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 1







 P(h, k

 

 

 


1. A(4, –3)          



 P(h, k
A(4, –3) 
|PA| = 5 
|PA|2 = 25

(h – 4+ (x + 3= 25  2 2
2 1 2 1( ) ( )x x y y    

 2 2( 4) ( 3) 25x y   

2 2 2 28 6 25 25 8 6 0x y x y x y x y         

2. A(–3, 2), A(0, 4) 


 P(x, y
|PA| = |PB|  
|PA|2 = |PB|2
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(h + 3+ (k – 2 h2 + (k – 4

2 2 2 26 9 4 4 8 16h h k k h k k        

6 4 13 8 16h k x    

6 4 3h k 

6 4 3 0x y  

3. P A(1, 2)  
P

 P(h, k
O(0, 0
A(1, 2
|PO| = 2|PA|  
|PO|2 = 4 |PA|2

2 2 2 24[( 1) ( 2) ]h k h k    

 2 23 3 8 16 20 0h k h k    

 2 23 3 8 16 20 0x y x y     

4. 

 = P(h, k
X = |PM|

Y = |PN|

|PM| = |PN| |PM|2 = |PN|2

k2 = h2.

y2 = x2x2 = y2

5. A(2, 0) Y-   


 = P(h, k
= A(2, 0)

|PA| = h

|PA|2 = h2 (h – 2)2 + k2 = h2

y2 – 4x2+ 4 = 0.

6. A(a, 0), B(–a, 0) |PA|2 + |PB|2 = 2c2 


 = P(h, k
= A(a, 0), B(–a, 0)

X

Y

M

N

k

h
P( )h, k

A(2, 0)

B h P( )h, k
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|PA|2 + |PB|2 = 2c2

(h – a+ k+ (h + a + k= 2c2

h2 + k2 = c2 – a2

 x2 + y2= c2 – a2.

7. (2, 3)  (–1, 5) P 


 = P(h, k
= A(2, 3), B(–1, 5)

PA  2 1
1

2 1

3

2

y y k
m

x x h

 
 

 

PB 
2

5

1

k
m

h






PA  PB

1 2 1m m  

3 5
1

2 1

k k

h h

 
   

 

h2 + k2– h – 8k + 13 =

 x2 + y2– x – 8y + 13 = 0.

8. (6, 0)  (0, 6) 


 = P(h, k
= (6, 0), (0, 6)

PA 
2 1

1

2 1

0

0

y y k
m

x x h

 
 

 

PB  2

6

0

k
m

h






PA  PB

1 2 1m m 

6
1

6

k k

h h


   



 k2 – 6k= [h6 – 6h]

h2 + k2– 6h – 6k = 0.

 x2 + y2– 6x – 6y = 0.

P( )h, k
A(2, 3)

B(–1, 5)

P( )h, k
A(6, 0)

B(0, 6)
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9. 


 = P(h, k
= A(–5, 0), B(3, 0)

|PA – PB| = 8

|PA| = 8 + |PB|


|PA|2 = [8 + |PB|]2

 |PA|2 – |PB|]2 – 64 = 16 PB

2 2 2 2[( 5) ] [( 5) ] 64 16 | PB |h k h k      

 20h – 64= 16 |PB|

 5h – 16= 4 |PB|

 (5h – 16)2= 16 |PB|2

 (5h – 16)2= 16 [(h – 5) + k2]


2 2

1
16 9

h k
 

 
2 2

1
16 9

x y
  .

10. A(4, 0), B(–4, 0)  |PA – PB| = 4     


 = P(h, k
= A(4, 0), B(–4, 0)

|PA – PB| = 4

|PA| = 4 + |PB|

[|PA|2 – |PB|2] – 16 = 8 |PB|

2 2 2 2[( 4) ] [( 4) ] 16 8 PBh k h k      

–16h – 16 = 8 |PB|

4(h + 1= (h + 4 + k

3h2 – k2 = 12

 
2 2

1
4 12

x y
  .

11. A(2, 3), B(2, –3) PA + PB = 8 P


 = P(h, k
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= A(2, 3), B(2, –3)

|PA| + |PB| = 8

|PA| = 8 – |PB|

[|PA|2 – |PB|2] – 64 = –16 |PB|

2 2 2 2[( 2) ( 3) ] [( 2) ( 3) ] 64 16 PBh k h k         

–12k – 64 = –16 |PB|

(3k +16= 16[(h – 2 + (k+3)]

16h2 + 7k2– 64h – 48 = 0

 16x2 + 7y2– 64x – 48 = 0.

12. A(5, 3), B(3, –2) PP 


 = P(h, k
= A(5, 3), B(3, –2)

|PA| + |PB| = 8

PAB 
5 31

9
3 22

h k

h k




3 5 10 9 36 2 18h k k h     

| 5 2 19 | 18h k  

(5 2 1)(5 2 37) 0h k h k    

  (5 2 1)(5 2 37) 0h k h k     .

Practice Problem

A(1, 1), B(–2, 3) P
P 

13. (2, 3), (2, –3) PP 


 = P(h, k

= P(h, k
= A(2, 3), B(2, –3)


| PA | 2

| PB | 3


3|PA| = 2|PB|

P( )h, k

A(5, 3) B(3, –2)
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9|PA|2 = 4 |PB|2

2 2 2 29[( 2) ( 3) ] 4[( 2) ( 3) ]h k h k      

5h2 + 5k2– 20h – 78k + 65 = 0

 5x2 + 5y2– 20x – 78y + 65 = 0.

14. A(1, 2), B(2, –3) C(–2, 3) P|PA|2 + |PB|2 = 2|PC|2

P 7x – 7y + 4 = 0 
 = P(h, k

|PA|2 + |PB|2 = 2 2 2 2( 1) ( 2) ( 2) ( 3)h k h k      

2 |PC|2 = 2 22[( 2) ( 3) ]h k  

|PA|2 + |PB|2 = 2 |PC|2  
7h – 7k + 4 = 0

 7x – 7y + 4 = 0.



2

(translation of axis) 

P(x, y) 

P(x, y) 

x = PQ = ON = OL + LN = OL + O'M = h + X = X + h

y = PN = PM + MN = Y + O'L = Y + k

 x = X + h,  y = Y + k  X = x – h,  Y = y – k

P(x, y) = (X + h, Y + k)

P(X, Y) = (x – h, y – k)

(h, k) = (x – X, y – Y)

f (x, y

f (X, Y

(rotation of axes)

x = OL = OQ – LQ  = Xcos – NM

= Xcos – Ysin.

y = PL = PN + NL  = PN + MQ

= PM cos + OM sin

= Ycos + Xsin = Xsin + Ycos.

P(x, y) = (Xcos – Ysin, Xsin + Ycos)

 X Y

x cos –sin

x sin cos
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1.

(i) (0, 3)

x = 0, y = 3 h = 4 k = –5

X = x – h Y = y – k

X = –4 Y = 8 Ans: (4, –8)

(ii) (–2, 4)

x = –2 y = 4 h = 4 k = –5

X = x – h Y = y – k

X = – 4 – 2 =–6 Y = 4 + 5 = 9 Ans: (–6, 9)

(iii) (4, –5)

x = 4 y = –5 h = 4 k = –5

(X, Y) = (x – h, y – k) = (4 – 4, –5(–5)) = (0, 0)

2. P

P

(i) (4, 5)

X = 4 Y = 5 h = 2 k = 3

x = X + h y = Y + k

x = 6 Y = 8 Ans: (6, 8)

(ii) (–4, 3)

X = –4 Y = 3 h = 2 k = 3

x = X + h y = Y + k

x = –2 Y = 6 Ans: (–2, 6)

(iii) (0, 0)

X = 0 Y = 0 h = 2 k = 3

x = X + h y = Y + k

x = 2 Y = 3 Ans: (2, 3)

3.

(x, y) = (3, 0)

(X, Y) = (2, –3)

(h, k) = (x – X, y – Y) = (3 – 2, 0 –(–3)) = (1, 3)

4.

(1) 2 2 2 4 1 0    x y x y

(h, k) = (–1, 2)
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x =  X + h = X – 1 y = Y + k = Y + 2

2 2(X 1) (Y 2) 2(X 1) 4(Y 2) 1 0        

2 2X Y 4 0    

(2) 2 22 4 4 0   x y x y

x =  X + h = X – 1 y = Y + k = Y + 2

2 22(X 1) (Y 2) 4(X 1) 4(Y 2) 0       

2 22[X 2 X 1] [Y 4 Y 4] 4 X 4 4 Y 8 0         

2 22X Y 8X 8Y 18 0    

5.

(1) (3, –4), 2 2 4 x y

2 2 4 x y

(h, k) = (3, –4)

X = x – h Y = y – k

X = x – 3 Y = y + 4

2 2 6 8 21 0    x y x y

(2) (–1, 2), 2 2 16 0  x y

(h, k) = (–1, 2)

2 22 16 0  x y

2 22 16 0  x y  

X = x – h = x + 1     Y = y – k = y – 2

2 22 2 8 25 0    x y x y

6. 2 2
4 9 8 36 4 0x y x y    

2 2( , ) 4 9 8 36 4 0f x y x y x y     

2 2( , ) ( , ) 4(X ) 9(Y ) 8(X ) 36(Y ) 4 0f x h y k f x y h k h k            

X, Y

X Y 

8h – 8 = 0  h = 1
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18k + 36 = 0  k = –2

(h, k) = (1, –2) 

2 2
,

hf bg gh af

ab h ab h

  
   

7.

2 2
3 2 17 7 11 0x xy y x y     

2 23 2 17 7 11 0x xy y x y     

X2 + 3XY – 2Y2 + 17X – 7Y – 11 = 0 

(h, k) = (2, 3)

X = x – h = x – 2     Y = y – k = y – 3

2 2( 2) 3( 2)( 3) 2( 3) 17( 2) 7( 3) 11 0x x y y x y           

2 23 2 4 20 0x xy y x y     

1.

(i) (0, 5)  = 30º

X =  xcos + ysin = 
5

5sin 30º
2



Y = – xcos + ycos = 
5 3

5cos30º
2



(X, Y) 
5 5 3

,
2 2

 
  
 

(ii) (–2, 4)  = 30º

X =  –2cos30º + 4sin30º = 
2 3 4

2 3
2 2


  

Y =  –2sin30º + 4cos30º = 
2 4 3

2 3 1
2 2


  

 2 3, 2 3 1 

(iii) (0, 0)  = 30º
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2.

(i) (X, Y) = (3, 4)  = 60º

x = Xcos – Ysin =  3cos60º – 4sin60º = 
3 4 3

2



y = Xsin + Ycos =  3sin60º + 4cos60º = 
3 3 4

2



(x, y) 
3 4 3 3 3 4

,
2 2

  
  
 

(ii) (–7, 2) = (X, Y)  = 60º

x = Xcos – Ysin = –7cos60º – 2sin60º = 
7 2 3

2

 

y = Xsin + Ycos =  –7sin60º + 2cos60º = 
2 7 3

2



Ans:
7 2 3 2 7 3

,
2 2

   
 
 

(iii) (2, 0) = (X, Y)  = 60º

x = Xcos – Ysin = 2cos60º – 0sin60º = 1

y = Xsin + Ycos =  2sin60º + 0cos60º = 
2 3

3
2



(x, y)  1, 3

3. /6
2 2 2

2 3 2x xy y a  

 = /6
2 2 2( , ) 2 3 2f x y x xy y a   

x = Xcos – Ysin  
X 3 Y

X cos Ysin
6 6 2 2

 
   

y = Xsin + Ycos 
X Y 3

Xsin Y cos
6 6 2 2

 
   

= f (X, Y)

(x, y) 

2 2

23 X Y 3 X Y X Y 3 X Y 3
2 3 2

2 2 2 2
a

          
          
       

2 2 2X Y a  .



12 Basic Learning Material

TSBIE

4. /4
2 2

3 10 3 9x xy y  

 = /4
2 2( , ) 3 10 3 9f x y x xy y   

x = Xcos – Ysin  = 
X Y

2



y = Xsin + Ycos = 
X Y

2



2 28X 2Y 9   

5.  cos sinx y p   

x = Xcos – Ysin

y = Xsin + Ycos

(X cos Y sin )cos (X sin Y cos )sin p         

2 2X(cos sin ) p   

X = p.

6.
2 2

17 16 17 225x xy y  

 = 45º

2 217X 16XY 17Y 225  

X = x cos + y sin Y = –x sin + y cos


2

x y
 

2

x y 


2 225 9 225x y 

2 2

17 16 17 225
2 2 2 2

x y x y x y x y            
                

2 225 9 225x y 

2 2X(cos sin ) p   



3

2a

X- L '' 

tan 

m = tan

X- X- 

Y- Y- 

A(x
1
, y

1
), B(x

2
, y

2
) 2 1

2 1

( )
y y

m
x x






L X- A(A, 0) Y- B(0, b) a, b X-, Y-

6. m Y- C y = mx + c 

1
x y

a b
 

8. m (x
1
, y

1
) 1 1( )y y m x x  

A(x
1
, y

1
), B(x

2
, y

2
) 

2 1
1 1

2 1

( )
y y

y y x x
x x

 
    

A(x
1
, y

1
), B(x

2
, y

2
), C(x

3
, y

3
) 

1 1

2 2

3 3

1

1 0

1

x y

x y

x y

 

AC AB ABC 
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1. 2 2
1 1 2 2( , 2 ) ( , 2 )at at at at

2 2
1 1 2 2A( , 2 ), B( , 2 )at at at at

2 1
1 1

2 1

( )
y y

y y x x
x x

 
    

22 1
1 12 2

2 1

2 2
2 ( )

at at
y at x at

at at

 
    

22 1
1 12 2

2 1

2 ( )
2 ( )

( )

a t t
y at x at

a t t


  



22 1
1 1

2 1 2 1

2( )
2 ( )

( )( )

t t
y at x at

t t t t


  

 

2
2 1 1 1( )( 2 ) 2( )t t y at x at   

2
1 2 1 2 1 1( ) ( )2 2 2t t y t t at x at    

2
1 1 2 1 2 12 ( ) ( )2 0x at t t y t t at     

2
1 1 2 1 1 22 ( ) 2 2 0x at t t y at at t     

1 2 1 22 ( ) 2 0x t t y at t   

2. (2, 5), (x, 3) x

A(2, 5), B(x, 3), m = 2

AB 
2 1

2 1

3 5
( ) 2

2

y y
m

x x x

 
  

 

–2 = 2(x – 2)

               2x – 4 = – 2

               2x = – 2 + 4  2x = 2   x = 1.

3. (3, 4), (2, 7) (–1, 4), (0, 6) y

A(3, 4), B(2, 7), C(–1, 4), D(0, 6)

AB CD 

7 6 4 7 2

2 3 0 ( 1) 1 1

y y  
  

   

7 – y = – 2   7 + 2 = y  y = 9.
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4. ab  6 (a, 0), (h, k), (0, b)

A(a, 0), B(h, k), C(0, b)

A, B, C  AC = AB 

0 0

0

b k b k

a h a a h a

  
  

  

( )b h a ak   

bh ab ak ak bh ab     

1
ak bh ab h k

ab ab ab a b
    

5. X-  150º 

 = 150º, A(–2, –1)

m = tan150º = tan(90 + 60) = –cot60º =
1

3


1

3
 (–2, –1) 

y – y
1
 = m(x – x

1
)

1
1 ( 2)

3
y x


  

3( 1) ( 2)y x   

3 3 ( 2)y x   

3( 1) 2y x   

3 2 2 3 0x y    

(6, 3), (–4, 5) (i) (ii)

6. X- 60º, X-

= 60º, C = 3, m = tan60º = 3

 y = mx + c

3 3y x 

3 3 0x y   
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7.

O(0, 0)

= 45º, 135º.

m = tan45º tan135º

m = 1 tan135º = tan(180º – 45º) = –tan45º = –1

m = ±1

 ±1 

( 0) 1( 0)y x   

y = ±1

x + y = 0 x – y = 0

8.

 A(2, 3)

a + b = 0  a = –b

1
x y

a b
   1

x y

a a
  



          1
x y

x y a
a


    

A(2, 3) 

2 – 3 = a  a = –1

x – y = –1

x – y + 1 = 0

9.

A = (–4, 5)

a = b

1
x y

a b
   1

x y

a a
  

          1
x y

x y a
a


    
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A(–4, 5) 

– 4 + 3 = a  a = 1

x + y = 1

x + y – 1 = 0

A(–1, 3) B(2, –5), C(4, 6) 

(i) (ii) 

A(–1, 3), B(2, –5), C(4, 6)

BC 
2 1

2 1

6 ( 5) 6 5 11

4 2 2 2

y y

x x

   
  

 

(i) BC 
11

2


11

2
A(–1, 3)

11
3 ( ( 1)

2
y x   

2( 3) 11( 1)y x  

2 6 11 11y x  

11 2 17 0x y  

(ii) BC 
1

m




1 2

11 11

2


  

 
  

2

11


A

2
3 ( ( 1)

11
y x


   

11( 3) 2( 1)y x   

11 33 2 2y x   

2 11 31 0x y  
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2b

P 

X-  

x cos + ysin = P

(x
1
, y

1
) X-  

1 1( ) : cos ( ) : sinx x y y    

1 1

cos sin

x x y y 


 

1 1cos , sinx x r y y r      |r|

(x, y) (x
1
, y

1
)

ax + by + c = 0

( )
a

m
b




1. x + y + 1 = 0 

x + y + 1 = 0

ax + by + c = 0 

2 2 2 2 2 2

( )ax b y c

a b a b a b

 
 

  
c > 0

2 2 2 2(1) (1) 1 1 2a b       

1
0

2 2 2

x y
  

1 1 1

2 2 2
x y

    
       

x cos + ysin = P 

1 1 1
cos , sin , P

2 2 2

 
    

5

4


  
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

5 5 1
cos sin

4 4 2
x y

    
       

2. 4x – 3y + 12 = 0 (a) (b) (c)

L = 4x – 3y + 12 = 0

(a) y = mx +  c = 0

4 12 3x y  

     
4 12

3

x
y




     
4

4
3

y x
 

   

     
4

, 4
3

m c  

(b) 1
x y

a b
 

4 3 12 0x y   

     4 3 12x y  

     
4 3 12

12 12 12

x y
 

     1
( 3) (4)

x y
 



     3, 4a b   

(c) ( cos sin P)x y   

4 3 12 0x y  

     4 3 12x y  

     2 2 2 2( 4) (3) 16 9 5a b        

     
4 3 12

5 5 5

x y
 

     
4 3 12

cos , sin , P
5 5 5


    
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3. 3 4x y   (a) (b) (c) 

L = 3 4x y 

(a) y = mx +  c = 0

    3 4x y 

3 4y x   

3, 4m c   

(b) 1
x y

a b
 

    3 4x y 

3 4

4 4 4

y
x  

      
1

44
3

x y
 

 
 

4
, 4

3
a b  

(c) ( cos sin P)x y   

     3 4x y 

     2 2 2 2( 3) (1) 3 1 2a b       

     
3 4

2 2 2

x y
 

     
3 1

2 2
2 2

y
   

      

     
3 1

cos , sin , P 2
2 2

    

      30º
6


   

     cos sin 2
6 6

x y
 

  
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4. 3y x  Q(2, 3) 2 4 27 0x y  

P PQ 

3y x   .......(1) 2 4 27 0x y   .......(2)

3

    3 tan 60º 60ºm     

 = 60º Q(2, 3)

    1 1P ( , ) ( cos , sin )x y x r y r     

    P (2 cos , 3 sin )r r    

       
1 3

2 , 3
2 2

r r
   

         

       
3

2 , 3
2 2

r r 
   
 

3
2 2 4 3 27 0

2 2

r r  
          

4 6 3
2 4 27

2 2

r r   
       

4 12 2 3 27r r   

(2 3 1) 11r r 

11 11 2 3 1 11(2 3 1)

12 12 3 1 2 3 1 2 3 1
r

 
    

  

11(2 3 1)
2 3 1

11
r


   

     PQ 2 3 1r   

5. 0, 0, 3 4 ( 0)x y x y a a     a 

3 4x y a 

3 4x y a

a a a
   1

3 4

x y

a a
  

   
      

.......... (1)
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1
x y

a b
 

1

2
ab 

21
6 12

2 3 4 12

a a a
      

2 144 144a a   

 a = 12.

6. 1
x y

a b
  a > 0, b > 0 

P 2 2 2

1 1 1

p a b
 

1
x y

a b
 

2 2

2 2 1 1
a b

a b

   
        

 

   
2 2 2 2 2 2

1

1 1 1 1 1 1

yx
ba

a b a b a b

 

  

2 2 2 2 2 2

1 1 1

1 1 1 1 1 1
x y

a b
a b a b a b

   

   
    

           

2 2

2 2

1 1 1 1
P

P1 1 a b

a b

   



2 2 2

1 1 1

P a b
 

7. a, b. 

L p, q 2 2 2 2

1 1 1 1

a b p q
  
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1
x y

a b
     .......(1)

 

'cos 'sin , 'sin 'cosx x y y x y       

 

'cos 'sin 'sin 'cos
1

x y x y

a b

     
 

( 'cos 'sin ) ( 'sin 'cos )
1

b x y a x y

ab

      


'cos 'sin 'sin 'cos
1

bx by ax ay

ab

      


 sin cos ' ( cos sin ) '
1

a b x a b y

ab ab

     


' '
1

sin cos cos sin

x y

ab ab

a b a b


   
           

     ........(2)

,
sin cos ( cos sin )

ab ab
p q

a b a b
 

     

2 2

2 2

1 1 1 1

p qp q

   
        

2 2
sin cos cos sina b a b

ab ab

        
       

2 2 2 2 2 2 2

2

sin cos 2 sin cos cos sin 2 cos sin

( )

a b ab a b ab

ab

            


2 2 2 2 2 2 2 2

2 2 2 2

(sin cos ) (sin cos ) (1) (1)a b a b

a b a b

       
 

2 2

2 2 2 2 2 2

1 1a b

a b a b b a
   

2 2 2 2

1 1 1 1

p q a b
   
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3c

1 1 1 1 2 2 2 2L 0, L 0a x b y c a x b y c        L
1
, L

2

1 1 2 1 1 2 2 1

1 2 2 1 1 2 2 1

,
b c b c c a c a

a b a b a b a b

  
   

1 1 2 2L 0, A( , ), B( , )ax by c x y x y    11 1 1 1L 0,ax by c   

22 2 2 2L 0ax by c   

(a) L
1
, L

2
L = 0 A, B

(b) L
11

, L
22

A, B L = 0 

(a) AB X- = –y
1
:y

2

(a) AB Y-- = –x
1
:x

2

L
1
 = 0, L

2 
= 0, L

3 
= 0

1 1 1

2 2 2

3 3 3

0

a b c

a b c

a b c

 

1 2 3 3 2 1 2 3 3 2 1 2 3 3 2( ) ( ) ( ) 0a b c b c b c a c a c a b a b     

1. (0, 0), (–2, 1) 2x + 3y = 5 

L  2x + 3y = 5,  A(0, 0), B(–2, 1)

L
11

  2(0) + 3(0) = 5

L
11

 = –5 < 0

L
22

  2(–2) + 3(1) –5 = – 4 + 3 – 5 = –6

L
22

 = –6 < 0

AB L = 0 = –L
1
: L

2

L
11

 < 0, L
22 

< 0 L
11

, L
22 

 A, B L = 0 

2. 2x – 3y + k = 0, 3x – 4y – 13 = 0, 8x – 11y – 33 = 0 k 

L
1
  2x – 3y + k = 0,  L

2
  3x – 4y – 13 = 0, L

3
  8x – 11y – 33 = 0

L
1
, L

2
, L

3
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2 3

3 4 13 0

8 11 33

k

   

 

2(132 – 143) + 3(–99 + 104) + k(–33 + 32) = 0

2(–11) + 3(5) + k(–1) = 0

 k = –7.

3.

x = 0, y = 0,  A(3, 4)

1
x y

a b
  .......(1)

1 48
24 48

2
ab ab b

a
    .......(2)

A

3 4 3 4
1 1

48a b a

a

    
 
  

23 4 36
1 1

48 12

a a

a a


    

236 129a  

2 129 36 0a   

2( 6) 0a  

 a = 6.

48
8

6
b  



4 3
1 1

6 8 24

x y x y
   

4x + 3y = 24

4x + 3y – 24 = 0.
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4. 3a + 2b + 4c = 0 ax + by + c = 0 

3a + 2b + 4c = 0

 c

3 2 4
0

4 4 4

a b c
  

3 1
0

4 2
a b c
   

         .......(1)

ax + by + c = 0 
3 1

,
4 2

 
  

a, b, c ax + by + c = 0


3 1

,
4 2

 
  

5. (–5, 6), (3, 2) 3x + y + 4 = 0 

A(–5, 6), B(3, 2),  L  3x + y + 4 = 0

A, B P(a, b)

AP = BP

2 2 2 2( 5) ( 6) ( 3) ( 2)a b a b      

a2 + 25 + 10a + b2 + 36 – 12b = a2 + 9 – 6a + b2 + 4 – 4b

10a – 12b + 61 + 6a + 4b – 13 = 0

16a – 8b + 48  = 0

2a – b + 6  = 0  8 .......(1)

P L = 0 

3a + b + 4  = 0 .......(2)
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2a – b + 4  = 0

3a + b + 4  = 0

5a + 10  = 0  5a = –10

a = –2

2(–2) – b + 6 = 20 –4 + 6 = b

b = 2

 P = (–2, 2).

6. P(3, 4) X- 60º P 

P(3, 4), r = 5,  = 60º

(x, y) = (x
1
 ± r cos,  y

1
 ± r sin)

P 

(x, y) = (3 ± 5 cos60º,  4 ± 5 sin60º)

1 3
3 5 , 4 5

2 2

   
           

6 5 8 5 3
,

2 2

  
  
 

6 5 8 5 3 6 5 8 5 3
, , ,

2 2 2 2

      
    
   


11 8 5 3 1 8 5 3

, , ,
2 2 2 2

    
    
   

7. Q( 3, 2)  X- /6 

3 4 8 0x y    P PQ 

3 4 8 0x y   .....(1)

Q( 3, 2) ,   
180 1

30 tan 30º
6 6 3

m


      

1

3
Q
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 1
2 3

3
y x  

 3( 2) 1 3y x  

3 2 3 3y x  

3 3 0x y   .......(2)

P 3

3 4 8 0

3 3 3 0

x y

x y

  

  

        – y + 5 = 0  y = 5.

12
3 4(5) 8 0 3 12

3
x x x      

4 3 4 3 3
4 3

3 3
x

  
  

 P 4 3, 5

 
2

2PQ 3 4 3 (2 5)    

 
2

23 3 ( 3) 9(3) 9 36      

 PQ = 6.

3d

L
1
 = 0, L

2 
= 0 

  
1 1 2 2

1 1 2 1 2

2 2 2 2
cos

a a b b

a b a b



 
  

 
  

L
1
  L

2 1 2 1 2 0a a b b   m
1
, m

2
 = –1

L 0ax by c    1 1P( , )x y
1 1

2 2
( )

ax by c
d

a b

 




1 20, 0ax by c ax by c     
1 2

2 2

c c

a b





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1. 4x – y + 7 = 0, kx – 5y – 9 = 0 45º k 

1 2L 4 7 0, L 5 9 0, 45ºx y kx y         

  
1 1 2 2

1 2 1 2

2 2 2 2
cos

a a b b

a b a b


 

 

  2 2 2 2

4 ( )( 5)
cos 45º

4 ( 1) ( 5)

k

k

  


   

  2

1 4 5

2 16 1 25

k

k




 

2

2

1 16 25 40

2 17( 25)

k k

k

 




2 217 425 32 50 80k k k   

215 80 375 0k k  

23 16 75 0k k  

23 25 9 75 0k k k   

(3 25) 3(3 25) 0k k k   

(3 25)( 3) 0k k  

3k + 25 = 0 k – 3 = 0

3k = –25  k = 3

 k = 3  
25

3



2. y – 3kx + 4 = 0, (2k – 1)x – (8k – 1)y – 6 = 0 k 

L
1


 
y – 3kx + 4 = 0  L

1


 
3kx – y – 4 = 0 ......... (1)

L
2
(2k – 1)x – (8k – 1)y – 6 = 0 ......... (2)

L
1
  L

2 1 2 1 2 0a a b b  

3 (2 1) ( 1)[ (8 1)] 0k k k     

26 3 8 1 0k k k   

26 5 1 0k k  

26 6 1 0k k k   
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6 ( 1) 1( 1) 0k k k   

( 1)(6 1) 0k k  

k + 1 = 0 6k – 1 = 0

k = –1  k = 
1

6

3. 5x – 2y + 4 = 0 

L 
 
5x – 2y + 4 = 0,   P(–2, –3)

1 1

2 2
( )

ax by c
d

a b

 




2 2

5( 2) 2( 3) 4
( )

(5) ( 2)
d

   


 

10 6 4

25 4

  




 d = 0.

4. 3x + 4y – 3 = 0,   6x + 8y – 1 = 0 

3x + 4y – 3 = 0     ..... (1) 6x + 8y – 1 = 0 ..... (2)

2×(1)  6x + 8y – 6 = 0   ..... (3)

2 2

6 ( 1)

(6) (8)

  




6 1 5 5 1

10 236 64 100

    
   




1

2
d 

5. ax + by + c = 0 P(x
1
, y

1
) Q(h, k)

(h – x
1
) : a = (k – y

1
) : b = – (ax

1
 + by

1
 + c) : (a2 + b2)

L 
 
ax + by + c = 0,   

a
m

b




PQ 1

1

k y

h x






1 2L PQ 1m m   

1

1

1
k ya

b h x

  
       

L = 0
Q(h, k)

P(x
1
, y

1
)
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1 1 1

1

k y k y h xb

h x a b a

  
  



1 1h x k y

a b

 
    

1h x

a


  1k y

b


 

1h x a   1k y b  

1h x a   1k y b  

Q L = 0

1 1( ) ( ) 0a x a b y b c      

2 2
1 1 0ax a by b c      

2 2
1 1( )a b ax by c     

1 1 1 1

2 2

( )h x k y ax by c

a b a b

    
  



6. (–1, 3)  5x – y – 18 = 0 

(–1, 3) 5x – y – 18 = 0 Q(h, k)

1 1 1 1

2 2

( )h x k y ax by c

a b a b

    
 



2 2

( 1) 3 ( 5 3 18)

5 1 (5) (1)

h k      
 



1 3 26

5 1 25 1

h k 
 

 

1 3 26
1

5 1 26

h k 
  



1
1

5

h 


3
1

1

k 




h + 1 = 5 k – 3 = –1

h  = 5 – 1 k = –1 + 3

h  = 4 k = 2

 (h, k) = (4, 2)

7. ax + by + c = 0  P(x
1
, y

1
) Q(h, k)

(h – x
1
) : a = (k – y

1
) : b = – 2(ax

1
 + by

1
 + c) : (a2 + b2)

L 
 
ax + by + c = 0 P(x

1
, y

1
) Q(h, k) 
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L = 0 1( )
a

m
b




PQ 
1

2

1

( )
k y

m
h x






1 2PQ L 1m m   

1

1

1
k ya

b h x

  
       

1 1 1

1

k y k y h xb

h x a b a

  
  



1 1h x k y

a b

 
    ........(1)

1h x

a


  1k y

b


 

1h x a   1k y b  

1h x a   1k y b   ........(2)

P, Q M 

1 1M ,
2 2

x h y k  
   

L 

1 1 0
2 2

x h y k
a b c

    
        

1 1 2
0

2

ax ah by bk c   


1 1 1 1( ) ( ) 2 0ax a x a by b y b c        

2 2
1 1 1 1 2 0ax ax a by by b c        

2 2
1 1( ) 2 2 2a b ax by c     

1 1

2 2

2( )ax by c

a b

  
  



1 1 1 1

2 2

2( )h x k y ax by c

a b a b

    
 



L = 0

Q(h, k)

P(x
1
, y

1
)

M
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8. 2x – 3y + 5 = 0  (1, –2) 

2x – 3y + 5 = 0 (1, –2) (h, k) 

2 2

1 2 2(2(1) 3( 2) 5)

2 3 (2) ( 3)

h k     
 

  

1 2 2(2 6 5) 2(13)
2

2 3 4 9 13

h k     
    

 

1
2

2

h 
 

2
2

3

k 
 



1 4h    2 6k  

3h   4k 

 (h, k) = (–3, 4)

9. (–3, 2)  3x – y + 4 = 0 45º 

P(–3, 2) , L  3x – y + 4 = 0,  = 45º

P m  

y – 2 = m(x + 3) .....(*)

y – 2 = mx + 3m

mx – y + (2 + 3m) = 0 .....(1)

L = 0 45º

 2 2 2 2

3( ) ( 1)( 1)
cos 45º

(3) ( 1) ( ( 1)

m

m

  


     2

1 3 1

2 (9 1)( 1)

m

m


 

 

2

2

1 9 1 6

2 10( 1)

m m

m

 




2 210( 1) 2(9 1 6 )m m m   

2 210 10 18 2 12m m m   

28 10 8 0m m  

22 3 2 0m m  

22 4 1 2 0m m m   

2 ( 2) 1( 2) 0m m m   

( 2)((2 1) 0m m  

m + 2 = 0      2m – 1 = 0

m  = –2        m = 
1

2
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Case (i):

m  = –2   (*) 

2 2( 3)y x   

2 2 6y x   

2 4 0x y  

Case (ii):

m  = 
1

2
   (*) 

1
2 ( 3)

2
y x  

2 4 3y x  

2 7 0x y  

 2x + 4y + 4 = 0, x – 2y + 7 = 0

10.  x + y – 4 = 0,  2x + y – 6 = 0,  5x + 3y – 15 = 0 

L
1
  x + y – 4 = 0

L
2
  2x + y – 6 = 0

L
3
  5x + 3y – 15 = 0

2 2 2 2

1(2) 1(1) 2 1 3
cos A

(1 1)(4 1) 10(1 1 )(2 1 )

 
  

  

1 3
A cos

10

  
   

2 2 2 2

2(5) 1(3) 10 3 13
cos B

(4 1)(25 9) 170(2 1 )(5 3 )

 
  

  

1 13
B cos

170

  
   

2 2 2 2

5(1) 3(1) 5 3 8 8 4
cos C

(25 9)(1 1) 68 2 17 17(5 3 )(1 1 )

 
    

  

1 4
C cos

17

  
   

11.  3x + 2y + 4 = 0,  2x + y = 1 

L
1
   3x + 2y + 4 = 0, L

2
  2x + y = 1,  A = (2, `1),   d = 2

C

A B

L
3

L
1

L
2
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L
1
, L

2
 2L

1
 – 3L

2

6x +  4y + 8 = 0

6x + 15y – 3 = 0

     – 11y + 11 = 0  11y = 11 y = 1

L
1
 3x + 2(1) + 4 = 0  3x = –6  x = –2

P(2, –1)

P m 

y – 1 = m(x + 2) ....(*)

y – 1 = mx + 2m

mx – y + (1+2m) = 0 ....(1)

A  = 2

2 2

(2) ( 1) 1 2
2

( 1)

m m

m

   


 

2 2

2 1 1 2 4 2
2 2

1 1

m m m

m m

   
  

 

2 22(2 1) 2 1 2 1 1m m m m      

2 24 1 4 1m m m   

23 4 0m m 

(3 4) 0m m  

m  = 0   m = 
4

3



Case (i): m  = 0   (*) 

1 0( 3)y x  

y  = 1

Case (ii): m = 
4

3


   (*) 

4
1 ( 2)

3
y x   

3 3 4 8y x   

4 3 5 0x y  

 y  = 1,  4 3 5 0x y  

L
2

L
1
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12. 3x + 4y + 6 = 0 X-

L
1
   3x + 4y + 6 = 0, X-  = –4

L = 0 

4x –  3y + k = 0 .....(*)

4x –  3y = – k = 0

4 3

( ) ( ) ( )

x y k

k k k


 

  

1

4 3

x y

k k
 

    
      

.....(1)

(1) X-
4

k


4 16
4

k
k


   

 4x – 3y + 16 = 0

3e

1. 2x – y + 5 = 0, x + y + 1 = 0 

O(0, 0), L
1
  2x – y + 5 = 0,  L

2
  x + y + 1 = 0

L
1 
+ L

2 
2x – y + 5 = 0

  x + y + 1 = 0

      3x + 6 = 0  3x = –6  x = –2

L
1 

 2(–2) – y + 5 = 0  1 – y = 0  y = 1

L
1 
, L

2 
A(–2, 1)
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 O, A 

1 0
0 ( 0)

2 0
y x

 
     

2( ) 1( )y x 

x + 2y  = 0

2. 3x + 4y = 7 x – 2y – 3 = 0, x + 3y – 6 = 0 

L
1
  3x + 4y = 7,  L

2
  x – 2y – 3 = 0,  L

2
  x + 3y – 6 = 0

L
2
, L

3 
L

2
 – L

3 

x – 2y – 3 = 0

x + 3y – 6 = 0

     –    –     +

   – 5y + 3 = 0

 5y = 3  y = 
3

5

L
2 

x – 2(
3

5
) – 3 = 0

6 6 15 21
3

5 5 5
x


   

A = 
21 3

,
5 5

 
  

L
1
  3x + 4y = 7 3x + 4y + k = 0

A

21 3
3 4 0

5 5
k

   
        

63 12 75
0 15

5 5
k k

 
     

 3x + 4y  – 15 = 0

3. 2x – 5y +1 = 0, x – 3y – 4 = 0  

L
1
  2x – 5y +1 = 0,  L

2
  x – 3y – 4 = 0

L
1
, L

2 
L

1
 – 2L

2 

2x – 5y + 1 = 0

2x – 6y – 8 = 0

      –    +     +

         y + 9 = 0  y = –9
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L
1 

2x – 5(–9) +1 = 0

2x – 45 +1 = 0

2x = – 46

  x = – 23

A = (–23, –9)

a = b

1
x y

a b
  1

x y

a a
   a = b)

A

 – 23 – 9 = a

      – 32 = a

 x + y   = –32 x + y  + 32 = 0.

4. 3x + 2y + 4 = 0, 2x + 5y – 1 = 0 7x + 24y – 15 = 0 

L
1
  3x + 2y + 4 = 0,  L

2
  2x + 5y – 1 = 0,  L

2
  7x + 24y – 15 = 0

L
1
, L

2 
A

 

1

2( ) 5(4) 4(2) ( 1)(3) 3(5) 2(2)

x y
 

    

1

2 20 8 3 15 4

x y
 

   

1

22 11 11

x y
 



A = (–2, 1)

A L
3
 = 0 

1 1

2 2

ax by c
d

a b

 




2 2

7( 2) 24(1) 15 14 24 15

49 576(7) (24)

     
 



5 5

25625


 

1

5
d 
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5.  x + y – 2 = 0, 

L  x + y – 2 = 0,  A(2, –1)

A m
 

A L = 0 B
 

y + 1 = m(x – 2) ....(*)

y + 1 = mx – 2m

mx – y – (1 + 2m) = 0 ....(1)

L = 0, (1) 60º (  ABC 

2 2 2 2

1( ) 1( 1)
cos 60º

((1) (1) )( ( 1) )

m

m

 


  

2

1 1

2 (1 1)(1 )

m

m




 

1

2 20 8 3 15 4

x y
 

   

2

2

1 1 2

4 2(1 )

m m

m

 




2 2(1 ) 2 2 4m m m   

2 22 2 4 1 0m m m    

2 4 1 0m m  

2( 4) ( 4) 4(1)(1)

2(1)
m

    


4 16 4 4 12

2 2

  
 

4 2 3 2(2 3)

2 2

 
 

2 3m  

 (*) 1 (2 3)( 2)y x   

6. (1, 3), (2, 0), (0, 0)

A(0, 0), B(2, 0), C (1, 3)
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2 2AB (2 0) (0 0) 4 2c       

2 2AC (1 0) ( 3 0) 1 3 2b        

2 2BC (1 2) ( 3 0) 1 3 2a        

1 2 3 1 2 3I ,
ax bx cx ay by cy

a b c a b c

    
      

2(0) 2(2) 2(1) 2(0) 2(0) 2( 3)
I ,

2 2 2 2 2 2

    
      

  
0 4 2 0 0 2 3

,
6 6

    
  
 

  
6 2 3

,
6 6

 
  
 

  
3

1,
3

 
  
 

1
I 1,

3

 
    

7. (–5, –7), (13, 2), (–5, 6) 

A(–5, –7), B(13, 2), C(–5, 6)

BC 
6 2 4 2

15 13 18 9

 
  
  

A BC AD 

B AC BE 

AD  BC

AD 
1 1 9

2 2

9

m

 
  

 
  

A 
9

2
AD 

9
7 ( 5)

2
y x  

2 14 9 45y x  

9 2 31 0x y  

AC 
6 7 13

5 ( 5) 0


  

  

BE  AC  BE = 0

a

A(0, 0)

B(2, 0) C(1, 3 )

c b

E
F

B D
C

A
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 BE y – 2 = 0(x – 13)

y – 2 = 0

      y = 2 ....(2)

ABC

9x – 2(2) + 31 = 0

9x + 27 = 0  9x = – 27  9x = – 3.

 O = (–3, 2)

8. 7x + y – 10 = 0, x – 2y + 5 = 0, x + y + 2 = 0 

L
1
  7x + y – 10 = 0,  L

2
  x – 2y + 5 = 0,  L

2
  x + y + 2 = 0

A
 

 2L
1
 + L

2

14x + 2y – 20 = 0

     x – 2y +  5 = 0

15x         – 15 = 0  x = 1.

L
1 

7(1) + y – 10 = 0  y – 3 = 0  y  = 3 A = (1, 3)

B
 

 L
1
 – L

3

    7x + y – 10 = 0

     x + y +   2 = 0

  –    –    –

   6x        – 12 = 0  x = 2.

L
1 

7(2) + y – 10 = 0  y + 4 = 0  y  = –3  B = (2, –4)

C
 

 L
2
 – L

3

    x – 2y +  5 = 0

     x + y +   2 = 0

  –    –    –

       – 3y + 3 = 0  y = 1.

L
2 

x – 2(1) + 5 = 0  x + 3 = 0  x  = –3

 C = (–3, 1)

BC 
1

1
(1)


  

AD  BC  AD 
1

1
( 1)


 



AD y – 3 = 1(x – 1)

y – 3 = (x – 1)

x – y + 2 = 0 ....(1)
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AC 
1 1

( 2) 2


 



BE  AC  BE 
1

2
1( )

2


  

BE y + 4 = –2(x – 2)

y + 4 = –2x – 4

2x + y  = 0 ....(2)

ABC

  x – y + 2 = 0

2x + y       = 0

3x      + 2  = 0  x = –2/3

2 2 6 4
2 0

3 3 3
y y y

  
      

 O = 
2 4

,
3 3

 
  

9. (–2, 3), (2, –1), (4, 0) 

A(–2, 3), B(2, –1), C(4, 0)

S = (a, b)

SA = SB = SC

SA = SB

2 2 2 2( 2 ) (3 ) (2 ) ( 1 )a b a b        

2 2 2 24 4 9 6 4 4 1 2a a b b a a b b          

4 6 13 4 2 5 0a b a b     

8 8 8 0a b  

a – b + 1 =0 .......(1)

SA = SB

2 2 2 2( 2 ) (3 ) (4 ) (0 )a b a b       

2 2 2 24 4 9 6 16 8a a b b a a b        

4 6 13 8 16 0a b a    

12 6 3 0a b  

4 2 1 0a b   .......(2)
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4a – 4b + 4 =0

4a – 2b – 1 =0

                            –     +       +

      – 2b + 5 =0  b = 5/2

5 5 5 2 3
1 0 1

2 2 2 2
a a a


        

 S = 
3 5

,
2 2

 
  

10. xsec + ycosec = a, xcos – ysin = acos2 

p, q 4p2 + q2 = a2

L
1
  xsec + ycosec = a,  L

2
  xcos – ysin – acos2 = 0

p(0, 0)
 

L
1

2 2

2 2

(0)sec (0)cosec

1 1(sec ) (cosec )

cos sin

a a    
 

   
 

2 2

22 2

1sin cos

(sin cos )cos .sin

a a
 

  

  

1

sin cos

a

 
   

p = a sincos

q = (0, 0)
 

L
2

2 2 2 2

(0)cos (0)sin cos 2 0 0 cos 2

(cos ) ( sin ) cos sin

a a       
 

     

cos 2

1

a 


 q = a cos2

2 2 2 24 4( sin cos ) ( cos 2 )p q a a     

               2 2 2 2(2sin cos ) cos 2a a    

               2 2 2[sin 2 cos 2 ]a   

               2 2 2(1) [ sin cos 1]a    
 4p2 + q2 = a2
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4

 a = h = b = 0 H  ax2 + 2hxy + by2 = 0  x, y 

S  ax2 + 2hxy + by2 + 2gx + 2fy + c = 0   x, y 

 a = h = b = 0 H  ax2 + 2hxy + by2 = 0  

2h ab   

 ax2 + 2hxy + by2 = 0  

2 2

a b
cos

(a b) 4h


 

 

(i) h2 = ab 

(ii) a + b = 0 

 S  ax2 + 2hxy + by2 + 2gx + 2fy + c = 0  

 (i) abc + 2fgh – af2 – bg2 – ch2 = 0

(ii) h2  ab, g2  ac, f2  bc

1. ax2 + 2hxy + by2  = 0 

2 2
cos

( ) 4

a b

a b h


 

 

ax2 + 2hxy + by2  = 0 

1 1 0l x m y 

2 2 0l x m y 
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2 2

1 1 2 22 ( )( )ax hxy by l x m y l x m y     

2 2 2 2

1 2 1 2 2 1 1 22 ( )ax hxy by l l x l m l m xy m m y      

1 2 1 2 2 1 1 2, 2 ,l l a l m l m h m m b   



1 2 1 2

2 2 2 2

1 1 2 2

cos
l l m m

l m l m


 

 

1 2 1 2

2 2 2 2

1 1 2 2( )( )

l l m m

l m l m




 

1 2 1 2

2 2 2 2 2 2 2 2

1 2 1 1 2 1 1 2

l l m m

l l l m l m m m




  

1 2 1 2

2 2

1 2 1 2 1 2 1 2 1 2 2 1 1 2 2 1( ) 2 ( ) 2

l l m m

l l m m l l m m l m l m l m m l




    

2 2( ) (2 )

a b

a b h




   1 2 1 2 1 2 2 1, , 2l l a m m b l m l m h   

2 2( ) 4

a b

a b h




 

2. ax2 + 2hxy + by2  = 0 

2 2

2 2

2

( ) 4

a h b

h

    

   

ax2 + 2hxy + by2  = 0 

1 1 0l x m y 

2 2 0l x m y 

2 2

1 1 2 22 ( )( )ax hxy by l x m y l x m y     

2 2

1 2 1 2 2 1 1 2( )l l x l m l m xy m m y   

1 2 1 2 2 1 1 2, 2 ,l l a l m l m h m m b   

 1 1 0l x m y 
1 1

1 2 2

1 1

l m
d

l m

  



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 2 2 0l x m y 
2 2

2 2 2

2 2

l m
d

l m

  




 = d
1
 × d

2

1 1 2 2

2 2 2 2

1 1 2 2

l m l m

l m l m

     
 

 

1 1 2 2

2 2 2 2

1 1 2 2

( )( )

( )( )

l m l m

l m l m

     


 

2 2

1 2 1 1 2 1 1 2

2 2 2 2 2 2 2 2

1 2 1 2 2 1 1 2

( )l l l m l m m m

l l l m l m m m

     


  

2 2

1 2 1 1 2 1 1 2

2 2

1 2 1 2 1 2 1 2 1 2 2 1 1 2 1 2

( )

( ) 2 ( ) 2

l l l m l m m m

l l m m l l m m l m l m l l m m

     


    

2 2

1 2 1 1 2 1 1 2

2 2

1 2 1 2 1 2 2 1

( )

( ) ( )

l l l m l m m m

l l m m l m l m

     


  

2 2

2 2

2

( ) (2 )

a h b

a b h

    


 
 1 2 1 2 1 2 2 1, , 2l l a m m b l m l m h   

2 2

2 2

2

( ) 4

a h b

a b h

    


 

3. ax2 + 2hxy + by2  = 0 lx + my + n = 0

2 2

2 2
2

n h ab

am hlm bl



 

ax2 + 2hxy + by2  = 0 

1 1 0l x m y 

2 2 0l x m y 

lx + my + n = 0 

2 2

1 1 2 22 ( )( )ax hxy by l x m y l x m y     

2 2

1 2 1 2 2 1 1 2( )l l x l m l m xy m m y   
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1 2 1 2 2 1 1 2, 2 ,l l a l m l m h m m b   

A 

1 1 1 1

1x y

m n o o nl l m lm
 

  

1 1

1 1 1 1

,
m n nl

x y
l m lm l m lm


  

 

1 1

1 1 1 1

A ,
m n nl

l m lm l m lm

 
     

B 

2 2 2 2

1x y

m n o o nl l m lm
 

  

2 2

2 2 2 2

B ,
m n nl

l m lm l m lm

 
     

O 

[(0, 0), (x
1
, y

1
), (x

2
, y

2
) 1 2 2 1

1

2
x y x y  ]

OAB 
   2 11 2

1 1 2 2 2 2 1 1

1

2

nl nlm n m n

l m lm l m lm l m lm l m lm

 
   

   

2 2

1 2 1 2

1 1 2 2

1

2 ( )( )

l m n m l n

l m lm l m lm




 

2

1 2 1 2

2 2

1 2 1 2 2 1 1 2

( )1

2 ( )

n l m m l

l l m l m l m lm m m l




  

2 2

1 2 2 1

2 2

1 2 1 2 2 1 1 2

( )1

2 ( )

n l m l m

l l m l m l m lm m m l




  

2 2

1 2 2 1 1 2 2 1

2 2

1 2 1 2 2 1 1 2

( ) 41

2 ( )

n l m l m l m l m

l l m l m l m lm m m l

 


  

2 2

2 2

(2 ) 41

2 2

n h ab

am hlm bl




   1 2 1 2 1 2 2 1, , 2l l a m m b l m l m h   
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2 2

2 2

1 4 4

2 2

n h ab

am hlm bl




 

2 2

2 2

1

2 2

n h ab

am hlm bl




 

4. (x2 + 2a)2 – 3y2  = 0, x = 0 

(x2 + 2a)2 – ( 3 y)2  = 0

  2 3 2 3 0x a y x a y     

 3 2 0x y a  

 3 2 0x y a  

x – a = 0

A 

1.1 3.0 1
cos A A 60º

21 3 1 0


   

 

B 

1.1 ( 3).0 1
cos B B 60º

21 3 1 0

 
   

 





5. 2y2 – xy – 6x2  = 0 x + y + 4  = 0 

2y2 – xy – 6x2  = 0 .....(1)

2 22 4 3 6 0y xy xy x    

2 ( 2 ) 3 ( 2 ) 0y y x x y x    

( 2 )(2 3 ) 0y x y x   

 y – 2x = 0

2 0x y   .....(2)

   3 2 0x y  .....(3)

 x + y + 4  = 0 .....(4)
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O(0, 0)

A 

1

4 0 0 8 2 1

x y
 

   

4 8
A ,

3 3

  
    

B 

1

8 0 0 12 3 2

x y
 

  

 B 8, 12  

ABC 

840 8 0 12 20 443 3, ,
3 3 9 9

      
       

[O(0, 0), A(x
1
, y

1
), B(x

2
, y

2
) 1 2 2 1

1

2
x y x y  ]

  
1 4 8

12 8
2 3 3

    
        

1 48 64 112 56

2 3 3 2 3 3
   



6. (lx + my)2 – 3(mx – ly) = 0, lx  +  my = 0 

2

2 2
3( )

n

l m

lx  +  my = 0 .....(1)

1

l
m

m




y = m
2
x = m

2

1 2

1 2

tan
1

m m

m m


  



 
tan 60º

1

yl
m x

yl
m x

 



2

y
m

x
 
  

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( )
3

lx my

lx mymx
mx ly mx ly

mx

 

 
  

 

2 23( ) ( )mx ly lx my  

2 2( ) 3( ) 0lx my mx ly    

2 2( ) 3( ) 0lx my mx ly     lx + my + n = 0 

2 2
P

n

l m





2 2

2 2

P

3 3( )

n

l m




7. ax2 + 2hxy + by2  = 0, lx  +  my = 0 ()

2 2

2

3( 2 )bl hm am hl bl hlm am

 
 

   
 

ax2 + 2hxy + by2  = 0  

1 1 0l x m y 

2 2 0l x m y 

2 2

1 1 2 22 ( )( )ax hxy by l x m y l x m y     

2 2

1 2 1 2 2 1 1 2( )l l x l m l m xy m m y   

1 2 1 2 2 1 1 2, 2 ,l l a l m l m h m m b   

lx  +  my = 0

O(0, 0) 

A 

1 1 1 1

1

0 0

x y

m l ml lm
 

   

1 1

1 1 1 1

A ,
m l

l m lm l m lm

 
     

B 
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2 2 2 2

1

0 0

x y

m l ml lm
 

   

2 2

2 2 2 2

B ,
m l

l m lm l m lm

 
     

OAB = 

  ,
3 3

x y 
  

1 2 1 2

1 1 2 2 1 1 2 2

1
( , ) ,

3

m m l l

l m lm l m lm l m lm l m lm

 
      

    

1 2 1 2

1 1 2 2 1 1 2 2

1
,

3

m m l l

l m lm l m lm l m lm l m lm

   
         

      

1 2 2 2 1 1

1 1 2 2

( ) ( )1

3 ( )( )

m l m lm m l m lm

l m lm l m lm

    
   

  

1 2 1 2 1 2 1 2

2 2

1 2 1 2 2 1 1 2

1

3 ( )

m l m lm m l mm lm m

l l m l m l m lm m m l

    
  

   

1 1 2 2 1

2 2

1 2 1 2 2 1 1 2

2 ( )1

3 ( )

m ml m l m l m

l l m l m l m lm m m l

  
  

   

2 2

1 2 (2 )

3 2

bl m h

am hlm bl

 
    

2 2

2

3( 2 )bl hm bl hlm am


 

  

2 2

2

3( 2 )am hl bl hlm am




  

2 2

2

3( 2 )bl hm am hl bl hlm am

 
  

   

8. 2x2 + 3xy – 2y2 + 3x + y + 1  = 0 

2x2 + 3xy – 2y2 + 3x + y + 1  = 0  

ax2 + 2hxy + by2 + 2gx + 2fy + c  = 0 

3 3 1
2, , 2, , , 1

2 2 2
a h b g f c      
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abc + 2fgh – af2 – bg2 – ch2

2 2 2
1 3 3 1 3 3

2( 2)(1) 2 2 ( 2) 1
2 2 2 2 2 2

           
                            

9 1 9 9
4

4 2 2 4
     

8
4 0

2
   

2 9 9 9 16 25
2( 2) 4 0

4 4 4 4
h ab


        

2 9 9 9 8 1
2(1) 2 0

4 4 4 4
g ac


       

2 1 1 1 8 9
( 2) 2 0

4 4 4 4
f bc


        

 2x2 + 3xy – 2y2 + 3x + y + 1  = 0

x2 + y2 



9. ax2 + 2hxy + by2 + 2gx + 2fy + c  = 0 

2 2
( ) 4

c

a b h 

ax2 + 2hxy + by2 + 2gx + 2fy + c  = 0 

1 1 0l x m y 

2 2 0l x m y 

2 2

1 1 1 2 2 22 2 2 ( )( )ax hxy by gx fy c l x m y n l x m y n          

2 2

1 2 1 2 2 1 1 2 1 2 2 1 1 2 2 1 1 2( ) ( ) ( )l l x l m l m xy m m y l n l n x m n m n y n n        

1 2 1 2 2 1 1 2 1 2 2 1 1 2 2 1 1 2, 2 , , 2 , 2 ,l l a l m l m h m m b l n l n g m n m n f n n c        

O(0, 0) 
1

2 2

1 1

n

l m




O(0, 0) 
2

2 2

2 2

n

l m



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1 2

2 2 2 2

1 1 2 2

n n

l m l m
 

 

1 2

2 2 2 2

1 1 2 2( )( )

n n

l m l m


 

1 2

2 2 2 2 2 2 2 2

1 2 1 2 2 1 1 2 )

n n

l l l m l m m m


  

1 2

2 2

1 2 1 2 1 2 1 2 1 2 2 1 1 2 2 1( ) 2 ( ) 2

n n

l l m m l l m m l m l m l m l m


     

1 2

2 2

1 2 1 2 1 2 2 1( ) ( )

n n

l l m m l m l m


  

2 2( ) (2 )

c

a b h


 

2 2( ) 4

c

a b h


 

10. x + 2y = k  2x2 – 2xy + 3y2 + 2x – y – 1  = 0 

k 

x + 2y = k 
2

1
x y

k


  ..... (1)

2x2 – 2xy + 3y2 + 2x – y – 1  = 0 ..... (2)

2x2 – 2xy + 3y2 + (2x – y) (1) – 1(12)  = 0

2
2 2

2

( 2 ) ( 2 )
2 2 3 (2 ) 1 0

x y x y
x xy y x y

k k

 
      

2 2 2 2 2 2 2(2 2 3 ) (2 4 2 ) ( 4 4 ) 0k x xy y k x xy xy y x y xy          

2 2 2 2 2(2 2 1) ( 2 3 4) (3 2 4) 0x k k xy k k y k k          

x2 + y2 
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2k2 + 2k – 1 + 3k2 – 2k – 4 = 0

5k2 – 5 = 0

5k2 = 5

k2 = 1

k2 = ±1

11. 3x – y + 1 = 0  x2 + 2xy + y2 + 2x + 2y – 5  = 0 

3x – y + 1 = 0   y – 3x = 1 ..... (1)

x2 + 2xy + y2 + 2x + 2y – 5  = 0 ..... (2)

 x2 + 2xy + y2 + 2x + 2y – 5(12)  = 0

2 2 22 (2 2 )( 3 ) 5( 32) 0x xy y x y y x y        

2 2 2 2 2 22 2 6 2 6 5( 9 6 ) 0x xy y xy x y xy y x xy          

2 2 2 2 2 22 2 6 2 6 5 45 30 0x xy y xy x y xy y x xy          

2 250 28 2 0x xy y   

2 225 14 0x xy y   



 
2 2

cos
4

a b

a b h


 

 

a = 25, h = –7, b = 1

 
2 2

25 1
cos

25 1 4( 7)


  

  

26

276 196




26 13

4 196 193
 



1 13
cos

193

  
     



Maths-IB 55

TSBIE

12. x2 + y2 = a2 lx + my = 1 

x2 + y2 – a2 = 0 ..... (1)

lx + my = 1 ..... (2)

x2 + y2 – a2 (lx + my)2 = 0

2 2 2 2 2 2 2( 2 ) 0x y a l x m y lmxy     

2 2 2 2 2 2 2(1 ) 2 (1 ) 0x a l a lmxy y a m     

x2 + y2 

1 – a2l2 + 1 – a2m2 = 0

2 = a2l2 + a2m2

a2(l2 + m2) = 2

13. lx + my = 1 x2 + y2 = a2 

lx + my = 1 ..... (1)

x2 + y2 – a2 = 0 ..... (2)

x2 + y2 – a2 (1)2 = 0

2 2 2 2( ) 0x y a lx my    

2 2 2 2 2 2 2( 2 ) 0x y a l x m y lmxy     

2 2 2 2 2 2 2(1 ) 2 (1 ) 0a l x a lmxy a m y     

[ax2 + 2hxy + by2  = 0 h2 = ab ]

2 2 2 2 2 2( ) (1 )(1 )a lm a l a m    

4 2 2 2 2 2 2 4 2 21a l m a m a l a l m    

2 2 2 2 1a m a l  

2 2 2( ) 1a l m  
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5

 P(x
1
, y

1
, z

1
), Q(x

2
, y

2
, z

2
) P, Q 

2 2 2
2 1 2 1 2 1PQ (x x ) (y y ) (z z )     

 A(x
1
, y

1
, z

1
), B(x

2
, y

2
, z

2
) 

(i) m:n 

2 1 2 1 2 1mx nx my ny mz nz
, ,

m n m n m n

   
    

(ii) AB

1 2 1 2 1 2x x y y z z
, ,

2 2 2

   
  

 (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
), (x

3
, y

3
, z

3
) 

1 2 3 1 2 3 1 2 3x x x y y y z z z
, ,

3 3 3

      
  

 (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
), (x

3
, y

3
, z

3
), (x

4
, y

4
, z

4
) 

1 2 3 4 1 2 3 4 1 2 3 4x x x x y y y y z z z z
, ,

4 4 4

         
  

1. x x 

(5, –1, 7), (x, 5, 1) 

AB = 9

AB2 = 81

(x–5)2 + (5+1)2 + (1–7)2 = 81

(x–5)2 + 36 + 36 = 81

(x–5)2 = 9
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(x–5) =  ± 3

x  = 5 ± 3

x  = 8, 2

2.

A B C

2 2 2 2 2 2AB (2 1) (3 2) (1 3) 1 1 ( 2) 6          

2 2 2 2 2 2BC (3 2) (1 3) (2 1) 1 ( 2) 1 6          

2 2 2 2 2 2CA (1 3) (2 1) (3 2) ( 2) 1 1 6          

AB = BC = CA

ABC 

3.

A (x
1
, y

1
, z

1
) = (5, 4, 6)

B (x
2
, y

2
, z

2
) = (1, –1, 3)

C (x
3
, y

3
, z

3
) = (4, 3, 2)

ABC 
1 2 3 1 2 3 1 2 3x x x y y y z z z

, ,
3 3 3

      
  

5 1 4 4 1 3 6 3 2
, ,

3 3 3

      
   

10 11
, 2,

3 3

 
   

4.

A (x
1
, y

1
, z

1
) = (2, 3, –4)

B (x
2
, y

2
, z

2
) = (–3, 3, –2)

C (x
3
, y

3
, z

3
) = (–1, 4, 2)

D (x
4
, y

4
, z

4
) = (3, 5, 1)

ABCD 

1 2 3 4 1 2 3 4 1 2 3 4x x x x y y y y z z z z
, ,

4 4 4

         
  

2 3 1 3 3 3 4 5 4 2 2 1
, ,

4 4 4

          
   

1 15 3
, ,

4 4 4

 
   
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5.

A(2, 4, –1), B(3, 6, –1), C(4, 5, 1) D (a, b, c) 

 AC = BD 

2 4 4 5 1 1 3 6 1
, , , ,

2 2 2 2 2 2

a b c          
       

6 9 3 6 1
, , 0 , ,

2 2 2 2 2

a b c     
       

3 6 6 9 1
, , 0

2 2 2 2 2

a b c  
   

 a = 3, b = 3, c = 1  D(a, b, c) = (3, 3, 1)

6. A(1, 1, 1), B(–2, 4, 1) ABC

C

A(1, 1, 1), B(–2, 4, 1), C(x, y, z)  ABC = (0, 0, 0)

1 2 1 4 1 1
, , (0,0,0)

3 3 3

x y z      
   

1 5 2
, , (0,0,0)

3 3 3

x y z   
   

3 6 6 9 1
, , 0

2 2 2 2 2

a b c  
   

1 0, 5 0, 2 0x y z       

1, 5, 2x y z       C(x, y, z) = (1, –5, –2)

7. (3, 2, –1), (4, 1, 1), (6, 2, 5) 

A(3, 2, –1), B(4, 1, 1), C(4, 1, 1), D(x, y, z) 

ABCD = (4, 2, 2)

3 4 6 2 1 2 1 1 5
, , (4, 2, 2)

4 4 4

x y z          
   

13 5 5
, , (4, 2, 2)

4 4 4

x y z   
   

13 5 5
4, 2, 2

4 4 4

x y z  
   

3, 3, 3x y z      D(x, y, z) = (3, 3, 3)
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6

 OP


OX, OY, OZ
  

  cos, cos, cos

l = cos, m = cos, n = cos OP


l, m, n

 OP


l, m, n PO


–l, –m, –n

 –l, –m, –n
2 2 2 1l m n  

 a, b, c

 a, b, c 2 2 2 2 2 2 2 2 2
, ,

a b c

a b c a b c a b c

 
  
      

 x
1
, y

1
, z

1
x

2
, y

2
, z

2

(i)  2 1 2 1 2 1, ,x x y y z z  

(ii)
2 1 2 1 2 1

2 2 2
2 1 2 1 2 1

, ,
( ) ( ) ( )

x x y y z z

x x x x x x

   
 
       

 l
1
, m

1
, n

1
l
2
, m

2
, n

2
 1 2 1 2 1 2cos l l m m n n   

 a
1
, b

1
, c

1
a

2
, b

2
, c

2
 

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

 
 

   
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1. l + m + n = 0, mn – 2nl – 2lm = 0 

l + m + n = 0 ....(1)

mn – 2nl – 2lm = 0 ....(2)

l = – m + n 

2 ( ) 2( ) 0mn n m n m n m      

2 22 2 2 2 0mn mn n m mn     

2 22 4 2 0m mn mn n    

2 ( 2 ) ( 2 ) 0m m n n m n    

( 2 )(2 ) 0m n m n   

m + 2n = 0 2m + n = 0

2m + n = 0 n = – 2m

l = – m – (–2m) = m

l : m : n = m : m : –2m = 1:1:–2

2 2 2 2 2 2 2 2 2

1 1 2
, ,

1 1 ( 2) 1 1 ( 2) 1 1 ( 2)

 
 

         

    
1 1 2

, ,
6 6 6

 
   

m + 2n = 0 m = – 2n

l = –  (–2n) – n = n

l : m : n = n : –2n : n = 1:–2:1

2 2 2 2 2 2 2 2 2

1 2 1
, ,

1 ( 2) 1 1 ( 2) 1 1 ( 2) 1

 
 

         

    
1 2 1

, ,
6 6 6

 
   

2. l – 5m + 3n = 0, 7l2 + 5m2 – 3n2 = 0 

l – 5m + 3n = 0 ....(1)

7l2 + 5m2 – 3n2 = 0 ....(2)

l = 5m – 3n 
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2 2 27(5 3 ) 5 3 0m n m n   

2 2 2 27(25 9 30 ) 5 3 0m n mn m n     

2 2 2 2175 63 210 5 3 0m n mn m n     

2 2180 210 60 0m mn n   

2 26 7 2 0m mn n   

(3 2 )(2 ) 0m n m n   

3m – 2n = 0 2m – n = 0

3m – 2n = 0 
2

3
m n

l = 5m – 3n = 
10 10 9

3
3 3 3

n n n
n n


  

l : m : n = 
2 1 2

: : : :1 1: 2 : 3
3 3 3 3

n
n n  

2 2 2 2 2 2 2 2 2

1 2 3
, ,

1 2 3 1 2 3 1 2 3

 

 
      

    
1 2 3

, ,
14 14 14

 
   

2m – n = 0 n = 2m

l = 5m – 3(2m) = 5m – 6m = –m

l : m : n = –m : m : 2m = –1:1:2

2 2 2 2 2 2 2 2 2

1 1 2
, ,

( 1) 1 2 ( 1) 1 2 ( 1) 1 2

 
 

         

    
1 1 2

, ,
6 6 6

 
   

3. l + m + n = 0, l2 + m2 – n2 = 0 

l + m + n = 0 ....(1)

l2 + m2 – n2 = 0 ....(2)

l = –m – n 

2 2 2( ) 0m n m n    

2 2 2 22 0m n mn m n     
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22 2 0m mn  

2 ( ) 0m m n  

m = 0 m + n = 0

m  = 0 l = 0 – n = –n

l : m : n = –n : 0 : n = –1:0:1

a
1
, b

1
, c

1
) = (0, –1, 1)



1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

0 ( 1) 0 ( 1) 1 1
cos

1 0 1 1 0 1

a a b b c c

a b c a b c

        
  

      

1 1

22 2
 

1 1
cos 60º

2 3

  
     

4. 3l + m + 5n = 0, 6mn – 2nl + 5lm = 0 

3l + m + 5n = 0 ....(1)

6mn – 2nl + 5lm = 0 ....(2)

m = –3l – 5n 

6( 3 5 ) 2 5 ( 3 5 ) 0l n n nl l l n      

2 218 30 2 15 25 0ln n nl l ln      

2 215 45 30 0l ln n    

2 23 2 0l ln n   

( 2 )( ) 0l n l n   

l + 2n = 0 l + n = 0

l + 2n = 0 l = –2n

m = –3(–2n) – 5n = 6n – 5n = n

l : m : n = –2n : n : n = –2:1:1

a
1
, b

1
, c

1
) = (–2, 1, 1)

l + n = 0 l = –n

m = –3l – 5n = –3(–n) – 5n = 3n – 5n = –2n

l : m : n = –n : –2n : n = –1:–2:1 = 1:2:–1

a
2
, b

2
, c

2
) = (1, 2, –1)
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

1 2 1 2 1 2

2 2 2 2 2 2 2 2 2 2 2 2
1 1 1 2 2 2

( 2) 1 1 2 1 ( 1)
cos

( 2) 1 1 1 2 ( 1)

a a b b c c

a b c a b c

        
  

         

1 1

66 6


 

1 1
cos

6

  
    

5.

O 

OA, OB, OC

OA OB OC a  

O(0, 0, 0), A(a, 0, 0), B(0, a, 0),

C(0, 0, a), D(a, a, 0), E (a, 0, a), F(a, a, a), G (0, a, a) 

OF, AG, BE, CD

OF (a – 0, a – 0, a – 0) = (a, a, a)

AG (0 – a, a – 0, a – 0) = (–a, a, a)

OF, AG 

1 2 1 2 1 2

2 2 2 2 2 2 2 2 2 2 2 2
1 1 1 2 2 2

( ) ( ) ( )
cos

    
  

       

a a b b c c a a a a a a

a b c a b c a a a a a a

2 1

33 . 3
 

a

a a

1 1
cos

3

  
    

6. 

cos2 + cos2 + cos2 + cos2 

O 

OA, OB, OC

OA OB OC a  

Z

E

X
A

C

O

G F

DB
Y

Z

E

X
A

C

O

G F

DB
Y
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O(0, 0, 0), A(a, 0, 0), B(0, a, 0),

C(0, 0, a), D(a, a, 0), E (a, 0, a), F(a, a, a), G (0, a, a) 

OF, AG, BE, CD

OF (a – 0, a – 0, a – 0) = (a, a, a)

AG (0 – a, a – 0, a – 0) = (–a, a, a)

BE (a – 0, a – 0, a – 0) = (a, –a, a)

CD (a – 0, a – 0, 0 – a) = (a, a, –a)

OF, AG , BE, CD   (l, m, n)

OF 

2 2 2 2 2 2 2 2 2 2

( )
cos

3

   
  

     

al am an a l m n

a a a l m n a l m n

2 2 2
2

2 2 2 2 2 2 2

( ) ( )
cos

3 ( ) 3( )

   
   

   

a l m n l m n

a l m n l m n

2 2 2
2 2 2

2 2 2 2 2 2 2 2 2

( ) ( ) ( )
cos , cos , cos

3( ) 3( ) 3( )

      
     

     

l m n l m n l m n

l m n l m n l m n

2 2 2 2cos cos cos cos       

2 2 2

2 2 2

( ) ( ) ( )

3( )

        


 

l m n l m n l m n

l m n

2 2 2 2 2 2

2 2 2 2 2 2

4 4 4 4 ( ) 4

3 33( ) ( )

   
  

   

l m n l m n

l m n l m n
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7

 x, y, z

 lx + my + nz = P. p, m, n

P

 ax + by + cz + d = 0. a, b, c

 a, b, c X, Y, Z- 1  
x y z

a b c

 a
1
x + b

1
y + c

1
z + d

1
 = 0, a

2
x + b

2
y + c

2
z + d

2
 = 0  

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

 
 

   

(i) a
1
a

2
 + b

1
b

2
 + c

1
c

2
 = 0 

(ii)
1 1 1

1 2 2

 
a b c

a b c

1. x + 2y – 3z – 6 = 0 

 x + 2y – 3z – 6 = 0  x, y, z 

2 2 21 2 ( 3) 14   

2 3 6

14 14

 


x y z

1 2 3 6

14 14 14 14
   x
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2. X, Y, Z - 

X, Y, Z - a = 1, b = 2, c = 4

1  
x y z

a b c

1
1 2 4

   
x y z

4 2 4   x y z

3. 4x – 4y + 2z + 5 = 0 

 4x – 4y + 2z + 5 = 0

4 4 2 5    x y z

4 4 2 5

5 5

  
 

x y z

4 4 2
1

5 5 5


   x y z

1
5 5 5

4 4 2

   
 

x y z

4. x + 2y + 2z – 5 = 0,  3x + 3y + 2z – 8 = 0 

x + 2y + 2z – 5 = 0 .....(1)

a
1
 = 1, b

1
 = 2, c

1
 = 2

3x + 3y + 2z – 8 = 0 .....(2)

a
2
 = 3, b

2
 = 3, c

2
 = 2

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
a a b b c c

a b c a b c

 
 

   

2 2 2 2 2 2

1 3 2 3 2 2

1 2 2 3 3 2

    


   

3 6 4 13

1 4 4 9 9 4 3 22

 
 

   

1 13
cos

3 22

  
    
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*
1

n n
n

Lt x a
na

x a x a




 
*

sin
1

0

Lt x

x x



 (x is in radians)

*
tan

1
0

Lt x

x x



 (x is in radians) *

1/(1 )
0

x
Lt

x e
x

 


*
1

1
0

x
Lt

e
x x

 
  

  
*

1
log

0

x

e

Lt a
a

x x

 
 

  

*
0

n n
n m

m m

Lt x a n
a

x x a m




 
*

sin

0

Lt ax
a

x x



 (x is in radians)

*
tan

0

Lt ax
a

x x



 (x is in radians) *

1
1

0

xLt e

x x






3 3

0

 



xLim e c

x x

3 3.
.

0


 



x
m n m n

Lim e e e
a a a

x x

3 ( 1)

0






xLim e
e

x x

3 1

0






xLim e
e
x x

3 3.1 e e

sin 1

0

 



xLim e x

x x

1 sin

0

 
 

  

xLim e x

x x x
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1 sin

0 0




 

xLim Lime x

x xx x

1 1 0

sin

0 cos

Lt ax

x x x

sin

sin 0

0 cos 1
cos

0


  





Lt ax
a

Lt ax aax ax
a

Ltx x x
x

x

3

3 2

11 3 4

13 5 7

Lt x x

x x x

 

  

3

3 2

11 3 4

13 5 7

Lt x x

x x x

 

  

3

2 3

3

3

3 4
11

5 7
13

x
Lt x x

x
x

x x

 
  

 


  
  

 

2 3

1 1 1
As , , and 0x

x x x
 

2 3

3

3 4
11

11 0 0 11

5 7 13 0 0 13
13

Lt x x

x

x x

 
 

  
  

 

2

sin( 1)

1 ( 1)

Lt x

x x



 

2

sin( 1)

1 ( 1)

Lt x

x x



 

sin( 1) 1
.

1 1( 1) 1

Lt Ltx

x xx x



  

Put 1y x   so that as 1, 0x y 

sin( 1) sin
1

1 0( 1)

Lt Ltx y

x yx y


 

 

1 1
1.

1 1 2
 


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sin
0,

0 sin
 



Lim a x
b a b

x b x

sin

sin0






ax
axLim ax

bxx
bx

bx

sin

0

sin

0





Lim ax

aax ax

Lim bx b

bx bx

1

1


a a

b b

8 | | 3

3 | | 2

Lt x x

x x x



 

0 | |x x x x   

8 | | 3 8 3

3 | | 2 3 2

Lt Ltx x x x

x xx x x x

 


  

11
11

Lt x

x x




1

0 1



 

x

x

Lim a

x b

1

0 1



 

x

x

a
Lim x

x b

x

1

0

1

0









x

x

Lim a

x x

Lim b

x x

log

log
 e

e

a

b

log b a

7 1

0

xLt e

x x





As 0x
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7 0x 

7 1 1
7 7 1

7 0 07

x xLt Lte e
Q

x xx x

  
   

  

1 1

0

  
    

Lt x

x x

For 0 | | 1,x  we have

1 1 1 1 1 1
.

1 1

x x x

x x x

     


 

   
1 1

1 1 1 1

x x

x x x

 
 

   

1 1 1

0 0 1 1

 
 

   

Lt Ltx

x xx x

1 1

1 1 2
 



sin 1

0





xLim e

x x

sin 1

sin

0

sin





xe
Lim x

xx

x x

sin 1 sin

0 0sin



 

xLim Lime x

x xx x

sin 1
.1

sin 0 sin





xLim e

x x

1.1 1

log(1 5 )

0





Lim x

x x

1

log(1 5 ) log log
0

 


mx
Lim

x m x x
x

5
1

5log (1 5 )
5 0

 
 

 

x
Lim

x
x

5loge e

5log log 1 e ee e 5
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2 | |
1 3

0

Lt x
x

x x

 
   

  

0 0x x  

| |x x

2 | |
1

0

Lt x
x

x x

 
  

  

2
1

0

Lt x
x

x x

 
   

  

2 0 1 3   

2

2

8 15

3 9

 

 

Lim x x

x x

2 5 3 15

3 ( 3)( 3)

  

  

Lim x x x

x x x

( 5)( 3

3

 



Lim x x

x

)

( 3x ) ( 3)x

2


6 3

1

3




1 1

3 3(1 ) (1 )

0

 
   

 
  

Lt x x

x x

1 1

3 3(1 ) (1 )

0

  



Lt x x

x x

1

3(1 ) 1

(1 ) 1 (1 ) 1

 


   

Lt x

x x

1 1

3 3(1 ) 1

(1 ) 1 (1 ) 1

 


   

Lt x

x x

2/3 2 /31 1 1 1 2
1 1

3 3 3 3 3

     

2 3

3 2

 

  

Lt a x x

x a a x x
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2 3 2 3 3 2

3 2 2 3 3 2

     
 

      

Lt a x x a x x a x x

x a a x x a x x a x x

( 2 3 ) 2 3
.

3 4 3 2

   

    

Lt a x x a x x

x a a x x a x x

2 3

3( ) 3 2

  

   

Lt Lta x a x x

x a x aa x a x x

1 2
.

3

3

4

a

a

1

2 3


2

cos cos

0





Lim ax bx

x x

2

2sin sin
2 2

0

 




ax bx ax bx
Lim

x x
cos cos 2sin sin

2 2

 
  

C D C D
C D

sin( ) sin( )

2 22
0

 




a b x a b x
Lim

x x x

sin( ) sin( )

2 22
( ) ( )0 02 2

2 2

 

    
         

a b x a b x
Lim Lima b a b

a b a bx x
x x

sin sin
( )2 2

2
( )2 20 0

2 2 22

    
   

     
         

 
 

a b a b
x xLim Lim
a b a b

a b a b
a ba bx x

xx

( )
2.1 .1

2 2

  
  

 

a b a b

( )( )

2

 

a b a b

2 2

2



b a

2

1 cos2
( , )

0 sin






Lim mx
m n z

x nx

2

2 2

1 cos2 2sin

0 0sin sin




 

Lim Ltmx mx

x xnx nx
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2

2 2

sin

0 2
2

sin

0

 
 

 
 

 
 

 

Lim mx

x mx m

nLim nx

x nx

sin( ) sin( )

0

  



Lim a bx a bx

x x

sin sin 2cos sin
2 2

 
 

C D C D
C D

( ) ( )
sin

22cos
0 2

  

  



a bx a bx
Lim a bx a bx

x x

2 sin
2cos .

02 

Lima bx
b

x bx

2cos a b 2 cos b a
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  9

* ( )
d du dv
uv u v

dx dx dx
  *

2

du dv
v u

d u dx dx

dx v v


 

 
 

*
1( )n nd

x nx
dx

 * ( ) 1
d
x

dx


* (sin ) cos
d

x x
dx

 * (cos ) sin
d

x x
dx

 

*
2(tan ) sec

d
x x

dx
 *

2(cot ) sec
d

x co x
dx

 

* (sec ) sec tan
d

x x x
dx

 * ( sec ) cos cot
d
co x ecx x

dx
 

*
1

2

1
(tan )

1

d
x

dx x

 


*
1

2

1
(cot )

1

d
x

dx x

 




*
1

2

1
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| | 1

d
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dx x x

 

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1
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| | 1
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co x

dx x x

 




* ( )x xd
e e

dx
 * ( ) logx xd

a a a
dx



*
1

(log )
d

x
dx x

 * (sinh ) cosh
d

x x
dx



* (cosh ) sinh
d

x x
dx

 *
2(tanh ) sec

d
x h x

dx


*
2(coth ) cos

d
x ech x

dx
  * (sec ) sec tanh

d
hx hx x

dx
 

* (cos ) cos coth
d

echx echx x
dx

  *
1

2

1
(sinh )

1

d
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 


*
1
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1
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
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*
1

2

1
(coth )

1

d
x

dx x

 


*
1

2

1
(sec )

| | 1

d
h x

dx x x

 




*
1

2

1
(cos )

| | 1

d
ech x

dx x x

 




y = log(sin(logx)),
dy

dx

x

log , sin log  v x u v y u

1 1
; cos ;  

dy du dv
v

du u dv dx x

. ;
dy dy du dv

dx du dv dx


1 1 cot(log )
.cos(log )

sin(log )

x
x

x x x
 

f(x) = log(secx + tanx), f'(x)

x

sec tan u x x logy u

21
, sec .tan sec

dy du
x x x

du u dx
  

sec (sec tan )x x x 

.
dy dy du

dx du dx


1
.sec (sec tan ) sec

sec tan
x x x x

x x
  



(i)
1 1 1tan tan tan   

d d d
x x x x x x

dx dx dx

1

2
tan

1

 


x
x

x

(ii)
1tan (log )d

x
dx

2

1
(log )

1 (log )




d
x

x dx

2

1

1 (log )


  x x
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(iii)
1s in d

e x
d x

1sin 1sin
  x de x
dx

1sin

21






xe

x

(iv) sinh yx e

sinh ydx d
e

dy dy

sinh cosh ydx d
e y

dy dy

sinh cosh ydx
e y

dy

sinh

1

cosh
 

y

dx

dy e y

( )v
2sin(cos( ))

d
x

dx

2 2cos(cos( )) cos
d

x x
dx

2 2 2cos(cos( ))( sin )
d

x x x
dx

2 2cos(cos( ))sin( )2x x x

2 100
f(x) = 1 + x + x + ...... + x ,

1
f (1)

2 99'( ) 1 2 3 ..... 100f x x x x   

'(1) 1 2 3.......... 100f    

100 101 ( 1)
5050

2 2

x x
x

  
    

 

x
f(x) = xe sinx

1
f (x)

' 'x

( ) sin xd d
f x xe x

dx dx

1( ) sin sin x xd d dx
f x xe x xsisnx e x

dx dx dx

cos sin sin  x x xxe x x xe e x

x
f(x) = e ,g(x) = x,g(x) f(x)

( ) ( ) 5 xf x e g x x

( )  xd d
f x e

dx dx
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1
( )

2
 

d d
g x x

dx dx x

( )

( )
2 4

( ) 1( )

2

   
x

x

df x

df x edx e
dg xdg x

dx x

2 2 2

3 3 3x + y = a
3

dy y
= -

dx x

2 2
1 1

3 3
2 2

0
3 3

 

 
dy

x y
dx

1

1/ 33 0


 
dy

x y
dx

1/ 3

3
1/ 3




   

dy x y

dx y x

-1
y = sin x

dy

dx

1 1
.

1 2




dy

dx x x

1

2 (1 )




dy

dx x x

3 3
x = acos t, y = asin t

dy

dx

t

2 23 cos sin 3sin cos  
dx dy

a t t t t
dt dt


dy dy dt

dx dt dx

2

2

3 sin cos

3 cos sin



a t t

a t t

tan  t

(i) ( ) sin 2f x x

( ) sin 2( ) sin(2 2 )    f x h x h x h
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1

h 0

f (x h) f (x)
f (x) Lt

h

 


1

h 0

sin(2x 2h) sin 2x
f (x) Lt

h

 


C D C D
sin C sin D 2cos sin

2 2

 
 

h 0

2x 2h 2h 2x 2h 2x
cos sin

2 2
Lt 2

h

      
   
   

h 0 h 0

2h
sin

4x 2h 22 Lt cos Lt
2 h 




4x
2cos .1

2


d
sin 2x 2cos 2x

dx
 

(ii) f(x) tan2x

f (x h) tan 2(x h) tan(2x 2h)    

1

h 0
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 
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 


h 0

sin(2x 2h) sin 2x

cos(2x 2h) cos 2x
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




h 0

sin(2x 2h)cos 2x cos(2x 2h)sin 2x
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  



h 0

sin[2x 2h 2h]
Lim

h cos(2x 2h)cos 2x

 



2h 0 h 0

sin 2h 1
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


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2

1
1 2

cos 2x
 22sec 2x

(iii) 2f (x) ax bx c  

1

h 0

f (x h) f (x)
f (x) Lt

h

 


2 2
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     


2 2 2
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      


2 2 2
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       
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 


d
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  

3 3
x + y - 3axy = 0
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' x '

3 3dy
x y 3axy 0

dx
    

2 2 dy dy d
3x 3y 3a x y x 0

dx dx dx

 
    

 

2 2 dy dy
x y ax ay 0

dx dx
   

2 2dy
(y ax) ay x

dx
  

2

2

dy ay x

dx y ax


 



-1asin x
y = e 2

dy ay
=

dx 1- y

1asin xy e .......(1)




' x '
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1asin xdy d
e

dx dx





1asin x 1d
e a sin x

dx

 

1asin x

2

dy a
e

dx 1 x






2

dy ya
from (1)

dx 1 x




 
 
 

-1 a - x
tan

1+ ax

1put a tan A A tan a  

1tan B B tan c  

1d tan A tan B
tan

dx 1 tan A tan B


  
  

  

  1d
tan tan(A B

dx

 

 
d

A B
dx



 1 1d
tan a tan x

dx

 

2

1
0

1 x


 2

1

1 x
 



y x-y
x = e 2

dy logx
=

dx (1 + logx)

y x yx e 

take log both sides

y x y

e elog x log e 

ey log x (x y) log e 

x y y log x 

x y(1 log x) 

x
y

(1 log x)




' x '
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dy d x

dx dx 1 log x




2

1
(1 log x)1 x

x

(1 log x)

 
   

 


2

dy 1 log x 1

dx (1 log x)

 
 



siny = xsin(a + y)

2
dy sin (a + y)

=
dx sina

Π

sin y
x

sin(a y)




' y '

2

dx sin(a y)cos y sin y cos(a y)

dy sin (a y)

  




 
2

sin a y ydx

dy sin (a y)

 




2dy sin (a y)

dx sin a


 

3

3at
x =

1 + t

2

3

3a t
y =

1+ t

dy

dx

' t '

3

d d t
x 3a

dt dt 1 t

 
   

3 3

3 2

dt d
(1 t ) t (1 t

dt dt3a
(1 t )

 
   

  
 

 

3 2

3 2

(1 t ) t.3 t
3a

(1 t )

  
  

 

3

3 2

1 2t
3a

(1 t )

 
  

 
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3 2 2 3

3 2

d d
(1 t ) t t (1 t )

dy dt dt3a
dt (1 t )

 
   

  
 

 

3 2 2

3 2

(1 t )2t t .3t
3a

(1 t )

  
  

 

4 4

3 2

2t 2t 3t
3a

(1 t )

  
  

 

4

3 2

2t t
3a

(1 t )

 
  

 

dy dy dt
.

dx dt dx
 

4 3 2

2 3

2t t (1 t )
3a

(1 3) 3a(1 2t )

  
  

  

3

3

t(2 t )

3(1 2t )






  2 2
1 x + 1 y = a(x y),





2

2

1 ydy
=

dx 1 x

x sin A y sin B  1 1A sin x B sin y    

2 21 1 ( )x y a x y    

Put sin , sin  x y

2 21 sin 1 sin (sin sin )a        

cos cos (sin sin )a     

2cos .cos
2 2

    

2cos sin
2 2

     
  
 

cos .sin
2 2

a
    

 

11 1
tan ; tan

2 2 2 2

       
   

 
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1 1
2tan ;

a
    
   

 

1 1 1 1
sin sin 2tan    

   
 

y x
a

Differentiating w.r.to x

2

2 2 2

11 1
.

1 1 1

ydy dy

dx dxy x x


  

  

  
  

   

3 3
-1 -1 -1

2 2 2 4

2x 3x - x 4x - 4x
tan + tan - tan

1- x 1- 3x 1- 6x + x 2

dy 1
=

dx 1 + x

x tan 1tan x  

3
1 1

2 2

2 tan 3tan tan
y tan tan

1 tan 1 3tan

  

 

    
    

    

3
1

2 4

4 tan 4 tan
tan

1 6 tan tan

 

 

  
  

  

1 1tan (tan 2 ) tan (tan 3 )   

y 2 3 4    

y 

1y tan x

' x '

2

dy 1

dx 1 x


 

3
x 2 + 3x

y =
(2 + x)(1- x)

dy

dx

log

3x 2 3x
log y log

(2 x)(1 x)




 

3log x log 2 3x log(2 x) log(1 x)      

1
log y 3log x (2 3x) log(2 x) log(1 x)

2
      

' x '

1 dy 3 3 1 1

y dx x 2(2 3x) 2 x 1 x
   

  
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dy 3 3 1 1
y

dx x 2(2 3x) 2 x 1 x

 
     

   

2 2 2 2 2
y = x a + x + a log(x + a + x )

2 2dy
= 2 a + x

dx

(1) ' x '

2

2 2
2 2

2 2 2 2

1
a 1 .2x

dy 1 2 a x
x 2x a x

dx 2 a x x a a

 
 

    
  

 
 

2 2 2
2

2 2 2 2 2 2

a a x xx

a x a x x a x

 
 

   

2 2
2 2

2 2

x a
a x

a x


  



2 2 2 2a x a x   

2 22 a x 

logy
x = logx

 
 
 

2

dy y 1- logxlogy
=

dx x (logx)

(1) log

log ylog x log(log x)

log y log x log(log x)

' x '

1 log x dy 1 1
(log y) .

x y dx log x x
 

log x dy 1 log y

y dx x log x x
 

log x dy 1 log x log y

y dx x(log x)




2

dy y 1- logx logy
=

dx x (logx)

 
  

 



Maths-IB 85

TSBIE

10

x x

x x + x y 

y = f(x + x) – f(x)

y '( ).dy f x x 

y 
y

y




y 100
y

y


 

1. 10, 0.01x x   2
3 6y x x   ,dy y

( ) ( )y f x x f x    

(10 0.01) (10)y f f   

(10.01) (10)y f f  

      = (10.01)2 + 3×10.01 + 6 –(102 + 3×10 + 6)

      = 100.2001 + 30.03 + 6 – 100 – 30 – 6

      = 130.2301 – 130

      = 0.2301

'( )y f x x  

(2 3)x x  

(2 10 3) 0.01   

      = 23 × 0.01

      = 0.23
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2. 60º , 1ºx x   cosy x ,dy y

60º , 1ºx x  

( ) ( )y f x x f x    

(60º 1º ) (60º )y f f   

(61º ) (60º )f f 

      =  cos61º – cos60º

      = 04848 – 0.5 = – 0.0152

'( )y f x x  

sin .x x  

 =  – sin60º × 1º

      = – 0.866 × 0.0174    (1º = 0.0174 )

      = – 0.0150

3. , 5, 0.02
x

y e x x x     y ,dy y

( ) ( )y f x x f x    

(5 0.02) (5)f f  

      =  f(5.02) – f(5)

      = e5.02 + 5.02 – e5 – 5

      = e5.02 – e5 + 0.02

'( )y f x x  

( 1).xe x  

 5( 1)(0.02)e 

4. 2
5 6 6, 2, 0.001y x x x x      y ,dy y

( ) ( )y f x x f x    

(2 0.001) (2)f f  

      =  f(2.001) – f(2)

      = 5(2.001)2 + 6×2.001 + 6 – (5×22 + 6×2 + 6)

      = 5(4.004001) + 12.006 + 6 – 20 – 12 – 6

      = 0.026005

'( )y f x x  

(10 6).x x  

      = (10 × 2 + 6) (0.001)

      = 26 × 0.001 = 0.026
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5.

x

A = x2

100 2
x

x


  ......(1)

2

A
A 2

2
A

xdxx
dx x




   

A

100 2 100
A

xdx x
dx



 
        

      =  2 × 2   

      = 4

6.

x

A = x2

100 4
x

x


  ......(1)

A = x2 A
2x

dx


   

2

A

2
100 100

A

xdx x x
x



       

                      2 100
x

x


  

                      = 2 × 4   

                      = 8

7.

r

A = 4r2 
A

4 2
d

r
dr

   

  
A

A
d

d r
dr

  
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4 2r r   

22
8 14 0.02

7
   

= 7.04 

y = f (x) (c, y) 
dy

dx

y = f(x) a, b y – b = m (x – a) =
dy

m
dx

 
 
 


y = f (x) P

= 
1

m


 
1

y b x a
m

   

1. y = 3x2 – x3

y = 3x2 – x3 –––– (1)

x y  = 0 

x2 – x3 = 0 (  y= 0)

x2 (3 – x) = 0

x2 = 0   or 3 – x = 0

x = 0   or   x = 3

 x

M = 
 0,0

dy

dx

= 6x  – 3x2

= 60 – 30

= 0

y – 0 = 0 (x – 0)

   y = 0
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M = 
 3,0

dy

dx

= 6x – 32

= 63 – 332

= 18 – 27 = –9

y – 0 = –9 (x – 3)

y = –9x + 27

9x + y – 27 = 0

2. xy = C (C 0)

xy = c  P (x
1
, y

1
)

x
1
  y

1


y = 
c

x

2

dy c

dx x
 

m =  
2
1

c

x
  (P(x

1
, y

1
) 

P(x, y) 

y – y
1
 = 

2
1

c

x
  (x–x

1
)

2 2
1 1 1 1y x y x cx cx    

2 2
1 1 1 1cx yx cx y x  

2
1 1 1 1 1cx yx cx y x x  

2
1 1 1cx yx cx cx    1 1x y c

2
1 12cx yx cx 

2
1 12 0cx yx cx  
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21

2

c

ab


 
2

1

2
1

21

2

c

c x






2 2
1

2 2
1

41

2

c x

c x



= 2c

= 

3. y = 3x4 – 4x x = 4 

y = 3x4 = 4x

dy

dx
 = 3   4x3 – 4

x = 4 m  = 12   43 – 4

         = 12   64 – 4

         = 768 – 4 = 764

4. y = x2 –3x + 2 x 

y = x3 – 3x + 2

23 3
dy

x
dx

 

x = 3 m     = 3   32 – 3

         = 27 – 3 = 24

4. x = a cos3 y = a sin3
4


 

x = acos3,   y = asin3

 23cos sin
dx

a
d

 

 

 23sin cos
dy

a
d

 

 
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 
2

2

3 sin cos
tan tan

43 cos sin

dy dy d a
m

dx dx d a

   


  
     

 

m = –1

 = 
1 1

1
1m


  



5. x = 1 – a sin y = b cos3
4


 

x = 1–asin,   y = bcos2



cos
dx

a
d



   2 cos sin

dy
b

d
 


 

2


 

2 cos sin

cos

dy dy d b
m

dx dx d a

  

 


  



                = 
2

,sin
2

b

a



          m = 
2b

a

2


  = 

1

m


                = 
1

2 /b a


                = 
2

a

b



6. y = x2 – 4x + 2

y = x2 – 4x + 2

x

2 4
dy

x
dx

 

m = 2   u – 4 = 4

y – y
1
 = m (x - x

1
)
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y – 2 = 4 (x - 4)

y – 2 = 4x – 16

4x – y – 16 + 2 = 0

4x – y – 14 = 0

1 1

4m
  

 
1

2 4
4

y x   

4 8 4y x   

x + 4y – 8 –4 = 0

x + 4y –12 = 8.

7. y = x3 + 4x2

y = x3 + 4x2

x 

23 8
dy

x x
dx

 

m = 3   (–1)2 + 8(–1)

                       = 3 – 8

                        = –5

= y – 3 = –5 (x + 1)

     y – 3 = –5x – 5

   5x + y + 2 = 0

= 
1

m


                      = 
1 1

5 5






y – 3 = 
1

5
 (x +1)

5y – 15 = x + 1

x – 5y – 16 = 0
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8. y = 32

x

e


 y 

y = 32

x

e


, y 

y = 32

x

e


[  y = 32

x

e


 = 2 ]

x 

3 1
2

3

xdy
e

dx

  
   

 

= 
32

3

xe 

x = 0 m = 
0 32 2

3 3
e   

 
2

2 0
3

y x   

3 6 2y x  

2 3 6 0x y  

2
3

1 1 3

2m


   



y – 2 = 
3

2
 (x – 0)

2y – 4 = 3x

3x – 2y + 4 = 0

9. 2 3 2 3 2 3x y a  A, B 

AB 

2 3 2 3 2 3x y a   P (x
1
, y

1
) 

2 3 2 3 2 3
1 1x y a  .... (1)

2 3 2 3 2 3x y a 



94 Basic Learning Material

TSBIE

x 

1 1
3 3

2 2
0

3 3

dy
x y

dx

 
    

1 3

1 3

dy y

dx x
 

P(x
1
, y

1
) 

1 3
1

1

y
m

x

 
  

 

P(x
1
, y

1
)

 
1 3

1
1 1

1

y
y y x x

x

 
     

 

 
1 31 3 1 3

1 1 1 1 1 1y y y x x y y x      

1 3 1 31 3 1 3
11 1 1 1 1

1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3
1 1 1 1 1 1 1 1

y x x yx y x y

y x y x y x y x

 
  

 

= 
2/3 2/3
1 11/3 1/3

1 1

x y
x y

x y
  

=  
2/3

1/3 1/3
1 1

x y
a

x y
    (from eqn–1)

x 

A  1 32 3a ,0
1

x  ,  y  B  1 32 30,
1

a y

AB =    
2 2

2 3 1 32 3 2 3
1 1a x a y  

      =    
22 2 32 3 2 3

1 1a x y

      = 4 3 2 3a a   (from eqn–1)
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      = 6 3a

      = 2a

     = a = 

 
2

1 1

1

1y y

y

 

 
2

1 11y y 

1

y

y

1y y

1. 2 3 2 3 2 3x y a 

y = ax x 

y1 = ax. log a

1

y

y

log

x

x

a

a a

1

log a
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2. y = b sin
x

a

y = bsin
x

a

x 

y1 = 
1

cos
x

b
a a

 
 
 

y1 = , cos
b x

a a

1

y

y

sin

cos

x
a

b x
a a

b



 tan
x

a
a



1y y

sin cos
x b x

b
a a a
 

2

2sin cos
2

b x x

a a a
 

2 2
sin

2

b x

a a


3. x ay be x, y
2y

a

x ay be

x 
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y1 = 
1x a x ab

be e
a a
  

1

x a

x ab
a

y be
a

y e
  



 
2

2
1

x a

x a x ab
a

b e y
y y be e

a a
    

4. x = a (t + sin t), y = a (1 – cost) t 

x = a (t + sin t),  y = a (1  – cost)

y = ax

't' 

 1 cos , sin
dx dy

a t a t
dt dt

  

 
1

2

sin 2sin 2 cos 2

1 cos 2cos 2

dy dy dt a t t t t
y

dx dx dt a t t


   



sin 2
tan 2

cos 2

t
t

t
 

   
2

1
2 2

1

1 1 cos 1 tan

tan 2

ty y a t

ty

   


2 2 2 2

2

2sin sec

tan

t t

t

a  

2 2
2

2 2

2

2sin 1
2 sin

sin cos

cos

t
t

t t

t

a
a

t


 



98 Basic Learning Material

TSBIE

 
2

11 4y 

  2 21 cos 1 tan ta t  

2 2 2 22 sin sect ta  

2 2
2 2

2 2

sin
2 sin

cos

t
t

t
a  

2 2 22 sin tant ta 

 
1 2

1 cos

tant

a ty

y




  2 2

2

2

1 cos
2 sin cos

sin

cos

t t

t

t

a t
a


 

 1 22 1 cos tanty y t  

2 2 22 sin tant ta 

5. x = a (cost + t sint), y = a(sint – t cost) t 

x = a (cost + t sint)

t  

dx

dy
 = a (–sint + sint + tcost)

       = a t cost.

y = a(– sint – t cost)

x 

dx

dy
 = a (cost – cost + t sint)
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       = a t sint.

1 sin
tan

cos

dx dy dt at t
y t

dy dx dt at t
   

 
2

sin cos

tan

a t t ty

ty




(ac sin t – tcost).cott

 1 sin cos tany y a t t t t  

1. y2 = 4(x+1), y2 = 36(9–x)

y2 = 4(x+1), y2 = 36 (9–x) 

  4(x+1) = 36 (9 – x)

x + 1 = 9 (9 – x)

x + 1 = 81 – 9x

x + 9x = 81 – 1

10 x = 80

x = 8

y2 = 4 (x + 1)

y2 = 4 (8 + 1)

y2 = 4   9

y = 26

 2 4 1 2 4
dy

y x y
dx

    

4 2

2

dy

dx y y
  
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 2 36 9 2 36
dy

y x y
dx

     

36 18

2

dy

dx y y
      

y2 = 4(x + 1) 1
2 1

6 3
m  

y2 = 36(9 + x) 2
18

3
6

m


  

 1 2
1

3 1
3

m m     

2. ax2 + bx = 1, a, x2 + b
1
y2 = 1

1 1

1 1 1 1

a b a b
  

ax2 + bx = 1, a, x2 + b
1
y2 = 1

P(x
1
, y

1
) 

  ax
1

2 + by
1

2 –1 = 0 ,    a
1
x

1
2 + b

1
y

1
2 – 1 = 0

  2 2
1 1x y 

1 1

2 2
1 1

1 1

1

1

a b

x y

b a b

b 



2
1

1

x

b b 
= 

2
1

1

y

a a 
=

1 1

1

ab a b
.... (1)

 P(x
1
, y

1
) ax2 + by2 = 1 

2ax + 2by2 . y1 = 0

y
1
 = 

2

2

ax ax

by by

 


 m
1
 = 

1

1

ax

by

P(x
1
, y

1
) a

1
x2 + b

1
y2 = 1 

m
1
 = 

1 1

1 1

a x

b x
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m
1
 m

2
 = –1

1 1 1

1 1 1

1
ax a x

by b y
   

2
1 1

2
1 1

1
aa x

bb y
  

2
1 1
2

11

x bb

aay
 

1 1

1 1

b b bb

a a aa

 



eqb---(1) 

b
1
.aa

1
 – b.aa

1
 = –abb

1
 + ba

1
b

1

a a
1
b

1
 – ba

1
b

1
 = aba

1
 – abb

1

a
1
 b

1
 (a–b) = ab (a

1
–b

1
)

1 1

1 1

a ba b

ab a b




1 1

1 1 1 1

a ba b

ab ab a b a b
  

1 1

1 1 1 1

b a b a
  


1 1

1 1 1 1

a b a b
  

3. x + y + 2 = 0, x2 + y2– 10y=0

x + y + 2 = 0

x = – (y + 2)

x2 + y2 – 10y = 0

(– (y + 2))2 + y2 – 10y = 0

y2 + 4y + 4 + y2 – 10y = 0

2y2 – 6y + 4 = 0

y2 – 3y + 2 = 0

(y – 1) (y – 2)

y = + 1  or y = 2
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y = 1 x = – (1 + 2) = – 3

y = 2 x = – (2 + 2) = – 4

(–3 , 1), (–4, 2)

(–3, 1) x + y + 2 = 0 

1 + y1 = 0

      y1 = –1

    m
1
 = –1

x2 + y2 – 10 y = 0

x 

2x + 2y . y1 – 10 . y1 = 0.

1 2

2 10

x
y

y






 

 2

2 3

2 1 10
m

  


 

      = 
6 6 3

2 10 8 4


 

 

1 2

1 2

tan
1

m m

m m







 =   
1 3 4

1 1 3 4

 

  

= 

4 3

4
4 3

4

 



= 
1

7



  = 
1

7

   = Tan–1 
1

7

 
 
 
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4. y2 = 4x ,  x2+ y2 = 5

y2 = 4x ,  x2+ y2 = 5

 x2 + 4x – 5 = 0

      (x + 5) (x – 1) = 0

x = –5 or 1

x  = 1 y2 = 4   1

y2 = 4

y =   2

y2 = 4x

x

2y . y1 = 4

y1 = 
4 2

2y y


2
1

2
 

 x2 + y2 = 5

x

2x +2y1/11 = 0 
1 x

y
y




m
2
 = 

1

2




1 2

1 2

tan
1

m m

m m







  

1
2

1
2

1
tan

1 1





 
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3

2 3
1

2

 

tan = 3

= tan–1 (3)

5. x2 = 2(y+1) ; y = 2

8

4x 

x2 = 2(y + 1),  y = 2

8

4x 

x2 + 4 = 
8

y

x2 = 
8

y
– 4

 
8

y
– 4 = 2 (y + 1)

8

y
=  2y + 2 + 4

8

y
=  2y + 6

4

y
= y + 3

4 = y2 + 3y

y2 + 3y – 4 = 0

(y + 4) (y – 1) = 0

y = –4 or y = 1

x2 = 2 (1 + 1)

x2 = 2   2

x =   2

x2 = 2 (y + 1)

x 
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2x = 2y1

y1 = x

m
1
 

2

8

4
y

x




x 

y1 = 

 
2

2

8
2

4

x

x

 



2

8

4
y

x




m
2
 = 

 
2

2

16 2 32 1

64 2
2 4

  
  



m
1
   m

2
 = 

1
2 1

2

 
    
 

 

6. 6x2 – 5x + 2y = 0, 4x2 + 8y2 = 3
1 1

,
2 2

 
 
 

6x2 – 5x + 2y = 0

6   2x – 5 + 2y1 = 0

y1 = 5 – 12x

y1 = 
5 12

2

x

1 1
,

2 2

 
 
 

m
1 
= 

1
5 12

2

2

 

                       = 
5 6

2



                      = 
1

2

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4x2 + 8y2 = 3

x 

4   2x + 8   2y.y1 = 0

1 8

16 2

x x
y

y y

 
 

1 1
,

2 2

 
 
 

2

1
12

1 2
2

2

m



  



   m
1
 = m

2

 
1 1

,
3 2

 
 
 

 

a, b y = f(x) c  (a, b)

f 1 (C) = 0

I f c I

 f 1 (C) = 0, f 111 (C) < 0 x=c f f (c)

 f 1 (C) = 0, f 111 (C) > 0 x=c f f (c)

1.

x, y  

 2 (x + y) = 20  ........ (1)

x + y = 10 ..................(2)

A = x.y.    .............. (3)

A = x . (10 – x)       x + y = 10

A = 10 x – x2  ................ (4)

y

x
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A
10 2

d
x

dx
 

A
0

d

dx
 10 – 2x = 0

 2x = 10

   x = 5

 A  

eqn ... (5) x 

2

2

A
2

d

dx
 

2

2

A
0

d

dx


 x = 5 

x + y = 10

   x  = 5 y = 5

A = x.y

   = 5.5

    = 25

2. x P(x) = (150 – x)x – 1600:  

P(x) = (150 – x) x – 1600

       = 150x – x2 – 1600

x 

150 2
dp

x
dx

 

0
dp

dx


   150 – 2x = 0

2x = 150

x = 75
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Eqn .... (1) 

2

2
2

d p

dx
 

2

2
2

d p

dx
 

 x = 75 P (x) 



P (75) =  (150 – 75) . 75 – 1600

= 75   75 – 1600

= 5625 – 1600

= 4025.

3.

x 

x 

x

x

x

v = (80 – 2x) (30 – 2x) .x

= (2400 – 160x – 60x + 4x2) . x.

= 4x3 – 220x2 + 2400x

x 

212 440 2400
dv

x x
dx

  

10
dv

dx


x2 – 440x + 2400 = 0

3x2 – 110x + 600 = 0

x = 
2 4

2

b b ac

a

  

x

x

30
30–2x

80–2x

80
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= 
 

2
110 110 4 3 600

2 3

   



x = 
110 12100 7200

6

 

    = 
110 4900

6



     = 
110 70

6



= 
110 70

6


= 

110 70

6



= 
180

6
= 

40

6

= = 
20

3

x = 30   b = 30 – 2   30

               = – 30

b < 0

  x   30

  x = 
20

3

Eqn ..... (1)  x 

2

2
24 440

d v
x

dx
 

20

3
x 

2

2

20
24 440

3

d v

dx
  

= 160 – 440

  = – 280

  

2

2

d v

dx
   < 0

x = 
20

3
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4.

= 22 + 2y = x = 20

2y = 20 – (+ 2) x.

y = 10 – 
2

2
x

 


2

2
2

x
xy




A =   
2

20 2
2

x
x


   

    =  
2

220 2
2

x
x


  

x 

 
A

20 2 2 2
2

d
x x

dx


     

A
0

d

dx


20 – ( + 2) + x = 0

x (  – 2 – 4) = – 20

x (– – 4) = – 20

x ( + 4) = 20

x = 
20

4 

Eqn x 

2

2

Ad

dx
= –  ( + 2)   2+ 

= – 2 – 4 + 

= –  – 4

2

2

Ad

dx
< 0

x x

2x

2y
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20

4
x






A = 2   y +
2


 . x2

2y = 20 – ( +2)x

 
20

2 20 2
4

y 


   


20 80 20 40
2

4
y

 



  




= 
40

4 

A = 
22

2
xy x


 

    = 

2
20 40 20

4 4 2 4



  

 
   

   

    = 
 

2

1600 400

2 4





 



    = 
 

 

200 4

4 2









= 
200

4 

5. r 

2.r

 OAB 

OA2 + AB = OB2

r2 + 

2

2

h 
 
 

= R2

r2 =  
2

2R
4

h


B
A   r

R
O

h
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= 2rh

= 
2

22 R
4

h
h   

A = 
2 22

4
2

h
R h

 
 

A = 2 24h R h  

h

2 2
.1. 2A

1. 4
hd

R h
dh




  
 

2 22 4

h

R h

 
 
 
  

2 2 2

2 2

A 4

4

d R h h

dh R h


   

  
  

2 2

2 2

4 2

4

R h

R h


  

  
  

A
0

d

dh


2 2

2 2

4 2
0

4

R h

R h


  
  
  

4R2 – 2h2 = 0

h 2 .R 

Eqn (1) h

 
 

 

2 2

2 2

2 2 2

2 2 2

2
4 2 2

2 4
2

4

R h
R h h h

d A R h

dh e h


 
      
 
 

  
 

 
  
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= 

 

2 3 2 3

2 2 2 2

8 2 2
2

4 4 4

R h h R h h

e h R



 
     
 

    
   

= 

2 3 2 3

2 2 2 2

8 2 2
2

4 4

R h h R h h

R h e h


     
 
    

= 
2 2

4
0

4

h

R h





2h R



2

2

4
0

d

ah
 2R

2R

6. l 

x l - x 

 = 
4

x

= 

2

4

x 
 
 

2r = l – x

       r =  
2

l x





= r2

= 

2

2

l x




 
 
 

A = 
 

22

16 4

l xx






x 

x l - x

A B C
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 
 

2A 2
1

16 4

l xd x

dx 


   

A
0

d

dx


 22
0

16 4

l xx




  

0
8 2

x l x




 

4 4
0

8

x l x



  
 

 4 4x l  

4

4

l
x






Eqn....  x

 2

2

1A 1

8 2

d

dx 


 

1 1
0

8 2
  

 x = 
4

4

l

 
 A  

4

4

l
l x l


  



4 4

4

l l l



 




4

l





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