mn)y+nn
172 1772 271 17772 1772 21 1772 21 1772
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comparing both sides the coeflicients of like terms

L, =a, lm,+Lm=2h mm,=>b,In,+1n=2g, mn,+mmn=2f, nn,=c

]
Now perpendicular distance from O(0, 0) to (1)=
perp (0,0) me
- : : |
similarly perpendicular distance from O(0, 0) to (2) ~ 12
2 2
: - _ A
product of perpendicular distance = X

2 2 2 2
\/11 +m, \/12 +m,
|”1”2|

G m )

|”1”2|

JEL +12m + 12m? + mPm)?)

|”1”2|

- Jat = mm, Y 2L Lmm, + (m, + Lm,Y? — 2Lm,Lym,

|”1”2|

) \/(lllz - mlmz)2 + (llmz + lzml)2

d
J@-by* +@2hy
a

Ja-b) +4n

10. Find the values of kK, if the lines joining the origin to the points of intersection of the

curve 2x? — 2xy + 3y* + 2x—y— 1 = 0 and the line x+2y=k are mutually perpendicular

x+2y
= . 1
p (M

Sol: Given straight line equation x+2y=k =

Given curve equation 2x> —2xy +3)?+2x—-y-1=0 ... (2)
To get the required equation by homogenising (2) with the help of equation (1)
o2 =2xy+3y2+ (2x—y) (1) -1(1%) =0

=2x" - 2xy+3y° +(2x-y) 0

(x+2y)_l(x+2y)2 B
k o
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=k*(2x7 = 2xy+3y°)+k(2x* +4xy —xy—2y°)— (x> +4y° +4xy) =0
o P (2K + 2k —1)+ xy(~2k7 + 3k — &)+ P (3K* = 2k —4) = 0

If the two lines in above equation are perpendicular then

G
>

coeff. x> + coeff. y* = 0 ,
= 22+ 2k—1+3k2—2k—4=0
= 5k2—5=0 !
— 5k2=5
=>k=1 o
= kr==+1

A

11. Find the angle between the lines joining the origin to the points of intersection of the
curve x>+ 2xy + 3>+ 2x + 2y — 5 = 0 and the line 3x—y +1=0

Sol: Given straight line equation 3x -y +1=0 =>y-3x=1 .. (D)
Given curve equation x> +2xy +3)? +2x+2y-5=0 ... (2)
to get the equations of the lines OA, OB is obtained by homogenising the equation (2) by
equation (1)

SoxPH2xy+ 2+ 2x+ 2y - 5(12) =0
=x>+2xy+y +QRx+2y)y-3x)-5(y-32)’ =0
=X’ +2xy+ Y +2xy —6x° +2y° —6xy—5()° +9x° —6xy) =0
=X’ +2xy+ > +2xy —6x° +2)° —6xy—5y° —45x> +30xy =0
=—50x" +28xy-2y> =0
=25x° —14xy+y> =0
If 6 is the angle between the lines in the above equation then x
la+b|

a—b) + 4k’
(a-b)

cosB =

A

a=25h=-7b=1 T > X

25+1] M
J(25-1) +4(-7y

26

V276 +196

C.cosb =
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12.

Sol:

13.

Sol:

26 13

B V4 x196 ) V193

. B=cos™ [ij
V193

Find the condition for the chord Ix + my =1 of the circle x?> + y* = ¢*> (whose centre is
the origin) to subtend a right angle at the origin.

Given circle equation x*+)*-a*=0 . (1)

Equation of the chord Ix+my=1 .. (2)

to get the required equation ny homogenising (1) by (2) we get
x?+y?—a? (Ix+my)>=0

=x*+y —a’(Px> +m’y” + 2lmxy) = 0

=>x*(1-a’l?)-2a’lmxy+y*(1-a’m*) =0

If two lines in above equation are perpendicular then

coeff. of x* + coeff. of y* =0
>1-a*P+1-a*m?=0
= 2 =a’l + &’m?
> a(P+m?)=2
Find the condition for the lines joining the origin to the points of intersection of the
circle x* + y*> = a®> and the line Ix + my = 1 to coincide.
Given circle equation x*+)*-a*=0 . (1)
Equation of the chord Ix+my=1 .. (2)
to get the required equation ny homogenising (1) by (2) we get
x?+y?—a? (Ix+my)>=0
=x*+y —a’(Px> +m’y” + 2lmxy) = 0
=>x*(1-a’l?)-2a’lmxy+y*(1-a’m*) =0
[If two lines in ax? + 2Axy + by* = 0 are coincide then #* = ab]
s (=’ lmy = (1 -a’PY(1-a’m?)
= a'l’'m’ =1-am’ -a’l’ +a'I’'m’
= am +a’l’ =1
= a(P+m*)=1

MMM

RIR7RRTR



Sol:

Unit 5

( Three Dimensional Coordinates '

Key concepts

If P(x,, y,» z,), Q(X,, y,, Z,) are two points in the space then distance between P and Q

PQ= \/(Xz _X1)2 +(y, _3’1)2 +(z, _Zl)2

The point dividing the segment AB where A(x, ¥, ), B(X,, ¥,, Z,) In the ratio m:n is

0 [mxz +nx, my,-+ny, mz,+ nzlj
m+n ~ m+4+n ~ m+n
(i) Mid point of AB
[X1+X2 Yit¥, Z1+Z2j
2 7 2 2
Centroid of a triangle with vertices (x,, y,, Z)), (X, ¥,, Z,), (X3, V3, Z5)
[leerer3 Y, +Y, + Y, z1+z2+z3j
3 ’ 3 ’ 3
Centroid of a tetrahedron whose vertices are

(Xla yla Zl)a (Xza yZa Zz)a (X3: Y37 Z3)a (X4: Y47 Z4)

[x1+x2+x3+x4 Vi +Y, +Ys+Y, Zl+22+z3+z4j
4 ’ 4 ’ 4

Very Short Answer Questions (2 Marks)

Find x if the distance between (5, -1, 7) and (x, 5, 1) and (x, 5, 1) is 9 units.
Given points (5, -1, 7), (x, 5, 1)
from problem we have AB =9

— AB?=381

= (x-5)*+ (5+1)* + (1-7)*=81

= (x-5)>+36 +36=281

= (x-5)*=9

= (x-5)=+£3
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Sol:

Sol:

Sol:

=>x =5%£3
=>x =8,2

Show that the points (1, 2, 3), (2, 3, 1), (3, 1, 2) from an equilateral triangle.

Let given points be A(1, 2, 3), B(2, 3, 1), C(3, 1, 2)

AB=2-1P +(3-2’ +(1-3)’ = /P +1* +(-2)* = /6

BC=(3-2+(1-3+(2-17 =P +(-2°+1> =6

CA=1-3+2-1)P+(B-27 = (2 +I’+1> =6

AB=BC=CA
.. A ABC is an equilateral triangle

find the centroid of the triangle whose vertices are (5, 4, 6), (1, -1, 3), and (4, 3, 2)

Let given points be AQx,y,2)=(5,4,6)
B (xza yza Zz) = (l: _la 3)
C o, y,2)=(4,3,2)

2 2

Centroid of A ABC = [ 3

3

_[5+1+4 4-1+3 6+3+2j
3 7 3 73

10
(o
3 3

Find the centroid of the tetrahedron whose vertices are (2, 3, -4), (-3, 3, -2)

(-1, 4,2)and 3, 5, 1)

Let given points of a tetrahedron
A (xl,yl, zl) =(2,3,-4)
B (xz, Vo zz) =(-3,3,-2)
C (x3,y3, 23) =(-1,4,2)
D (x4, YV z4) =(3,51)

Centroid of a tetrahedron

[x1+x2+x3+x4 Vi +Y, +Ys+Y, Zl+22+z3+z4j
4 ’ 4 ’ 4

_[2—3—1+3 3+3+4+5 —4—2+2+1j
- 4 4 ’ 4

1 15

_[Z’ 4’ Tj

X, +X, X3 Y, +Y,t+Ys z1+z2+z3j

-3
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S.  Find the fourth vertex of the parallelogram whose consecutive vertices are (2, 4, -1),
3,6,-1)and 4, 5, 1)
Sol: Let ABCD be parallelogram where A(2, 4, —1), B(3, 6, -1), C(4, 5, 1) and D (a, b, ¢)
. mid point of AC = mid point of BD

[2+4 445 —1+1j [3+a 6+b —1+cj
27 27 2 27 27 2

[6 9 j [a+3 b+6 c—1j
= PRETNE O = ) )
2°2 2 2 2

a+3 _6 b+6_2 c—l_O

2 222 202
La=3,b=3¢c=1= 4"vertex D(a, b,c)=(3,3, 1)
Find the coordinates of the vertex 'C' of A ABC if its centroid is the origin and the
vertices A, B are (1, 1, 1) and (-2, 4, 1) respectively.
Sol: Let given points A(1, 1, 1), B(-2, 4, 1), C(x, y, 2)

Given that centroid of A ABC =(0, 0, 0)

[1—§+x’ 1+4;+y7 l+l+zj ~ (0.0.0)

j[x;l’ y;szgz  (0,0,0)
a+3 6 b+6 9 c-1
2 2 2 2 2

= —-1+x=0, 5+y=0, z+2=0

= x=1, y=-5 z=-2 = third vertex C(x, y, z) = (1, -5, -2)

=0

If@3,2,-1), (4,1, 1), (6,2, 5) and (4, 2, 2) is the centroid of a tetrahedron, find the

fourth vertex.
Sol: Let given points A(3, 2, -1),B(4, 1, 1), C(4, 1, 1), D(x, y, z)
Given that centroid of ABCD tetrahedron = (4, 2, 2)

[3+4z6+x’ 2+lJ;2+y’ —l+l:5+zj _(4.2.2)

13+4x 5+y 5+
3[ x’ y’ Zj:(4:272) :>13+x:4’5+y:275+z:2
4 4 4 4 4 4
= x=3, y=3, z=3 = 4"vertex D(x, y,2)=(3, 3, 3)
Me ez MM

NN 2NN 7N
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Unit

( Direction Cosines and Direction Ratios '

Key concepts

A ray Qp passing through origin Oand making angles o, [, y respectively with

OT(, 07 0OZ then the numbers coso., cosp, cosy are called the direction cosines of the ray
OP. Usually they are denoted by (/, m, n) where /= cosa, m = cosf3, n = cosy
If ({, m, n) are direction cosines of OP . then direction cosines of PO are L, —m, —n)

If (/, m, n) are direction cosines of a line then /% +m?*+n* =1
Triad of numbers (a, b, ¢) proportional to direction cosines of a line are called its direction

ratios.
Direction cosines of a line whose direction ratios (a, b, ¢) are

+( a b c )
_L\/az +b5%+¢? ’ \/az +b%+¢* ’ \/a2+b2 +ch

Direction ratios of the line joining (x,, y,, z)) and (x,, y,, z,)

(x2 =X, Vo= V> 25 — zl) and its direction cosines are

{ X =X Yo =N =4 }

\/Z(xz _xl)z ’ \/Z(xz _xl)z ’ \/Z(xz _xl)z

If © is angle between two lines whose direction cosines are (/, m, n)), (I, m, n,) then
cosO = |1112 + mym, + n1n2|
If © is angle between two lines whose direction ratios are (a,, b, ¢)), (a,, b,, ¢,) then

|a1a2 +bb, + clcz|

2 2 2 2 2 2
\/al +b" +¢ \/aZ +b," +c¢,

cosO =
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Sol:

Sol:

Long Answer Questions (7 Marks)

Find the direction cosines of two lines which are connected by the relations /+m +n
=0and mn—2nl—-2lm=0

Given that [+ m+n=0 .1
mn —2nl — 2lm = 0 ...(2)
From (1) | =—m + n substituting / value in (2) we get

mn—2n(-m—-n)—2(-m—-n)ym=0

= mn+2mn+2n* +2m* + 2mn =0
= 2m* +4mn+mn+2n* =0
= 2m(m+2n)+n(m+2n)=0
= m+2n)(2m+n)=0
>m+2n=0o0r2m+n=0

Now 2m +n=0=>n=—-2m

from(1) I=—m—(-2m) =m

Sdimin=m:m:2m=11-2
o ‘ ( 1 1 -2 )
directional cosines L \/12 24 (-2)? > \/12 1 (2) > \/12 . (—2)2J

_[L ' ;2]
J6~ 6’ Ve
Now m+2n=0=m=-2n

from (1) |=—m-n=2n-n=n
Slimin=n:-2n:n=1:-2:1

. . . . . ( 1 _2 l \
Direction cosines of a line is L\/lz R (_2)2 p > \/12 N (_2)2 RE > \/lz N (_2)2 +12J

‘ (1 1—2]_[1—2 1]
Thus the d.c's of the two lines are [\/8’ NG NN
Find the direction cosines of two lines which are connected by the relations /— Sm +
3n=0and 7P +5m*-3n2=0

Given that [—5m+3n=0 .1
T2+ 5m* - 3n* =0 ...(2)
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Sol:

From (1) / = 5m — 3n substitute this value in (2)
7(5m —3n)* +5m> —3n* =0

= 7(25m> + 9n* —30mn) + Sm> —3n* =0
= 175m* + 63n* — 210mn + 5m* —3n* = 0
= 180m* —210mn +60n* = 0
= 6m* —Tmn+2n*> =0
= (GBm-2n)(2m—-n)=0
=3m-2n=08> 2m-n=0

Now 3m —-2n=0= ngn

10 10n-5n n
From(1) /[ =5m—-3n=—hn-3n=———=—
3 3
n 2 1 2
lrm:n=——nn=—:—:1=1:2:3
Aom:on 33 33
( 1 2 3 3

Direction cosines > >
L\/12+22+32 V2422432 (12422432

1 2 3)
_[\/ﬁ’dﬁ’\/ﬁ
similarly 2m —n=0 = n = 2m
(1) 200& [ = 5Sm—3(12m) = S5m— 6m=—m
Sdimin=—-m:m:2m=-1:1.2
( -1 1 2 )

Direction cosines of another lineL\/(_l)2 RO > \/(_1)2 210 ) \/(_ 1)2 RN 22J

-1 1 2
(F %%
Find the angle between the lines whose direction cosines satisfy the equations
l+m+n=0,P+m*—-—n*=0
Given equations/ + m + n =0 .1
P+m—n=0 ..(2)
From (1) / = —m — n substitute this value in (2)

(-m—n)*+m*—n*=0
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=m?+n*+2mn+m* -n*=0
= 2m* +2mn=0
= 2m(m+n)=0
>m=0orm+n=0
Nowifm =0From (1) /=0—-n=-n
l:m:n=-n:0:n=-1:0:1
direction ratios of a line (a,, b, ¢,) = (-1,0,1)
m+n=0=>m=-n
lI=—m-n=—(—n)-n=n—-n=0
SImin=0:-n:n=0:-1:1
direction ratios of another line (a,,b,,c,)=(0,-11)

Let 6 be the angle between two lines then

|a1a2+b1b2+0102| B |O><(—l)+0><(—l)+l><l|

cos0 = -
Jal +b7 v el Ja? +b,2ve?  NIH0+INTIH0+1

11
22 2

1
. 0=cos™ [—j — 60°= =
2 3

4.  Find the angle between the lines whose direction cosines are given by the equations
3/ +m+5Sn=0and 6mn—2nl+S5lm=0

Sol: Given equation 3/+ m + 5n =0 .1
6mn —2nl + 5Im = 0 ...(2)

From (1) m = -3/ — 5n substitute this value in (2)
6(—3/—5n)n—2nl+51(-31-5n)=0
= —18In—30n" —2nl —15I* —=25In = 0
= —15I* —45In -30n" = 0
= I’ +3ln+2n> =0
= ((+2n)[+n)=0
=[+2n=08w [+ n=0
Now/+2n=0=1[1=-2n
From@)m=-3[— 5n=6n—-5n=n
Sdimin=22n:n:n=-2:1:1

Direction ratios of a line (a, b,, ¢;) = (-2, 1, 1)
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Sol:

also/+n=0=>1=-n

from (1) m=-3/-5n=-3(—n)—5Sn=3n—5n=-2n
Slrmon=—n:2n:n=-1-21=12:-1
direction ratios of another line (a,, b,, ¢,) = (1, 2, -1)

If 6 is angle between two lines then
|a1a2 +b,b, +clcz| _ |(—2)><l+l><2+l><(—l)|
\/a12 +b°+c \/a22 b e (2P PP+ 27 (1)

cosO =

_

1
66 6

. B=cos™ [lj
6

Find the angle between two diagonals of a cube

Let 'O', One of the vertices of the cube, be taken as the origin and the three coterminus

edges OA, OB, OC as coordinate axes. 7
C o T
let OA=0OB=0C=a
Gz F
Coordinates of vertices of cube O(0, 0, 0), A(a, 0, 0), B(0, a, 0 T~
C(0, 0, 2), D(a, a, 0), E (a, 0, 2), F(a, a, 2), G (0, 2, a) ok” ]k
A
Also four diagonals of cube are OF, AG, BE, CD %: D

YM

Now direction ratio's of diagonal OF are (a-0,a-0,a-0)=(a,a,a)
direction ratio's of diagonal AG O-a,a-0,a-0)=(-a,a,a)
If O is the angle between OF, AG then by

|a1a2 +bb, +cc, | B |a(—a) +a(a)+ a(a)|

\/alz +b°+¢f \/azz +b,+¢)” Vi +d* +adPNa* +a* +d

cosO =

2 1

a
- \/ga.\/ga 3

. B=cos™ [lj
3
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Sol:

If aray makes angles o, B3, v, 0 with the four diagonals of a cube
find cos?a + cos2f + cos?y + cos2d .
Let 'O', One of the vertices of the cube, be taken as the origin and the three coterminus

edges OA, OB, OC as coordinate axes.

let OA=0B=0C=a ZTc .
Coordinates of vertices of cube O(0, 0, 0), A(a, 0, 0), B(0, a, 0), ¢ F

C(0, 0, a), D(a, a, 0), E (a, 0, a), F(a, a, a), G (0, a, a) o ox
Also four diagonals of cube are OF, AG, BE, CD o B D ’

Now direction ratio's of diagonal OF are (a-0,a-0,a-0)=(a,a,a)
direction ratio's of diagonal AG O-a,a-0,a-0)=(-a,a,a)
direction ratio's of diagonal BE (a—0, a—0, a—0) = (a, —a, a)
direction ratio's of diagonal ¢p (¢—0,a-0, 0—a)=(a, a, —a)
If any ray having direction ratio's (/, m, n) and makes an angle with four diagonals

OF., AG, BE, CD area, B, 7,8 then

|al+am+an| \ |a(l+m+n)|

\/a2+a2 +Cl2\/12+m2+n2 - \/3612\/12 +m*+n’

COSOl =

a*([+m+n) 3 (I +m+n)

. 2
s.cost o= =
3a* (P +m* +n*) 3(I*+m*+n*)

similarly

(=1 +m+n)* 2 (I —m+n)* 2 (I +m—n)

b S = b -
3P am ity N T3P et ) P +m 1)

cos’ P =

~+m+n) +(—m+n)* +(+m—n)’
.‘.coszoc+coszB+coszy+coszfi =( ) (2 2 )2 ( )
37 +m” +n7)

simplification

_4lz+4m2+4n2_i(lz+m2+n2)_4
3 +m*+n*) 3(P+m*+n*) 3

MMM

RIR7RRTR
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Unit 7

| The Plane '

Key concepts

A plane is a surface with at least three non collinear points such that the line joining any
two points on the surface lies entirely on it.

Equation of the plane in normal form is /x + my + nz = P where (/, m, n) are direction
cosines of the normal to the plane and 'p' is the perpendicular distance to the plane from the
origin.

General equation of the plane is ax + by + ¢z +d = 0 where (q, b, ¢) are direction ratios of
the normal to the plane.

x z
Equation of the plane in intercept form > i % + = 1 where a, b, c are intercepts on X, Y,

Z — axes respectively.
Angle between two planes is the angle between their normals. If 0 is the angle between the
planes ax+by+cz+d =0andayx+by+cz+d, =0 then

|a1a2 +bb, + clcz|

cosd = 2 2, 2 2 72, 2
\/al +b° +¢ \/aZ +b," +c¢,

(i) Ifaa,+bb,+cc, =0 then planes are perpendicular.

b ¢

a
(i) If a_l T c_lthen the planes are parallel.
1 2 2

Very Short Answer Questions (2 Marks)

Reduce the equation x +2y — 37 — 6 = 0 of the plane to the normal form.

Given equation of the plane x + 2y —3z—-6 =0

dividing both sides /12 + 22 + (-3)? = /14

x+2y-3z 6

Jia o 14

1 2 3 6
j— — =

Ja ' d s 4
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2.  Find the equation of the plane whose intercepts on X, Y, Z — axes are 1, 2, 4 respec-
tively.
Sol: Let the intercepts on X, Y, Z — axes

are a =1, b =2, ¢ = 4 respectively then equation of the plane in intercept form is

>4x+2y+z=4
3.  Write the equation of the plane 4x — 4y + 2z + 5 =0 in the intercept form.
Sol: Given equation of the plane 4x — 4y + 2z+5 =10
=>4x-4y+2z=-5
4x—-4y+2z -5
_ Ax—dy+2z

5 5
-4 4 2
=>—x+t—=y-——z=1
5 5 5
X z

= ——t+ =1

y
S/

4.  Find the angle between the planes x +2y+27—-5=0and3x+3y +27-8=0

Sol: Given equation of the plane x + 2y +2z-5=0 . (D
a,=1,b=2,¢=2
and given another plane equation 3x + 3y +2z-8=0 ... (2)
a,=3,b,=3,¢,=2
Let € be the angle between the planes (1) and (2)
|a1a2 +bb, + clcz|
\/aIZ + b12 + 012 \/aZZ + b22 + 022
_ Ix3+2x3+2x2|
12222232342

then cosf =

3+6+4] 13

S 1+4+44J949+4 3422

. B=cos™! [ij
322

NN

NN 2NN 7N



n—1

Lln xn _an
=na

X—>dad x—a

Lt tanx
x—>0 x

" ( ljx
* I+—| =e
x—0 X

Lt x"-a" n

x—=>0x"-a" m

Lt tan ax

x—>0 «x

Unit

' Limits |

=1 (x is in radians)

=a (x is in radians)

Key concepts

Lt sinx

— 1 . . .
0 1 (x 1s in radians)

1/x
(1+x) " =e
x—0

Lt [ax—lj
=log,a
x—>0 X

Lt sin ax

&7 . . :
0 (x 1s in radians)

Lt " -1
x—>0 x

=1

Very Short Answer Questions (2 Marks)

le ex+3 _c3

x—0 X
Lim ¢*¢* —¢°

A. x50 X

Lim (-1
e _—

x50 X

5 Lim ¢* -1
=e

x—>0 «x
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Lim e¢*—1 Lim sinx
x—0 X x—>0 x
1-1 =0
Lt sinax
3.
x—>0xcosx
Lt sinax
a
Lt sinax ax—0 ax
A. x—>0xcosx Lt
cosXx
x—>0
4 Lt 11x’ -3x+4
T x> 13 5% -7
A Lt 11x’ -3x+4
x> 13 —5x7 -7
3 _3 4
) It x(ll x—2+§
x—)oox3[13_5_73J
X X
1 1 1
As x ->o,—,— and ——0
X x X
3 4
o M at s n-ot0 n
X —>w 5 7 13-0-0 13
13-~
X X
Lt sin(x—1)
5 y51 (@)
Lt sin(x—1)
A. RN

x—=>1 (x> =1)

Lt sin(x-1) Lt 1

x—=>1 (x=-1) x—1 x+1

Put y=x—1sothatas x>1Ly—0

Lt sin(x-1) Lt siny
x=>1 (x-1) y->0
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Lim  sinax
x—>0 sinbx

sin ax < ax
Lim ax
x—0 sinbx
x bx
bx

Lim  sinax

ax—>0 ax a
Lim sinbx b

bx >0 bx
1 a _a
16 b
Lt 8|x|+3x

x—>o3|x|-2x
x—owo=x>0"|x]=x

Lt 8|x[+3x Lt

b#0, a+#b

8x +3x

x—oo 3|x|-2x x>0 3x—2x

Lt
&:]]
X—>®© x
Lim o -1
x—>0 5" -1
a -1
Lim X
x—>0 5p" -1
X
Lim o -1
x—>0 x
Lim p* 1
x—>0 x
_log,a
log, b

=log, a
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Lln e7x_1

9. x—>0 «x

A. As x>0
=T7x—>0
Lt o'*— Lt o* —

e 1><7:7Q e 1:

Tx—>0 7x x—=>0 x
Lt ([ J1+x -1

10. x—>0 X

A. For 0<x|<1, we have

Vx+1-1 Jl+x-1 Vl+x+1
x x  Jlex+l

1+x-1 X

_(\/EH) x(ﬁﬂ)
Lo Jl+x-1_ Lt 1

= = -
x—0 X x—>0l+x +1
1 1

T4l 2
le esinx_l

x—>0 x

11.

sinx _1

Lim  ginx
Ao x50 x

xsin x

Lim ¢ —1 Lim sinx

x—>0 sinx x—>0 x

le esinx _ 1

sinx >0 sinx

1

1.1 =1

Lim log(1+ 5x)

12'x—)O X

Lim 1
A. log(1+5x)* ‘mlogx =logx"
x—0

og| I (145 )5L 5
(6] x)>*
£ 5 —0

|
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13.

log, €’
=5log,e |log,e=1
=5

2| x|

Lt
Show that ( +x+ lj =3
x—0

X

x—>0+=x>0

| x|=x

Lt (2]x|
—+x+1
x>0 x

Lt (2x
= —+x+1
x>0\ x

=2+0+1=3

Short Answer Questions (4 Marks)

Lim  x*-8x+15
x—>3 x*-9

Lim x> -5x-3x+15
x—>3  (x-3)(x+3)

Lim  (x-3)(x<3)
x—>3 (x=3)(x+3)
_Z

83

Lt (1+x)% - (l—x)%

Compute
x—>0 X

1 1
Lt (1+x)* -(1-x)?
x—>0 X

1 1 1

Lt (1+x)5—1+ Lt (1-x)3 -1

T o1 (10-1 (1-0)—>1 (-x)-1

21172/3 +1172/3 — _
3

J’_

W N

W | —
W | —
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Lt Ja+2x -3x
x—>a\Ba+x-2Jx

Lt Jax2x -3 Jaxds+Br arx+2d
x—>a\/3a+x—2\/; \/a+2x+\/§ \/3a+x+2x/;

Lt (a+2x-3x) ~a+2x+3x
x—>a3a+x—4x  Bat+x+2Jx

Lt a—x Lt \/a+2x+\/§x
x—oa3a-x) x—aa+x+2J/x

1 2\3a 1
3 Aa 23

Lim  cosax —cosbx
2

x—0 X

. ax+bx . ax—bx

. —2sin sin
Lim 2 2 cosC—cosD:—zsinC+D

2

x—0 X

. C-D
sin——

2

sin{fa+b)x sin(a—b)x

x—>0 X x
sin(a +b)x sin(a —b)x
Lim o5 (a+b) Lim o5  (a-b
-2
x>0 (a+b) 2 Jx>0 (a=b) \ 2

2 2
Lim sin ﬂ X Lim sin a=b X
uin 2 b)) 2 (a—bj
90 50 (a+bj 2 2% 50 (a-b) 2
2 T X 2 —X

_2.1(a+bj.l(a—b)

2 2
_(a +b)a —b)
2
b?—a?

2
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Lim 1-cos2mx

— (m,ne-z)
x—>0 smn“nx

Lim sinmx ’
x—>0 mx 2m?

- . . 2 7 2
Lim sinnx n
x—>0 mx

Lim 1-cos2mx Lt 2sin® mx

x—>0 sin‘nx x>0 sin’nx

Lim sin(a + bx) —sin(a — bx)

x—0 X

A. sinC—sinD:2cosC+D i

s

cC-D
2

. i
Lim a+bx+a—bx S
S

rl(aerx)—(a—bx)
2

x—0 2

2 Lim sinbx

2 x—>0 bx

2cosaxbh =2bhcosa

X



76

Basic Learning Material

Unit

' Differentiation |

Key concepts
d d v e _ u ad
—(uv):u—quv—v * i Hl__dx  dx
d dx  dx del v 7
d g d
—(x")=nx" * —(x)=1
dx ( dx ()
d . d .
—(sinx) =cosx * —(cosx)=—sinx
T (sinx) o (cosx)
d d
—(tanx) =sec’ x * —(cotx)=-cosec’ x
dx dx
d d
—(secx)=secxtan x * —(cosecx) =—cosecxcotx
dx dx
d 1 d -1
—(tan " x) = a —(cot " x) =
dx( ) 1+x° dx( ) 1+x°
d 1 d -1
—(sec'x) = ——— * —(cosec” x) = ———
dx |x|vVx® =1 x |x|vx? =1
d d
—()=¢" * —(a@")=a"loga
o (e") T (a”) g
d 1 d
—(logx)=— * —(sinh x) =cosh x
T (log x) . T ( )
d . d 5
—(cosh x) =sinh x * —(tanh x) =sech x
dx dx
d 5 d
—(cothx) =—cosech x * —(sechx) = —sechxtanh x
dx dx
d, . 1
i(cos echx) =—cosechxcoth x * —(sinh™' x) = >
dx dx I+x
d _ 1 d 1
—(cosh ' x) = * —(tanh ' x) =
dx x* -1 dx ( ) 1-x°
d d 4 -1
= (coth ' x) = * —(sech x)=———
dx(co 2 1-x° dx |x|V1-x°

4 (cosech 'x) =

-1
dx |x|Vx®+1
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Very Short Answer Questions (2 Marks)

d
y =log(sin(logx)), then find d—i

Differentiate both sides with respect to ‘x’

v=logx,u =sinv y=logu

d i v 1
du u' dv “dx  x
dy _dy du dv
dx  du dv’ dx

=—— cos(log x)l = cotllog )
sin(log x) X

f(x) =log(secx + tanx), then find f'(x)
Differentiate both sides with respect to ‘x’

u=secx+tanx and y=logu

dy 1 du 5
—=—,—=secx.tanx +sec” x
du u dx
=secx(secx +tan x)
dy dy du
dx  du dx
1
=——— secx(secx +tanx) =secx
secx +tanx

Find the derivatives of the following functions.

d
(i) —xtan ' x=x—tan  x+tan  x—x
dx dx dx

X -1
= 2than b
1+x

d
(11) Etan’l (log x)

- % i(log x)
1+ (logx)” dx
3 1
x[l +(log x)z]

d—esin’lx
(111) o

in~! PO
=™ " —gin'x
dx
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b

0

dy dy
dx =Y icoshy
dy dy
dx = ¢ cosh y
dy
dx 1

dy ™™ coshy
d .
) —sin(cos(x?))
dx
2 d 2
cos(cos(x”))—cosx
dx

2 o« 2 d 2
cos(cos(x”))(—sin x )dx x
cos(cos(x*))sin(x*)2x
f(x)=1+x+X* + e + X', then find £'(1)

Differentiate both sides with respect to ‘x’

fF(x)=1+2x+3x"..... +100x™
fH=1+2+3........ +100

_ 100;101 :5050[2)6: x(x;l)j

f(x) = xe'sinx then find f'(x)

Differentiate both sides with respect to ‘x’

d d ..

— f(x)=—xe"sinx

dxf() dx

fH(x)=xe" isinx + xsisnxiex sin xﬁ
dx dx dx

=xe’ cosx +xsinxe® +e*sinx

f(x) = e*,g(x) =+/x,g(x) Find the derivatives of the f(x) with respect to g(x)

f(x)=e" g(x)=5x

d d .
=—f(x)=—-e
dxf() dx
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d d 1
d_g(x) :a\/__ N
df (x)

LAf(x) e e x
Cdg(x) dg(x) 1 24
dx 2%

7 34 v3 —aq3 then showthatd—y=-31
* X +ty’=a d X

X

A. Differentiate both sides with respect to ‘x’

2 2
2 1+%y31d—y:O

Z 3
3 3 dx
1
1 s dy
x34+y1PE =0
Y dx
d_y__x—l/3 y

dx )f”3 B X

d
8. y=sin'Jx then find d—i

N
" ode Jl-x 24x
dy__ 1N
dx 2 x(1-x)

d
9. x=acos’t, y=asin’t then find d—y
X

A. Differentiate both sides with respect to ‘x’

d_x = —3acos’ fsint d_y =3sin’fcost
dr dr

dy _dy drt

dx dt dx

_ 3asin®rcost
—3acos’tsint

=-—tanf#
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Short Answer Questions (4 Marks)

1.  Find the derivatives ot the following functions from the first principles.
A. () f(x)=sin2x

F(x+h)=sin2(x+h)=sin(2x+2h)

First principle
f(x+h)-f(x)

h

F1(x)= Lt sin(2x +2h)—sin 2x

h—0 h

1 —
=L

sinC—sinDchosC;DsinC;D

[2x+2h+2hj. [2X+2h—2xj
COS f Sin f
=1t2

h—0 h

Ax+2hn S
=2 Lt cos X Lt

h—0 2 h—0 h

:2cos4—X.l
2

i sin2x =2cos2x
dx

(1) f(x)=tan2x
f(x+h)=tan 2(x + h) = tan(2x + 2h)
First principle

f(x+h)-f(x)

Lig) —
F9 -y ]
~ Lim tan(2x +2h) —tan 2x
h—0 h

sin(2x +2h)  sin2x

Lim cos(2x +2h) cos2x

h—0 h

sin(2x +2h)cos 2x — cos(2x +2h) sin 2x

Lim cos(2x +2h)cos 2x
h—0 h
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2.

A.

‘m sin[2x +2h —2h]
-0 h cos(2x +2h)cos 2x

Lim sin 2h x2Lim !
20 2h h—0 cos(2x +2h)cos 2x
1x2 ! 2

cos’ 2x 2sec” 2x

(iii) f(x)=ax’+bx+c
First principle

f(x+h)-f(x)

i) —

o= LT

_ . [a[x+h] +b(x+h]—(ax* +bx +¢c)
_Iﬂgg h

:Lima[xz +2hx +h*]+b{x+b]—(ax +bx-+c)

h— h

. ax’+2hax+ah?+bx+bh+c—ax’-bx—c
-tim h

_ I;i%l h(2x + b +ah)

if(x) =2ax+b
dx

d
x’ +y’-3axy =0 then find d_z

Differentiate both sides with respect to ‘x’

S—Z[XS +y’ —3axy} =0

3X2+3y2d—y—3a Xd—y+in =0
dx dx " dx

x2+y2d—y—axd—y—ay:O

dx dx

—ax)ﬁ —ay—x’

dx

2

(y

Cdy ay—x’

Udx o yi-ax
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- dy _ _ay
y = ™" *then show that ——=
dx 1-y?
y=e"" . )]
Differentiate both sides with respect to ‘x’
d_y — ieasin’lx
dx dx
asin'x d -1
=e —asin X
dx
d_y _ asin'x a
dx 1-x°

d_y: Y from M)

dx  J1+x’

Find the derivative of tan™ ( a-x j
1+ax

put a=tanA =>A=tan 'a

—tanB=>B=tan '¢c

d [ tanA-tanB
—| tan | —
dx l+tan A tanB

(;ix(tanl (tan(A - B))

di(tan1 a—tan’ x)
X

1
1+x?

1
1+x?

00—

dy logx
x¥ =e*? then show that —~~

dx (1+logx)’

x’ ="’
take log both sides

log, x” =log_ e™”
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ylogx =(x—y)log e

X =y+ylogx

x =y(l+logx)

X

" ogn)
Differentiate both sides with respect to ‘x’
&y _d_x

dx dx I1+logx

(1+logx)l—x [lj

(1+1log X)2

. dy _l+logx -1
Udx (1+logx)’

. in(a + y) then show that dy tig, (1+3)
- en show tha T aina
siny = xsin(a +y) w dx sina

_siny
sin(a+y)
Differentiate both sides with respect to ‘y’
dx _sin(a+y)cosy —sinycos(a+y)
dy sin“(a+vy)

d_x_ sin[a+y—y]
dy sin’(a+y)

 dy _sin’(a+y)

Cdx sina
Long Answer Questions (8 Marks)
x =M S e fina Y
1+t° Y e ety

Differentiate both sides with respect to ‘t’
d d { t }
—x=3a— S
dt dt| 1+t

dt d
1+t)——t—(1+¢°
( )dt dt(

=3a

(1+t%)
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=3a

C(1+t%)-t3¢1°
(1+t%)

C1-2¢°
=3a| ——=
_(l+t)

d d
1+t —t*—t* — 1+t
( )dt dt( )

a
dt (1+t7)

1+t —23¢2
g, Qrt)2t-t t}

(1+t%)

2t +2t* -3t
=3a —_—
(1+t)

2t —t*
=3a| ——
| (1+17)

(dy _dy dt
Cdx dt dx

:3{2‘[—‘[4} 1+ )
(1+3)* |3a(1-2t")

_t(2-t)
C3(1-2t)

dy _v1-y*
2 2 _ v =
2. J1-x* +\/1-y® =a(x-y), then show that & o

A. Let x=sinA y=sinB=A=sin'x =B=siny

VI=x? +41-y* =a(x-y)

Put x=sinb,y=sing

cA1=sin® @ + /1 -sin® § = a(sin 6 — sin g
cos@ +cos ¢ = a(sin @ — sin @)

tg O-¢

2¢cos .COS

:{2cosez¢sin9_¢}

2
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=q.sin

[\

p= 6 —2tan”’ [lj,
a

. . 1
sin” y=sin" x—2tan"’ (—j
a

Differentiating w.r.to x

2

—

ﬂ: 1 jd_y: I-y
1_y2'dx 1-x* dx 1-x’

tan’ [ 2|+ tan" ?’X_X&-tan'1 _dxod hen show th d__1
3. 1_X2 1_3X2 1_6X2+X4 t en s OWt atdx 1+X2

A. Let x=tanf —g9=tan'x

o 2tané -+t 3tand—tan’ &
Y 1-tan’ @ 1-3tan’ &

—tanl( 4tand —4tan’ @ j

1-6tan” @ +tan* &

= tan "' (tan 20) + tan "' (tan 39)
y =20+360-460
y=6
y =tan ' x
Differentiate both sides with respect to ‘x’
dy 1
dx  1++x’
x° m dy
y= m then find dx
A. Take ‘log’ both sides

X2+ 3x

B2 x)-x)

logy=1lo

=logx’ +log V2 +3x —log(2+ x) —log(l — x)

logy = 3logx+%(2+3X)—log(2+x)—log(l—x)
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Differentiate both sides with respect to ‘x’
1dy 3 3 1 1

—— ==+ - +

ydx x 2(2+43x) 2+x 1+x

dy 3 3 1 1
L=y =+ — +
dx X 2(2+3x) 2+x 1+4x

d
y =xva’ +x* +a’log(x +v/a® + x* ) then show that d_z =2+/a’ +x

Differentiate both sides with respect to ‘x’

a,2 |:1+\/ﬁ2X:|
d—sz;2X+\/a2+X2+ 2Na +x
dx 2va’ +x’ x++a’+a’

1 dy y| 1-logxlogy
ogy — —_— == —
x ¥ =logx then show that dx x| (logx)
Take ‘log’ both sides
logx'**¥ =log(logx)

logy logx =log(log x)
Differentiate both sides with respect to ‘x’

1 logxd 1 1
(logy)—+—==2 = —— —
x y dx logx x

logxdy 1  logy
y dx xlogx x

logx dy _1-logxlogy
y dx x(log x)

'd_y:Z 1-logxlogy
Cdx x| (logx)’




Sol:

Unit

| Errors and approximations '

Key concepts

A small change in x is Ax

If x 1s changed as x + Ax then change in y Ay = f{x + Ax) ~ f(x)
Differential in y dy = f'(x).Ax
Relative erroriny — Ay

y

A
Percentage erroriny = =100
y

Short Answer Questions (4 Marks)

Find dy,Ay for the following y = x? + 3x+ 6, x =10, Ax = 0.01

Ay = f(x+Ax) = f(x)
Ay = f£(10+0.01)— £(10)
Ay = £(10.01)— £(10)
=(10.01)2 +3x10.01 + 6 (102 + 3x10 + 6)
=100.2001 +30.03 + 6 — 100 —30 - 6
=130.2301 — 130
=0.2301
Ay = f'(x)Ax
= (2x+3)Ax
=(2x10+3)x0.01
=23 % 0.01
=0.23
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2.  Find dy, Ay for the following function y = cos x x = 60°, Ax =1°
Sol: x=60°, Ax=1°
Ay = fx+Ax) = f(x)
Ay = f(60°+1%) — f(60°)
= f(61°) - f(60°%)
= €0s61° — cos60°
=04848 - 0.5=-10.0152
Ay = f'(x)Ax
= —sinx.Ax
= —sin60° x 1°
=-0.866 % 0.0174 (1°=0.0174 3&%S))
=-0.0150

3.  Find dy,Ay for the following function y =e”* + x, x =5, Ax = 0.02
Sol: Ay= f(x+Ax)— f(x)

= 7(5+0.02) - £(5)

= f(5.02) - A5)

=02 +502- ¢85

=32 _¢e3+0.02

Ay = f'(x)Ax

=(e" +1).Ax

= (&’ +1)(0.02)
4.  Find dy, Ay for the following function y = 5x? + 6x+ 6, x = 2, Ax = 0.001
Sol: Ay= f(x+Ax)— f(x)

= £(2+0.001)— £(2)

= f(2.001) - A(2)

= 5(2.001)% + 6x2.001 + 6 — (5x2% + 6x2 + 6)

=5(4.004001) +12.006 +6-20-12-6

=0.026005

Ay = f'(x)Ax

= (10x + 6).Ax

= (10 x 2+ 6) (0.001)

=26 x0.001 =0.026
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S.  Iftheincrease in the side of a square is 2%, find the change in the area of the square.

Sol: Let side of the square = x
Area of the square A= x?

given gxlOO s T (1)
X
AA
A_Azzxzizz_x
dx 4 X
AA

zﬂxloozzx[ﬂxlooj
A dx

= 2x2 from (1)
=4
6. If the increase in the side of the square is 4% find the change in the area of the

square.

Sol: Let side of the square = x
Area of the square A = x?

A x 100 = 4 (given)

x
A=x2:>A—A:2x
dx
AA
= X100 % Ax = 25 %100 % Ax
A X
:ZXgXIOO
x
=2 x4 from (1)
=8

7.  The radius of the sphere is measured is 14 c.m., Later it was found that there is an
error 0.02cm in measuring the radius, find the approximate error in surface area of
the sphere.

Sol: Let radius of the sphere = r

dA
Surface Area A = 4mr? = — =47 x 2F
s
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=4nx2rx Ar

:8><2><14><O.O2
7

=7.04 sq.cm.

Geometrical interpretation of the derivative

Key concepts

1.  Slope of the tangent at point (X, y) on the curve y = f(x) is d_z

d
2. Equation of tangent at point (a,b) on the curve y = fix)is y — b = m (x — a) [m _ yj
1
3. Slope of the normal = -

. 1
3.  Equation of the normal y—b= —E(x — a)

1.  Find the slope of the tangents to the curve y = 3x> — xiwhere it meets the X-axis.
(1

Equation of x -axis y =0 ---- (2)

from (1) and (2)

3x2-x*=0 (- y=0)

x*(3-x)=0

x!=0 or3-x=0

Sol: y=3x?-x

x=0 or x=3
.. The given curve intersecting x-axis at points (0, 0), (3, 0)

dy
T dx0,0)

=6x — 3x?
=6x0-3x0
=0
Equation of tangent at (0,0)
y—-0=0(x-0)

=>y=0
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dy
EN)

Slope of tangent M

=6x—3%x2
=6x3-3x3?2
=18-27=-9
Equation of tangent at (3, 0)
y—0=-9(x-3)
y=-9+27
O +y-27=0
2.  Show that the area of the triangle formed by the tangent at any point on the curve
xy = C (C#0) with the co-ordinate axes is constant.

Sol: Let P (x,, y,) be the point on the curve xy =c¢ andx, # 0, y, # 0.

&__c
de  y?
Slope of tangent m = —% (at P(x;, »)))

X1

P(x, y,) Equation of the tangent at P

C
yiyl = __2 (x_xl)
X

y-xl2 —ylxlz =—cx+cx

cx+ yxl2 =cx + ylxl2
2 _

CX+ Yx; =cxp+ VXX

cx + yxl2 =cxy +ex (o =c)
2 _

ex+ yxi = 2cex;

chryxl2 —2ex =0
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2
area of the triangle = e
ab

2

1 (<2¢,)
2 C X x12

1 4czx12

2 (:2><x12

=2c

= which is constant
3.  Find the slope of the tangent to the curve y = 3x*— 4x atx =4
Sol: y = 3x*—4x

Differentiate both sides

% =3 x4x’ -4
slope of the tangentat x =4 m =12 x 43 -4
=12 x 64 -4
=768 —4="764
4(i). Find the slope of the tangent to the curve y =x? -3x + 2 at the point whose x coordi-
nate is 3.
Sol: y=x-3x+2

Differentiate both sides
Y32 3
slope of the tangent at x =3 m =3 x 32-3

=27-3=24

b4
4(ii). Find the slope of the normal to the curve x = a cos*d, y = asin®0 at 0 = n

Sol: x = acos’d, y=asin’6

Differentiating with respect to 6

dx _ a3 cos> 0(—sind)
do
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@ _ ax3sin? 0 (cosb)
do

dy dy/d6 3asin® 6 cosd

T
slope of the tangent \#?)——= = = —tanf = —tan—
P 8 ( )dx dx/d6  _3gcos’0-sind 4
m=-1
1 -1
. slope of the normal = ——=-—=1
m -1

5. Find the slope of the normal to the curve x=1—asind, y =b cos*d, at 9 = z
Sol: x = [-asing, y= bcos*6
differentiating with respect to &

ﬂ:—acos@ ﬂ:2bcos9(—sin(9)
do ’ do

_dy _dy/d6 _-2bcosfsind
de  dx/do —acosd

b
slope of the tangent (at & = ) K

1
slope of the normal at & = r o=
2 m
B 1
2b/a

—d

)
6.  Find the equation of tangent and normal to the curve y =x>— 4x + 2 at point (4, 2)

Sol: y=x>—4x +2
differentiating with respect to x

d—y:2x—4
dx

slope of the tangent at (4,2) m =2 x 4—4=4
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equation of the tangent
Yoy =mx-x)
y—2=4(x-4)
y—2=4x-16
4x—-y—-16+2=0
4x-y-14=0

1 1
slope of the normal = — =——

4
. 1
equation of the normal y—2=- 7 (x—4)

4y-8=—x+4
x+4-8-4=0
x+4y-12=28.

7. Find the equation of tangent and normal to the curve y =x° + 4x? at (-1, 3)

Sol: y=x+4x?

differentiating with respect to x

d—y:3x2+8x
dx

slope of the tangent at (-1, 3) m =3 X (=1)>+ 8(-1)
=3-8
=-5
equation of the tangent =y -3 =-5(x+ 1)
y—-3=-5x-5
Sx+y+2=0
1

slope of the normal = ——
m

-1 1

"5 5

1
equation of the normal y — 3 = 3 (x+1)

Sy—15=x+1
x-5y-16=0
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8.

Sol:

9.

Sol:

X
Find the tangent and normal to the curve y = 7, 3 at the point where the curve

meets y-axis.

Equation of y—axis x =0

y= ze_g, the curve meets y-axis at (0, 2) [ y=2¢ 3 =2]

X
y=12e 3

differentiating with respect to x

dy _ 707%/3 X[_lj
dx 3

_% . e_x/3
3
2 0B _
slope of the tangent (atx = 0) m = —g-e N

equation of the tangent at (0, 2)

slope of the normal ~

3
equation of the normal y — 2 = 5 (x-0)

2y—-4=3x
3x-2y+4=0
If the tangent at any oint on the curve 2/3 yz/ 3 _ 423 intersects the co-ordinate
axes in A and B then show that the length of AB is constant.
P (x,, y,) be the any point the on the curve y2/3 4 2/3 = 42/3

2/3 2/3
X1t = a?3

. (D)

23 4 23 = g3
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differentiating both sides with respect to X'

_1 _1
%.x 3+z.y 3.@:0
3 3 dx
dy yl/3
a3

slope of the tangent at P(x,, y,)

1/3
X1

equation of the tangent at P(x, y,)

y—y1=—[ﬂjl/3-(x—x1)

X]

1/3 1/3 1/3
y‘yl_yl'xl/ :_x'yl/ (yl)/ "X

1/3 1/3 1/3

1/3
X ) VX xn on

+ =
313 U3 13 1313 13 13
yl/ xl/ yl/ ‘xl/ yl/ xl/ yl/ 'xl/

X
=37 1y/3 =3
N
X Y _ 23
= ;s A (from eqn-1)
N

above equation intersects x—axis at A (az/ 39%/ 3,0) , y—axis atB (O,az/ 3'}/%/ 3)

AB = \/(a2/3.x12/3)2+(a2/3‘y11/3)2

PR
= a3 423 (from eqn—1)
\/ﬁ
\/;2

= a = constant
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Lengths of tangent, normal, subtangent and subnormal

2
y1 41+ ( yl)
1.  Length of tangent = 1
Lo
2. Lengthoftangent = | "\' TV
Y
3. Length of the subtangent = ;

4.  Length of the subnormal = ‘y 'yl‘

1.  Show that the length of the subtangent at any point on the curve y =a*(a>0) is a

constant.
Sol: Differentiating y = a* with respect to X'

We have y! = a*. log a

Length of the subtangent =

X
a

" |a*loga

1

loga

it 1s constant

X
2.  Find the lengths of subtangent and subnormal at a point on the curve y =5 sin;

Sol ~ bsin>
ol: y = bsin—

Differentiating with respect to 'x'
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l = —xcos—
Y g a
P
Length of the subtangent = yl
bsin*
_ a
a a
X
= q-tan—
a

Length of the subnormal = ‘y 'J/l‘

. x b X
= |bsin—-—-cos—
a a a

b2 . X X
- |—x2sin—-cos—
2a a a

b2 . 2x
—_— Sln —_—
2a a

3. Show that at any point (x,y) on the curve y= be¥? , the length of the subtangent is

2

a constant and the length of the subnormal is y

a
Sol: y= bex/a

Differentiating with respect to 'x'

yl _ bex/a.lzé.ex/a
a a
bex/a
Length of the subtangent = = e = |a| = is constant
y 2 €

a
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(b eX/a)z y?

‘y yl‘:‘bex/“%-ex/a -

Length of the subnormal = a a

4. At any point 't' on the curve x =a (f +sin ), y = a (1 — cos?) Find the lengths of

tangent, normal, and subtangent and subnormal.
Sol: x=a(t+sint), y=a(l —cost)
y=a

differentiating both sides with respect to 't'

ﬂ:a(lJrcost), d—yza sint
dt dt
| _dy _ dy/dt _ asint _ 2sint/2-costt/2
dx dx/dl a(l-i-COSl) 2(;0322‘/2
_ sin7/2 ~tant/2
cos?/2
1 2
Y- 1+(y) ~ a(l—cosl)\/1+tan2t/2’

length of the tangent = yl ‘ tan 7/2 ’

a-2sin2t/2-\/sec2t/2‘

- tan"/? ‘
a-2sin22 1 . 1/2
7 X 72 = 2asin
= ‘ sin cosft
cost/2

a(l—cost)-\llthanzt/2

Length of the normal =
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= 2Ct-sin2t/2-\/seczt/2

- 21/2
2t/2‘ Sin /
2t/2

- |2a-sin

COS

‘Za sinzt/z-tant/z‘

y| |a(l-cost)
length of the subtangent = yl can’/2
1—cost
a( CZS ) = 2asint/2-cost/2
= sin’/
cos/2

length of the subnormal = ‘y yl‘ = ‘2(1—cosl)-tant/2‘

= ‘2asin2t/2-tant/2‘

At any point 't' on the curve x = a (cost + ¢ sinf), y = a(sinf — ¢ cost) Find the lengths of
tangent, normal, and subtangent and subnormal.

Sol:  x =a (cost + 1 sin?)

differentiating both sides with respect to 't'
dx

dy a (—sint + sint + fcost)
=atcost
y = a(—sinf — 1 cost)

differentiating both sides with respect to 't'
dx

= _ + 1
dy a (cost — cost + t sint)
=q t sint.

1 _dx dy/dt atsint
S = =tan/
dy dx/dt atcost
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a(sinl—lcosl)|

length of the subtangent = Lf/z % - % tan? |

= (ac sin t — fcost).cott
length of the subnormal = ‘y yl‘ = ‘a (sin t—1cos l) -tan t|

Angle between two curves and condition for orthogonality of curves

1. Angle between tangents drawn at intersecting points of two curves C, anc C, is angle
between curves C, and C,

2. Ifslopes of tangents drawn at intersecting points of curves is m, and m, and angle between

m, —m
the curves '@' then tan@ =|———=

I+mm,
3.  Ifm=m, the curves have common tangents, and touch each other.

4.  If m;.m, =1 the curves intersects orthogonally.

1.  Show that the curves y? = 4(x+1), y* = 36(9—x) intersect orthogonally.

Sol: V2 =4(x+1),)* =36 (9—x)
" 4(xt+1)=36(9—x)
x+1=9(9-x)
x+1=81-9%
x+9%=81-1
10 x =80
x=38
y'=4(c+1)
P=48+1)
y2=4x9
y =16

intersecting points of given curves (8, 6), (8, -6)

slope of tangent at 'p' to the curve y? = 4(x+1)

(first curve)
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2 =36(9+x) = 2y Y = 36

dx
d 36 18
Y 2. 0 (second curve)
dx 2y
2 1
slope of the curve at (2, 6) y>=4(x + 1) m = 5 3
slope of the curve at (2, 6) y> =36(9 +x) 1 = _T =3

my X my :%x(—3):—l

The given curves intersect orthogonally similarly we can prove at point Q(8,-6)

2. Show that thecondition for the orthogonality of curves ax®+ bx=1,a,x*+by*=1 is

Sol: Let intersecting point of given curves ax* + bx =1, a, x>+ b )* = 1

P(x,y))

Laxtby-1=0, ax?+by’-1=0

2

-1 q bl

2 2
1T _ N :; 1
~b+b  —ay+a ab—ab - (1)

. slope of the tangent to the curve at P(x,, y,) ax* + by* = 1
2ax + 2by* . y'=0

—2ax _—ax

N7 2y by
@
T by

slope of the tangent to the curve at P(x, y,) ax*+by* =1

a x|
T by
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condition for orthogonality is m, m, = —

CMX%M_

by, by

1

b=b_-bh

a— Cll ClCll

(from eqn---(1) )

bl.aa1 — b.aa1 = —abbl + balb1
a alb1 — balb1 = aba1 — abb1
a, b, (a-b) =ab(a-b)

a-b _ a—bh
ab aib

3.  Find the angle between the curves x +y +2 = 0, x2 + y>— 10y=0

Sol: x+ty+2=0
>x=-(+2)
x?+3)?2-10y=0
(—(+2)?+)*—10y=0
V2+4y+4+3y2—-10y =0
22 -6y +4=0
y-3y+2=0
0-D-2)
y=+1ory=2
y=lx=-(1+2)=-3
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y=2x=-(2+2)=-4
Intersecting points are (-3 , 1), (-4, 2)

slope of the tangent at (-3, 1) tothe curve x + y+2 =0

1+y'=0
yh=-1
m,=-1

x?+3)?-10y=0
differeintating both sides with respect to X'

2+ 2y . y' =10 .y =0.

1_ -2x
o 2y-10
my —2x(-3)
2(+1)+10
_ 6 _6_-3
T 2-10 -8 4

angle between two curves

m—m
tan@ = |2

1+ mlmz

~1+3/4 |
1+(-1)(-3/4)

—4+3

4
= | 4+3

4

-1
|7
1

~ |
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4.  Find the angle between the curves y> = 4x, x*+y*=15

Sol: y?=4x, x*+)?=35
= x*+4x-5=0
x+5@x-1)=0
x=-5Sorl
x=1=y*=4x1
=y)y’=4
y=%2
intersecting points of two curves (1, 2), (1, -2)
y:=4dx

differeintating both sides with respect to X'

2y . yt=4
2
2y vy

2
slope of the first curve at (1, 2) = 5 I(m,)
x*+y2=5
differeintating both sides with respect to X'

1 -x
2 2y1/11=0 =V :7

slope of the second curve at (1, 2)

1
mz——z

angle between two curves ‘@

tan@: M

l—i—mlmz

1+1

tanf = 2
EUS)
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3
2
== = 3
1
2
tand =3
@=tan! (3)
8
S.  Find the angle between two curves x* =2(y+1); y= — 2
X
S 2 °
ol: x*=2(+1 =
Wb y="3",

>x2+4=
Y

3 _4=20p+1
y

= 2y+2+4

< | o

= 2y+6

< | =

4=)"+3y

V' +3y—-4=0
G+4) - 1)=0
y=—4dory=1
x?=2(1+1)
x2=2x2
x=2

intersecting points (2,1) and (2, -1)
¥?=2(y+1)

differeintating both sides with respect to X'
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2x = 2)*

yi=x
slope of the curve at (2, 1) m, = 2

8
x2+4

y:

differeintating both sides with respect to X'

8
slope of the second curve at (2, 1) to the curvey = 3
x“+4

-16x2 32 1

m,= 7= =-
(22+4) 64 2

1
ml X mZZ 2)([—5}——1

.. the given curves intersect orthogonally.

6. Show that the curves 6x% — 5x + 2y = 0, 4x? + 8y* = 3 touch each other at points
11
2’2

Sol: 6x>—5x+2y=0

differeintating both sides with respect to X'

6 X 2x-5+2)1=0

2yl =5 12x
o 5-12x
Y 2
11 5—12><l
slope of the tangent at [E’ Ej to the first curve is m = Tz

_5_

6
2
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4>+ 8y* =3
differeintating both sides with respect to X'
4 X 2x+8%x2pyl=0

1 8 -—x

TR
1
11 ' Ty 1
slope of the tangent at | 5> 7 | to the second curveis #) = ———=——
22 , 12
2
m1:m2

. 11
.. the given curves touch each other at (5 Ej

Maxima and Minima
Key concepts

1* derivative test :

Let f be a differential function on an interval D, ¢ € D, and f is defined in some

neighbourhood of ¢, suppose, c is a stationary point of f such that (c—J,c+0)does not
contain any other stationary point for some § > ( then.

(1) c is a point of local maximum, if f'(x) changes sign from positive to negative at x =c¢
(i1) ¢ is a point of local minimum, if f'(x) changes sign from negative to positive at x =c¢
(ii1) ¢ is neither a point of local maximum nor a points of local minimum f'(x) does not
change sign at x =c¢
2" derivative test :

(1) x=c is a point of local miximum of 'f' if f'(c)=0 and f"(c) <0, and local maximum
value of 'f' 1s f(c)
(ii) x=c is a point of local minimum of 'f' if /* (C) = 0 and ! (C) > 0 and local minimum

value 'f' is £ (¢)

(111) the test fails if f'(c)=0 and f"(c)=0
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1.  Find the maximum area of the rectangle that can be formed with fixed perimetre 20.

Sol: Let x and y denote the length and the breadth of a rectangle respectively . Given that the
perimeter of the rectangle is 20.

L 2(e+y)=20 .. (1)

x4y =10 . ) Y
area of the rectangle A=x.y. ... (3) X

A=x.(10-x) v x+y=10

A=10x—-x> ... 4)

differentiating both sides with respect to X'

dA

5210—236 oo (B)
d—AZO =10-2x=0
dx

= 2x=10

= x=5

~.x =5 is the stationary point
differentiating (5) with respect to X'
d*A
2 _
dx2
2
d—A < O
dx2

which is negative, therefore by second derivative test the area A is maximized at x =5 and

hence y =10 — 5 =5, and the maximum areais A=5 (5) =25

2.  The profit function P(x) of a company selling x items per day is given by
P(x) = (150-x)x-1600. Find the number of items that the company should sell to get

maximum profit. Also find the maximum profit.
Sol: P(x) = (150 —x) x — 1600
= 150x — x* — 1600

differintating both sides with respect to X'
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Sol:

by
dx

= 150-2x=0
2x =150
x=175

Again differintating Eqn .... (1) with respect to X'

dp_,
de

2
d_p<_2
de

.. The profit P (x) is maximum for x = 75
.. The company should sell 75 items a day to make maximum profit.

the maximum profit P (75) = (150 —75) - 75 — 1600

=75 %X 75-1600
=5625 - 1600
=4025.

From a rectangular sheet of dimensions 30cm x 80cm four equal squares of side x cm
are removed at the corners, and the sides are then turned up so as to form an open
rectangular box. Find the value of x, so that the volume of the box is the greatest.

length of the box = 80 - 2x X
breadth of the box = 30-2x J 80-2x l_ X
height of the box = x 30 30-2x
volume = (80 — 2x) (30 — 2x) -x ] ]
~ (2400 — 160x — 60x + 4x?) - x. 80

= 4x> — 220x% + 2400x

differintating both sides with respect to X'

dv

2
— =12x" -440x+2400 .. 91
= )
@:10
dx

12x? — 440x + 2400 =0
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3x?—110x + 600 =10

v —bi\/b2—4ac

2a

 110£/(110)% ~4x3x600
2x3

- 110£+12100-7200
6

_ 110£+4900

6

X

11070
6

110+70 110-70

x=30 b=30-2 %30
=-30
b<0
x = 30
20

3

Again differintating Eqn .... (1) with respect to X'

2
9V o4y 440
de
2
w220 8 4V 5020 aug
3 2 3
— 160 — 440

=—-280
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d*v
) ) 20
Volume of box is maximum at x = ?

4. A window is in the shape of a rectangle surrounded by a semicircle. If the perimeter

of the window is 20 ft. Find the maximum area.

Sol: The perimeter = 22 + 2y = tx = 20
2y=20—-(n+2)x

10 T2 xoox
Y= - 2 2_)/
2
area = 2xy+ﬂ 2x
2
2

A= (20—(7z'+2)-x)+%

7Z'x2

= 20—(7z+2)x2+T

differintating both sides with respect to X'

dA T
—=20—(7+2)2x+—x2x .. 91
A _,

dx

20-(n+2)+x=0
x(n -2n-4)=-20
x(-t—-4)=-20
x(n+4)=20
20
7T+4

Again differintating Eqn .... (1) with respect to X'
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d*A
w2 0

20
area of the window maximum at X =
7T+4

A=2Xy+%.ﬁ

2y =20—(m+2)x
20
7+4

2y =20—(7+2)x

_ 207 +80-207—-40
7T+4

2y

40
7T+4

A= 2xy+§-x2

20 40 +£[ 20 jz
T+4 7+4 2\ 7+4
~ 1600+400- 7

2(7+4)

200(4+7)

(r+4)2

200
7T+4
S.  If the curved surface of right circular cylinder inscribed in a sphere of radius r is

maximum, show that the height of the cylinder is J2r
Sol: From A OAB

2 — 2
OA“+ AB=0B ——
O
R2+[ﬁj2:r2 1% :R g
2 a7 >
B
)

R2= 2 -2
4
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lateral surface area of cylinder = 24

2
27 - rz—h—-
\/ 4

27 h

A N4r? —n?

A = ﬂ-h\/4}"2—h2

differintating both sides with respect to 'h'

dn

dA
dh

dA _
dh

0

dAﬁ{l.er n1.(~2h) }

IN4ar? - p?

4% — 2 hz}

\/4r2 —n?

{ 412 —2h? }
72'. —_—
\/4r2 —h2

{4# _2h?
72'.

ﬁ}o 42— 212 =0
4r=—h
h:\/z-r.

Again differintating Eqn .... (1) with respect to 'h'

d*4
dn*

2.

27

(2R2 —hz)

VAR? - (—2h) -\ — ).
(24) WAR? — h?

(-21)

4e2 —h2

8RZh+ 20 +2R*h— 1

(4e2 _hz)[m j




| Maths-1B | 115

Sol:

{Sth 21 2R -1 }
_ 2

4R —h? N4e? - n?

—Axh d*4
= ———— <0, at h=+2R — <0
VAR? — n? ah

~. lateral surface area of cylinder is maximum when h =/2R

A wire of length / is cut into two parts which are bent respectively in the form of a
square and a circle. What are the lengths of the pieces of the wire respecrtively so
that the sum of the areas is the least.

Let the square formed with the wire of length x

Let the circle formed with wire of length is /-x

x
side of the square = 1

2
_| X
area [4}

circumfrance of the circle 27z =/ — x

3 [—x

a 27
. I-x Y

area of the circle = 7#?> = 7| ——
27

2 (-4
some of the areas A= x_+ ( x)

16 4

differintating both sides with respect to X'

an _2x 20-%)

=16 4 -y (1)
A o
de

2x 2(l—x) x [—x
= :O:> =0
16 47 8 2r

T-x—4l+4x
:—:O =
. :>x(7z'+4) 4]
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4]
X =
7T+4

Again differintating Eqn .... (1) with respect to X'

dA* 1 (o)
: 8 2r
8 2rx¢
At x = —— we get minimum value
7T+4
4] 7wl +4l -4l 7l
[—x=1[- = =
7T+4 7T+4 7T+4

differentiating equation (1) with respect to 'x'

2 —
dA_ 1L D 11,

dx* 8 27 8 2«

4]
sum of areas is minimum at X =
7+4
4/ _ml+4l-4] 7l

[-x=1- =
T+4 7T+4 7T+4

MMM

NN 2NN 7N
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