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| PREFACE '

The ongoing Global Pandemic Covid-19 that has engulfed the entire world has changed every
sphere of our life. Education, of course is not an exception. In the absence of Physical Classroom
Teaching, Department of Intermediate Education Telangana has successfully engaged the students and
imparted education through TV lessons. The actual class room teaching through physical classes was
made possible only from 1st February 2021. In the back drop of the unprecedented situation due to the
pandemic TSBIE has reduced the burden of curriculum load by considering only 70% syllabus for class
room instruction as well as for the forthcoming Intermediate Public Examinations May 2021. It has also

increased the choice of questions in the examination pattern for the convenience of the students.

To cope up with exam fear and stress and to prepare the students for annual exams in such a
short span of time , TSBIE has prepared “Basic Learning Material” that serves as a primer for the
students to face the examinations confidently. It must be noted here that, the Learning Material is not
comprehensive and can never substitute the Textbook. At most it gives guidance as to how the students
should include the essential steps in their answers and build upon them. I wish you to utilize the Basic
Learning Material after you have thoroughly gone through the Text Book so that it may enable you to
reinforce the concepts that you have learnt from the Textbook and Teachers. I appreciate ERTW
Team, Subject Experts, who have involved day in and out to come out with the, Basic Learning Material

in such a short span of time.

I'would appreciate the feedback from all the stake holders for enriching the learning material

and making it cent percent error free in all aspects.

The material can also be accessed through our websitewww.tsbie.cgg.gov.in.

Commissioner & Secretary

Intermediate Education, Telangana.
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Unit 1

| Circle l

Definition : A circle is a set of points in a plane such that they are equidistant from a fixed point lying in

the plane.

P C is the centre, CP = radius

The fixed point is called the centre and the distance from the centre to any point on the circle

is called the radius of the circle.
A B
AB=2CB = (2 x radius) is called the diameter of the circle

The equation of the circle with centre (@, b) and radius 7 is (x —a)* + (y — b)* = 1*

Ifthe centre (a, b) is origin, i.e., (@, b) =(0, 0), then the eqn of the circle with radiusr is

x2 + y2 — }"2
y
N
N
° The standard equation or General equation of circle is x> +y? + 2gx + 2fy + ¢ =0 whose
centre is (- g, —f), radius =r= /g’ + f* —¢
° The equation of the circle whose extremities of diameter are &, y,) and (x,, y,) is

(x_xl) (x_x2)+(y_y1)(y_y2)=0
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° The parametric equations of the circle are
x=x +rcosb
y=y trsinb
Where (x, y,) = centre and r = radius of the circle,
0 is the parameterand 0 < 0 < 2n

Note : The parametric equations of a circle describe the coordinates of a point &, y) on the circle in

terms of a single variable ‘0’ and ‘0’ is called as parameter.
° So any point on the circle is given by
(x,y)=(x, + rcos 0,y +rsin0,) = ‘point 0

called as ‘point®’ where (x , y,) is the centre and ‘7’ is the radius of the circle

° The parametric equations of the circle S =x* + y? + 2gx + 2fy+ ¢ =0
are x=-—g+rcos9
y=—f+rsin0

Where r = /g + f* —¢
Any ‘point0’ on the circle is ‘point®’ = (x, y)
=(—g+rcos0,—f+rsin0)
° The parametric eqns of a circle with centre origin and radius 7’ is
x=rcosH
y=rsin0, 0<0<2m
° The second order non - homogeneous eqn inx and y, that is
ax* + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents a circle iff
6) a=b#0 (coeff of x2 = coeff of y?)
(i1) h=0 (coeffofxy is zero)
@ g+f*-ac>0
Notation
S=x2+)?+2gx+2fy+c¢
S, =xx +tyy +tg+x)+f(y+y)+tc

Sy =Xy 2gx + 2y e
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S,=x,x, ty ¥, +g(x1 +X2) +f()/1 +y2) tc
SZl = SIZ

Sy =x22 +y22 +2gx, +2fy, +c

Sl

o " %xhyl) (xlayl)

S S
g =1 -
" (xzayz) %ﬁa%)

So, S =0 represents a circle

S=0means x> +)*+2gx+2fy+tc=0
° Let the circle x* +)? +2gx +2fy +¢=0 Ny .. (1)

pass through origin (0, 0)
= (0, 0) should satisfy (1)

(0, 0) is a point on the circle
= 02+02+2g(0)+2f(0)+c=0 (0, 0)

N~ — X

=

The circle passing through origin is of the formx? +)?+ 2gx + 2fy =0

A\ 4

° Ifthe centre of the circlex? +)? +2gx + 2fy+ ¢ =0 lies on X - axis then (~g, —f) lies on x - axis

= because every point on X - axis have its y - coordinate as zero

/N

y

/ C(-g.0) .
\ X 7 X

° If the centre of the circle x* +y* + 2gx + 2fy + ¢ =0 lies

on y - axis then (—g, —-f) lies on y - axis.= Cl(0, )

because every point on y - axis have its x coordinate as

N
> X
Zero. \-/
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Two or more circles are said to be concentric if their centres are same.

Note : The eqn of any circle concentric with the circle
x* +y2+2gx +2fy +c=0is of the form x* +)? + 2gx + 2fy + ¢' =0

where ¢! is a constant. Their centres are same.
If the radius of the circle is one, then it is called as unit circle.

Ifthe circle intersectsx - axis at ‘P’ and ‘Q’ then the distance PQ is called asx - intercept made

by the circle onx - axis.

Ifthe circle intersects y - axis at ‘M’ and ‘N’ then the distance MN is called asy - intercept made

by the circle on y - axis

Yy y
/N /N
N N
P /—\ Q
N g
<€ >x
P \\/Q
M M
A4 A4

PQis x - intercept MN is y - intercept
If (¢* — ¢) > 0, then the intercept made on the x-axis by the circle x> +)? +2gx +2fy+c¢=0

is 24/g*—c .

- PQ=2\g’-c¢

X - intercept = length of chord PQ = DistancePQ = 2./g° —c¢

If the x - axis touches the circle, then P and Q coincide i.e., length of chord PQ is zero or

x-intercept is zero

2{g’—-c=0 = g’—c=0

.. The condition for the circle x* + y* + 2gx + 2fy + ¢ = 0 to touch the
X-axisisg?—c=0org’=c

If (f*— ¢) > 0, then the intercept made on the y - axis by the circle

¥+ +2ex+2f+c=0is 2,/ f*—¢
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MN = 2,/f%—c

y - intercept =2./f° —c¢
° Ifthe y - axis touches the circle then M and N coincide, the length of chord MN is zero
ory -interceptis zero = 2./f>—-c =f*—c=0

.. The condition for the circle x* + y* + 2gx + 2fy + ¢ =0 to touch the

y-axisisf?—c=0orf?=c.

) )
N N
L]
L]

V4 ] AN p AN
N 0 7 X N 0 7 X

A4 A\
circle touches x - axis = g>=c¢ circle touches y - axis = f?=¢

Definition :

If A and B are two distinct points on a circle, then
@) The line AB through A and B is called a secant.
(i1) The segment AB is called a chord. The length of the chord is denoted by AB .

/\y

A
A B
Secant
B
Z N
<% 7X
2

Notation :
LetP (x, )
If S=x*+)?+2gx+2fy+tc=0

then S =xx +yy tgk+tx)+f@+y)tc
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Example:If S=x*+)?+3x-5y+9, (x, y)=(=2,3)

Then Sl=x(—2)+y(3)+%(x—z)—%(y+3)+9 2¢ =3
:_2x+3y+3x—6_(5y+15)+9 2=
2 2
_ —A4x+6y+3x—6-5y—15+18
- 2
-x+y-3
T2
Sy =Xy 2gx + 2y e
S,, for the above circle is ‘S’ value at (x, y,)
S, = (2 +3+3(-2)-53)+9
=44+9-6-15+9=1
So S, is a first degree expression inx & y.
S,,1s areal number.
° Important Note : While writing S or S, first write S = 0 in the standard form i.e., if the

4 5 7
circleis 3x* + 3)? +4x + 5y +7=0then S = x2+y2+§x+§y+§_

W

2 5
S,= X% Yyt (x+x)+ < (y+n)+
° Position of a point with respect to a circle
LetS=x>+)?+2gx+2fy+c=0beacircle inaplane and Px, y,) be any point in the same
plane.
Then
@) P(x,, y,) lies in the interior of the circle, iff S, <0
(i1) P(x,, y,) lies on the circle, iff S =0
(iii) P(x, y,) lies in the exterior of the circle, iff S, >0

y Y y

/N /N /N
P

P
< > < > < >
0 X 0 X 0 x
A\ 4 A4
A4

P lies inside the circle S| <0 P lies on the circle S, =0 P lies outside the circle S,,>0
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° Length of the tangent from P(x,, y,) to the circle
T
Tangent with respect to a circle is a straight line, which touches the circle at one point.
In the above figure the line PT is a tangent to the circle at T and T is called as the point of contact
of tangent to the circle.
If P is an external point to the circle S =0 where S =x* + )2+ 2gx + 2fy + ¢, and PT is a tangent
from P(x, y,) to the circle S =0, then the distance PT is called as the length of the tangent from
P to the circle S=0
It is given by the formula /S, . .. PT =Length of tangent from P = /S, .
Definition
The power of a point P with respect to the circle, whose centre is ‘C’ and radius 7’ is defined
as the value = (CP? - 7?)
° The power of the point P(x, y,) with respect to the circle
S=x*+)y"+2gx+2fp+c=0isS,,.

° Chord, tangent, Normal —> equations in different form.

Chord

° IfA(x, ), B(x,, ,) are two points on the circle S =0, then the eqn of the secantAB or chord
ABisS +S,=8S,

° If ‘point 0 ° = (-g+rcos 0,,—f+rsin 0 ) and ‘point0,” = (—g +rcos 0,, —f+rsin 0,) are two
points on the circle S =0 wherer =,/ g* + f? — ¢, then the eqn of the chord joining these two
points is

(x+g) cos 6 +6, +(y+ f) sin 9 +6, =rcos 6 -6,
2 2 2
° The line meets the circle in one and only one point ‘P’ ie, touches the circle.

This line is called as Tangent to the circle at the point ‘P’ on the circle
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N
Tangent at P
N
0 7"
° The equation of tangent, w.r.t the circle S =x? +)? + 2gx + 2fy + ¢ =01is

@) S, =0or xx, +yy +glx+x)+f(+y)+c=0 [pointform]

where (x,, y,) is a point on the circle S=0
(ii) y+f=m(x+g)trJl+m’ intheslope form

where r = /g’ + f? — ¢ =radius and m is the slope of tangent

(iii) (x +g)cos O+ (y + ) sinb = rin the parameteric form

where r=radius = ./ g’ + f* —c and ‘point©’ on the circle is

(~g +rcos 0, —f+rsin0)=(x, y,), 0 is the parameter
° The eqn of tangent w.r.t the circle S= x> + ) — =0 is
@) S,=0orxx, +yy, —r*=0where P(x, y) is a point on the circle
S=x*+y"-r)=0

(i) y=mxzt rm in the slope form, wherem is the slope of tangent.
(i)  xcos®O+ysinO=rinthe parameteric form at point 0’ = (» cos 0, 7 sin 0),
on the circle.
Condition for tangency
The condition for a line
L =Ix + my + n= 0 to touch the circle
S=x*+y*+2gx+2fy +c=01is

radius = perpendicular distance from the centre C to the line L=0
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I(-g)+m(—f)+n
= \/g2+f2—0=‘ ( ) ( - ) ‘ is the condition

*+m

Normal: The normal at any point P on the circle, is the line which passes through P and is perpendicular

to the tangent at P.

The eqn of normal at P is the eqn of the line passing through two points C and P.

° The equation of the normal at P(x, y,) on the circle S =x* +)* + 2gx + 2fy + c=01s
the equation of CP Centre = (g, —f) =C
L A
ie. V=N = g (x—x) P(x, »)
(two points form) eqn of CP
4 Normal at P
N
/7|
P
4
Tangent at P
N
0 7%

° The length of the chord AB=9,/;:2 _ 42

where ‘7’ is the radius of the circle and ‘@’ is the length of the perpendicular drawn from the

centre to the chord AB
In AACM, *=d* + (AM)? N
= (AM?=r—d?

= AM =+/r? —d?
length of chord AB =2AM =2+/r* —d* ‘




10 Basic Learning Material - Maths II(B) |

Chord of Contact, Pole Polar

PB =PA = Length of tangent drawn from P
=\Sy

IfP(x,, y,) is an external point of the circle

St

S =0, then there exists two tangents from P
to the circle S=0.

P V311
(x}, )
° If © is the angle between the tangents theough an external point P(x, y,) to the circle

S= 0, then

0
tan (—j = , Where 7 is the radius of the circle
2 \Y Sl 1

° If the tangents drawn through P(x , y,) to the circle
S =0, touch the circle at points A and B, then the

secant AB is called the chord of contact of P with

respect to the circle S=0

° If P(x,, y,) 1s an exterior point to the
circle S =0, then the equation of chord
of contact of P with respect to the circle P, )

S=0isS =0thatisxx, +yy +g(x

+x) 5+ ) +e=0

h f Contact of P tionis S, =
° pole and polar — definition equations Chord of Contact of P (equation is S, =0)

° Let S=0 be a circle and P be any point in the plane other than the centre of S =0. Then the
polar of P is the locus of the point of intersection of tangents drawn at the extremities of the

chord passing through P.

P is called as the pole of the polar. Polar of P

P(x, y)
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The equation of the polar of P(x , y,) with respect to the circle S=01is S =0

The pole of the line Ix + my + n =0, (n # 0) with respect to the circle x* + )? = @* is

—a’l —-a*m
n o’ n

The pole of Ix + my + n= 0 with respect to the circle S=x> + y* + 2gx + 2fy + ¢ =0 is

Ir? mr’
—8+* ma —f+ m where ris the radius of the circle.

The polar of P(x, ) w.r.t the circle S = 0 passes through Q(x,, y,) <> the polar of Q passes
through P.

Two points Pand Q are said to be conjugate points with respect to the circle S =0 if Q lies on
the polar of P. (Then P lies on the polar of Q also)

The condition that the two points P(x , y,) and Q(x,, y,) are conjugate points with respect to
the circle S=0is S, =0

Thatisx x, +y ¥, + glx, +x,) +f(y, +y,) +c=0

If P and Q are conjugate points with respect to the circle S = 0, then the polars of P and Q are

called as conjugate lines with respect to the circle S=0
or

Two straight lines are said to beconjugate lines with respect to the circle S =0, if the pole of

one line, lies on the other line.

The condition for the lines/ x +m y +n =0and x +my +n,=0 to be conjugate lines with

respect to the circlex* +y*=a*is a*(I,[, + m m,) =n n,

The condition for the lines/ x +m y +n =0and Lx +m,y + n,= 0 to be conjugate lines with

respect to the circle S =x* +)y? + 2gx + 2fy + ¢ =0is

P L+mm)=(Ig+mf-n)x(Lg+mf-n)where r=./g>+ f>—c

Let C be the centre and 7’ be the radius of the circle S = 0. Two points P and Q are said to be
inverse points with respect to the circle S =0, if the points C, P, Q are collinear such that P
and Q are on the same side of C and (CP) x (CQ) =172
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Theorem :

polar of P
° The inverse of the point P with respect to the circle
S =0 is the foot of the perpendiuclar drawn from P and Q are
the centre of the circle S = 0 to the polar of P. ' inverse points
P
Problem
1. Find the inverse point of (-2, 3) with respect to the circlex? +y?>—4x—6y+9=0
Sol: The given circleis S=x*+)*—4x—6y+9=0 .. (1)
comparing with the standard eqn we get
2¢=—4 = g=-2
2f=—-6 = f=-3
c=9
centre = (—g, —f)=(2,3)=C
LetP=(-2,3)
equationof CPis y — ), = % (x - xl)
3-3
= y—3:_2_2(x—2)
= y-3=0 - (2)
The polar of Pis S, = 0 where P (x, y)) = (-2, 3)
=  xx, tyy +2x+x)-3p+y)+9=0
=  x(2)+y3)-2(x-2)-3(y+3)+9=0
= 2x+3y-2x+4-3y-9+9=0
= 4x+4=0
= 4x+1)=0
= —x+1=0 ..(3)

Let ‘C’ be the centre and ‘7’ be the radius of the circle S = 0.

Two points Pand Q are inverse points if and only if, Q is the point of intersection of the polar of

Pw.r.tthe circle S =0 and the line joining P and C.
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Solving (2) and (3), we get

x=1,y=3
The, inverse pointof Pis Q=(1, 3)

° If P(x,, y,) is the midpoint of the chord AB (other than the diameter) of the circle S =0, then the

equation of secant ABis S, =S,

P(x, y,) is the mid-
A_ _B point of the chord AB
eqnof AB isS, =S,
Thatis,xx, +yy +gx +x)+f(y+y)tc=x2+y>+2gx +2f +c.
° Very important. (learn the derivation)

Show that the combined equation of the pair of tangents drawn from an external point P(x, y,)
to the circle S=0is S?=S.S .

Sol :

] (x, 3,

P(x,»)
Let A and B be the points of contact of tangents drawn fromP(x , y,) to the circle S=0
Then AB is the chord of contact of P and its equation is S = 0.

Le,xx tyy tgt+x)+tf(y+y)te=0
Let Q(x,, y,) be any point on one of the tangents

Now the locus of Q is the equation of the pair of tangents drawn from P.
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The line AB ie, S, =0 divides PQ in the ratio Sy

! - We know that

PB -S|, L=0
= BA- < . (1)

BQ S,

But PB=,/S,, =length oftangent drawn from P R

BQ=,/S,, =Length oftangent drawn from Q M(x,, ) N(x,, 1)

PB /S,

RO - (2)

BQ /S ( - L

2 R divides pN in theratio ~ L_“
22
From (1) & (2), we get SR
et s, T,
Squaring on both sides, we eti = Sl_lz = -2
q g ’ g S22 S122 S22 SIZZ

= S,=8,-5S,

The locus of Q(x,, y,) is

§7=8,-S
= S 2=S-S, is the eqn of the pair of tangents drawn from an external point P(x , y, ) to the circle

S=0.

Hence proved.
Common Tangents
° A straight line L is said to be a common tangent to the circles S=0 and S =0, if it is a tangent

toboth S=0and S'=0.

Common Tangent
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° Any two intersecting common tangents of two circles and the line joining the centres of the

circles are concurrent.

Line of Centres
The two common tangents and the line of centres

intersect at Q (concurrent at Q)

° The point of intersection Q, of two common tangents (if exists) of two circles and the centres C,

and C, of these two circles are collinear.
C,, C,, Qare collinear (lie on a st. line)

° The pair of common tangents to the circles S =0 and S' = 0, touching at a point on the line
segmentC,C, (C,, C, are the centres of the circles) is called transverse pair of common

tangents.

Transverse Common Tangent

Transverse Common Tangent
° The pair of common tangents to the circles S=0and S' =0, intersecting at a point not in C,C,

is called as direct pair of common tangents

Direct Common Tangents

Line of Centres

Direct Common Tangents

The two common tangents and the line of centres

intersect at Q (concurrent at Q)
° The point of intersection P, of transverse pair of common tangents is called asInternal centre

of similitude.
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° The point P, divides the segment C,C, intheratior, : r, internally. (where 7, is the radius of the

circle with centre C| and r,, is the radius of the circle with centreC)

° The point of intersection Q, of direct pair of common tangents is called asexternal centre of
similitude.
° The point Q, divides the segment C,C, in the ratio 7, : r, externally.

° P,Q,C,, C,areall collinear.
Where P is the internal centre of similitude,
Q is the external centre of similitude,
C,, C, are the centres of the two circles.
Relative positions of two circles

Let C,, C, be the centres and 7, 7, be the radii of two circles S =0 S' = 0 respectively.

Let C,C, represent the line segment fromC, to C..

The following cases arise with regard to the relative position of two circles.
Case (i)

each of'the given pair of circles lies in the exterior of the other

condition: C,C, >r,*r,,(r,#r,)

In this case the two circles do not intersect.

Direct Common Tangents

Direct Common Tangents

Transverse Common Tangents Transverse Common Tangents

For two non - intersecting circles, we can draw two direct common tangents and two transverse

common tangents
So we can draw FOUR COMMON TANGENTS

P is the internal centre of similitude, Q is the external centre of similitude
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Case (ii)

condition C,C, > r,tr,,r=r,

AN /

> Direct Common Tangents

C‘\/ C)
> Line of Centre

< ‘/ \, > Direct Common Tangents

Transverse Common Tangents

Transverse Common Tangents

The circles are non - intersecting circles.

The transverse commen tangents intersect at P, the internal centre of similitude.
The direct common tangents are parallel to C,C,

The external centre of similitude, Q, does not exist.

So we can draw four common tangents
Case (iii)
Condition: C,C, =r,+r,

N

C, P thne of Centres

4
Transverse Common Tangents
The two circles touch each other externally.
The internal centre of similitude ‘P’ is the point of contact of the two given circles
At ‘P’, there is only one transverse common tangents.
The direct common tangents intersect at Q, the external centre of similitude.

So in this case we can draw THREE COMMON TANGENTS

Direct Common Tangents

Direct Common Tangents
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Case (iv)

Condition : [r,—r,|< C,C, <r, * r
1~2 1 2 .
Direct Common Tangents
Line of
Centres

In this case the two circles

intersect each other. .
Direct Common Tangents

In this case the two direct commen tangents intersect at Q, the external centre of similitude. /N
We cannot draw transverse common tangents
So the internal centre of similitude does not exist.

In this case we can draw only Two common tangents

Case (V)

Condition: C,C, = |r,—r,)|

In this case, the two circles touch each other internally

we cannot draw transverse common tangents

= Theinternal centre of similitude does not exist
Only one direct common tangent can be drawn at the point of contact, Q, of the two circles.
In this case, we can draw only ONE COMMON TANGENT

Case : (VI

Condition: C,C, < |r,—7,|
In this case one circle lies entirely in the interior of the other circle.
The number of common tangents that can be drawn to
the two circles is zero

No.of commen tangents = zero

Note : Two circles are said to be touching each other if they have only one commen point

Case : (VID)

= If C,C, =0, then the centres of the two circles, coincide

= They are concentric circles

= The no. of common tangents drawn to the two circles is zero

Concentric Circles



Sol :

Sol :

Problems

Find the equation of the circle whose centre is (2, 3) and radius is 5.
Equation of'the circle whose centre is (@, ) = (2, 3) and radius =r=>5is
(c—ap+(y—bp=r

(x=2P+@-32=5

X+4-—4x+y’+9-6y—-25=0

X*+yP—4x—6y—12=0

Ifthe extremities of diameter of a circle are (3, 5) and (9,3), then find the equation of the circle.

The equation of the circle whose ends of the diameter
are  A=(x,»)=(3.5andB=(,)=(.3) A/\B

is —x)(x-x)*@-y)(y-»)=0

= xE-3)x-9+Hr-5@r-3)=0

= X=9x—-3x+27+y*-3y-5y+15=0

= X*+yP—12x—-8y+42=0

Find the centre and radius of each of the following circles.
(1) X*+y*—4x—-8y—41=0

(ii) 3x> + 31> — Sx — 6y +4 =0

Sol : (i) Given circle isx?> +)? —4x—8y—41=0

Comparing it with the standard equation of the circle

X2+ y*+2gx +2fy + ¢ =0, we get
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2g=—4,2f=-8, c=-41

4 -8
Ty TS 4e=—al.
= 875 /=5

centre = (=g, ) = ((-2), (-4 =(2,4)

radius = \Jg” + 7 —¢ = (<2)" +(—4)’ —(41) =4+16+41 =61

(ii) Given circle is 3x* +3)? - 5x -6y +4=0

2 2
= 3i+3l_5_x_6_y+i:0
3 3 3 3 3

= X +y ——x-2y+==0
TS

Comparing this equation with the standard equation
X2 +3?+2gx + 2fy + ¢ = 0 of the circle, we get

[Note : Always write the equation of the circle in the standard form with coeff ofk* and y* as one so

divide all the terms by 3, so that coeff ofx* & y* becomes one]
-5 4
2g="2,2f=-2c=—
¢=52 3

- g:%s’ f:—l)c:%

centre =(—g —f)= (%, lj

radius = g+ [ —c =\/(%5] +(_1)2_§

36 3 36

_ﬁ_ﬁ_ﬁ
“\36 36 6

Note : When C is the centre of the circle, and if the circle passes through the point P, the distance

25 . 4 \/25+36—48
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CP is the radius of the circle.

CP=r

4. Find the equation of the circle passing through the point (2,—1) and having centre at (2, 3)
Sol: Centre=C=(a, b)=(2,3) LetP=(2,-1) P
Since the circle passes through the point P, CP=r
radius = distance CP
= \/(2 — 2)2 +(3+ 1)2 distance formula : \/(xl - X, )2 +(—» )2
=0+16
=JE:4=K
The equation of the required circle is (x —a)* + (v — b)* = r*
= (x=2P+@@-3y=4
= X*+y?P—4dx—-6y+4+9-16=0
= X+yP—4x—-6y—-3=0
Second Method
Let the equation of the circle be S =x2+)? +2gx + 2fy + ¢=0 .. (1)
Its centre is (—g, —) = (2, 3)
= —g=2,-f=3
= |g=-2||f=-3]
Now the circle (1) becomes x> +)? +2(-2)x +2 (-3)y+¢=0
= X+yP—4dx—6y+tc=0 .. (2)
It passes through the point (2, —1)
= It satisfies the point (2, —1). Substituting in (2), we get

2P+ (-12 —4(2) - 6(-1) +c=0
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= 4+1-8+6+c=0 = c=-3
= c=-3
Substituting the values ofg, £, ¢ in (1) we get the required circle as
X +y' —4x—-6y-3=0
5. Obtain the parametric equations of the following circles.
(i) 4 +)%) =9
(i) x*+y*—4x—6y—12=0
Sol :
i)  Givencircleis4(x>+)?)=9 = x’+)’= %
Comparing this equation withx?+ y* =2 we get r° = %
o 9 9 3
centre of the circleis (0,0)=(x,,y,) = 7= 1 =ﬁ =§
The parametric equations of the circle are
x:x,+rcose} x=0+%cose :>x=%cose
y=ytrsin 9 y=0+§sin9 y=§sin9
2 2
when (x, y,) = centre, 0<0<27
(ii) Given circleis x> +)?—4x—-6y—12=0

Comparing with the standard equation x> +)? +2gx + 2fy +¢=0
we get 2g=-4, 2f=-6,c=-12
g=-2, f=-3,c=-12

centre = (g, -f) = (2,3) = (x, »)

radius=r=~/g> + f2—c =4+ 9+12 =25 =5
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The parametric equations of the circle are

X=Xx,+r cosO . x=2+5cos 0
y=y +rsin 0 y=34+5sin 6, 0<0< 2n
6. Find the values of @, b if ax* + bxy + 3y*—5x +2y—-3=0
represents a circle. Also find the radius and centre of'the circle
Sol: The giveneqnisax®+ bxy +3y*—5x +2y—-3=0
It represents a circle if coeff ofx2 = coeff of y?
and coeff of xy is zero
= a=3andb=0
The circle is 3x* + 3y - 5x +2y-3=0
Divide by 3,
2 2
., 33X 3y Sx 2y 3.0
3 3 3 3 3 3
5 2
= ¥ +y —=x+=y-1=0
y 3 3 y
comparing this equation with x> +)? + 2gx + 2fy + ¢ =0, we get
-5 2
20=—, 2f ==, c=-1
g=3 2=3
= = _—5 = l c=-1
g 6 ) 3 D)

centre= (—g,—f) = (%,—%j

radivs =@ /¢ =J(§j2+(—lj2—<—1>

25 l+1_\/25+4+36_ 5 65 65

“\36 9 36 36 36 6

. 465
radius = T
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7. Ifx? + )% —4x + 6y + ¢ = 0 represents a circle with radius 6, then find ¢
Sol.  Comparing the given circlex? + )? —4x + 6y + ¢ = 0 with
the standard equation x? + y* + 2gx + 2fy + ¢ = 0, we get
2¢=-4,2f=6,c=c

= g=-2,f=3,c=c

radius =6 = JJg'+f-c=6

Squaring on both sides, we get

gHfi-c=6

= (-2 +3*—c=36

= —=36-4-9

= =23 =

8. Find the equation of the circle passing through the three points (3,—4), (1, 2), (5,—6)

Sol: LetA=(3,-4),B=(1,2),C=(5,-6)
let P(x,,y,) be the centre of the circle passing through the points A, B and C

Then PA =PB = PC =radius of the circle

A

s}

C

NowPA=PB = (x,=3) +(3+4) =y(n 1) +(31-2)
Squaring on both sides we get, (x, —3)* + (v, +4)* = (x, - 1> + (v, - 2)
xP—6x +9+y2+8y +16=x>-2x +1+y>— 4y +4

—6x, + 8y, +25+2x +4y, -5=0

—4x + 12y, +20 =0

4(—x, +3y, +5)=0

A

—x, +3y, +5=0 .. (1)
Again PB=PC = Squaring on both sides PB?> = PC?
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L I

Note :

Sol :

(6~ 1P+, =2 = (1~ 5P+ (7, + 6)
xP=2x, +1+y>—4y +4=x7-10x +25+y?>+ 12y + 36
—2x, =4y, +5+10x, — 12y, =61 =0
8x, — 16y, =56 =0
8(x,—2y,-7)=0
x, =2y, =7=0 ..(2)
Solving (1) & (2) weget
-x,+3y,+5=0

x,=2y,-7=0

y—-2=0

y =2
substituting y, =2 in (2), we getx, —2(2)-7=0
x =4+7=11

P=(x,y,)=(11,2)is the centre of the circle

Radius =PA= \[(11-3) +(2+4)’ =8+ 6 =J/64+36 =100 =10

r=10

The equation of the circle passing through the points A, B & C
is(x—x)+Q@—-y)y=r

(x—112+ @ -2y =10

X*+y?-22x—-4y +25=0

Centre (a, b) = (x,, y,) and (x—a)’ — (y— b)> = r*is the equation of the circle.

Show that the points (1, 2), (3,—4), (5,-6), (19, 8) are concyclic and find theequation of the
circle on which they lie

LetA=(1,2),B=(3,-4),C=(5,-6), D=(19, 8) be the given points. They are concyclic,
ifthey all lie on the same circle.

LetS=(x,,y,) be the centre of the circle passing through the points A, B, and C.
Then SA=SB=SC
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Now SA =SB = SA? = SB?
= @D 0= =(x-3) + (44
xP=2x +1+y>—4y +4=x>-6x +9+y>+8 +16
—2x, -4y, +5+6x -8y, -25=0
4x,— 12y, -20=0
4(x,—3y,-5)=0

N

x, -3y, -5=0 .. (1)
Again SB=SC = SB? = SC?

(x1_3)2+(y1+4)2= (x1_5)2+(y1+6)2

xP—6x +9+y2+8y +16=x7>—10x, +25+y>+ 12y + 36

—6x, + 8y +25+ 10x, - 12y, - 61 =0

4x, —4y, —36=0

4x, -y, -9 =0

L

x, -y, -9=0 ..(2)
Solving (1) and (2) we get
x,—=3y,-5=0
x— »-9=0
- + o+
-2y, +4=0
= 2y, =4

__4_

=—=2
-2

= Y

substituting y, =2 in (1), we get x, -3(2)-5=0 = x, =11
centre = (x,, y,) = (11, 2)
radius=SA =

= J(11=1) +(2-2) =107 40" =100 = 10
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The equation of the circle passing through the points A, Band Cis (c—x,)* + (y -y )* = 1>

= (x—1172+ (y—2)*=10?

= X+ —22x—4y + 121 +4-100=0

= X*+y?—=22x—-4y +25=0 ..(3)
Now substituting D= (19, 8) in (3), we get
(19)* + (8)* —22(19) — 4(8) + 25
=361 +64—-418—-32+25
=450-450=0

= D lies on the circle (3), Hence proved
The four points A, B, C, D lie on the circle (3)
iex? +)?-22x -4y +25=0
The points A, B, C, D are concyclic.

Note : Four points are said to be concyclic if they all lie on the same circle.
A

D

The equation of the circle with centre (a, b) and radius ‘7’ is (x—a)* + (y— b)* =12
If centre is (x,, y,), Then the circle is (x —x,)* + (y =y )* =7
10. If(2,0),(0, 1), (4, 5) and (0, ¢) are concyclic, then find ‘c’.
Sol: LetA(2,0),B=(0,1),C=(4,5),D=(0,c)be the points which are concylic i.e., the points

lying on the same circle.
LetS= (x,,»,) be the centre of the circle passing through the points A, B, C and D.
Then SA=SB=SC=SD
Now SA =SB Squaring on both sides SA? = SB?
= =2+, 0= (- 0P+ (@, -1y

= )c12—4x1+4+y12 =x12+y12—2y1+1
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—4x, +2y, +3=0
Again SB=SC
Squaring on both sides
SB? = SC?

(=0 + (=2 =(x,—4) +(y -5

x;+ 0 =2y, +1=x7 —8x, +16+y, =10y, +25
8x,+8y,-40=0

2(4x,+4y,-20)=0

4x, +4y,-20=0

solving (1) and (2)

—4x,+2y,+3=0
4x,+4y,-20=0
6y,—17=0

J’:Z

substituing in (1) we get
—4x, +2(1€7j+3 =0

—4x, +%+3:0

17+9

—4x, + 0

1

)

(1)
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Now SC = SD = Squaring on both sides SC?>= SD? or SA =SD = SA?=SD?

Here we cantake SA=SD  (or) SB=SC (or) SC=SD
Since SA is simple because A= (2, 0), taking SA=SD
Squaring on both sides SA? = SD?

=S -2+, -0 = (,—0F +(p, — o)

= xP—dx +4+y? =x>+y’-2cy +

= —Ax, +4=-2cy +c

= —4(Ej+4:—2c(1—7j+c2
6 6

o 26,4 7c o
3 3

—26+12 _ —17¢+3c?
3 3

= —14=—-17c + 3¢
= 3¢2—17¢+14=0
= (c—-1)(Bc—-14)=0

C1744289-168 1744121 17411

C
of 2(3) 6 6
8 6
6 ° 6
2o
3 or

14
c=1lor ? , But when ¢ =1, the point D is (0, 1) which is same as point B. Since A, B, C, D

14
are four different points, D= (0,c) = (O, ?j
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I1. Find the equation of the circle passing through (2, 3) and concentric with the circle
X+ +8x+ 12y +15=0
Sol: Givencircleisx?+)*+8x+ 12y +15=0 .. (1)
The equation of any circle concentric with (1) is
X*+y+8x+ 12yt k=0 ..(2)
(-.- centres of concentric circles are same)
It passes through the point (2, 3)
= 22+32+8(2)+12(3) +k=0
= 4+9+16+36+k=0
= k=-65
substitutingk=-65 in (2), we get the required circles as
X+ +8x+12y—-65=0 Ans
12.  Show that A(2, 3) lies on the circlex* + y*—8x—8y +27=0
Also find the other end of the diameter through A
Sol: Givencircleisx* +)?—8x—8y +27=0 .. (1)
Substituting A(2, 3) in it we get
224+32-8(2)-8(3)+27=0 2,3) .
—4+9-16-24+27 A 3 1B (x), )
=40-40=0
= A lies on the circle (1)

Let C be the centre and AB be the diameter of the circle
X +)yP—8x—-8 +27=0
comparing with x> +)? + 2gx + 2fy + ¢ =0, we get
2¢=-8 2f=-8 c=27
=>g=-+4 =>f=-4
Centre=C=(—g )=(4,4)
LetA=(2,3)and B=(x,y,) be the other end ofthe diameter AB.
Then C is the midpoint of AB.
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= (4’ 4) :[ﬁ’ ﬂj

2 2

- 4:2+xl’ 4:3+y1
2 2

= 8§=2+x, 8=3+y,

= x, =6, y,=5

= B =(x,,»,) = (6, 5) is the other end of the diameter

13. Find the equation of the circle passing through (4, 1), (6, 5) and having the centre on the line
4x+y—-16=0

Sol: First Method
Letx* +y*+2gx+2fy+¢=0 .. (1)
be the circle passing through the points A (4, 1) & B (6, 5)
Then Alieson (1)

= 42+12+2g(4)+2f(1)+c=0

= 17+8g+2f+c=0 ..(2)
Again B(6, 5) lieson (1)

= 6% +52+2g(6) +2f(5) +c=0

= 61 +12g+10f+c=0 ..(3)
Now centre (—g, —f) lieson4x+y—16=0

= 4@+ (S)-16=0

= —(4g+f+16)=0

= 4o+ f+16=0 .. (4)
2)-3)

= 17+ 8¢+ 2f +c=0
61+12g+10f+c=0

—44 —4g-8f =0

= 411 +g+2f)=0
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= I1+g+2f=0 .. (5
Solving (4) & (5) we get

2x(@4) = 8g+2f+32=0

g+2f+11=0
Tg+ 21=0
-21
RO = lg=33

Substituting g=-3 in (4), we get
4(-3)+f+16=0

=  f=-16+12=-4 =
Substitutingg=-3, f=—4in (3), we get
61 +12(-3)+10(4)+c=0

= 61-36-40+c=0

=
Substituting in (1) we get the required circle is
X2+ +2( 3 +2(4)y+15=0

= X*+yP—6x—8y+15=0

Second Method

LetS =(x,,y,) be the centre of the circle passing through the points A(4, 1) & B(6, 5). Then
SA=SB

A
= SA? = SB?
= (= 4P+ @,— 1P =(x,— 6+ (v, 5
= x?=8x, +16+y>-2y +1
= x2— 12x,+36 +y2— 10y, + 25 B
= 8x,—2y +17+12x, + 10y, 61 =0
= 4x,+ 8y —44=0 (1)

Now the centre S(x, y,) lieson4x +y—-16=0
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=

Sol :

4, +y, —-16=0 ..(2)
Solving (1) & (2), we get

4x,+8y, +44=0

4x,+ y,—-16=0
- - 4+
28
7y,—-28=0 = y1=7=4
Substitutingy, =4 in (2), we get
4x, +4-16=0
_12_3
4x, =12 = xl—?—

The centre of the required circle is S=(x, y,) = (3,4)

Radius = distance SA = \/(3 —4)2 +(4—1)2 =J1+9 =410

The equation of the required circle is (x —x,)* + (y —y,)* =7°

(x=3) +(y—4) =(v10)
X—6x+9+)y?-8y+16=10
X*+y’—6x—8y+15=0

Find the equation of the circle whose centre lies on the, x - axis and passing through (-2, 3) and
4,5)

First Method

Let the required circle be x2 + y? +2gx + 2fy + ¢=0 .. (1)
Its centre (—g,— /) lies on the x-axis

= /=0

It passes through (-2, 3)

(2 +32+2g(-2)+2(0)(3) +c=0 v f=0

13-4g+¢=0 .. (2)
It passes through (4, 5)

42+ 52+2¢g(4)+0+c=0
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= 41 +8g+c=0

Solving (2) & (3) we get

13 -4g+c=0

41+ 8g +c=0

-28 -12g =0 = -12g=28
S T

SV
Substituting & = _? in (2) we get
13—4(_—7j+c =0 = 13+§+c =0
3 3

39+28

= +c=0
3

67

—+c=0
- 3

c=_ 57
= 3

Substituting the values ofg, 1, cin (1) we get the required circle as

x*+y? +2(_—7jx+2(0)y—6—7 =0

3 3

= 3 +)) - 14x-67=0
Second Method

Since the centre of the circle lies on x- axis,

let the centre be S = (x, 0)

The circle passes through the points A(-2, 3) and B(4, 5)
= SA=SB

Squaring on both sides, we get

SA?=SB?

- (3)

Ans
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u 0l

U

15.

Sol :

(x, 2y +(0-3)7=(x,—4)? +(0-5)

A
xP+d4x +4+9=x>+16—-8x +25
4x, +13+8x, —41=0
12x, =28 =0
B
28 7
xlz—:—
12 3

. 7
The centre is S = (x, 0) = (5, Oj

7. 7+6)
2
RadiuserDistSAz\/(§+2j +(0-3) =\/(Tj +9
(13)2 169 250
3 9 9

The equation of the required circle is

250

(e-n) 07 < ﬂz

,  , ldx 250 49
X+ y ——=——

3 9 9

3x* +3y* —14x _ o7
3 3

3x*+ 32— 14x—-67=0
If the abscissae of points A, B are the roots of the equationx? + 2ax — b* = 0 and ordinates of
A, B areroots of y? + 2py — ¢* =0, then find the equation of a circle for which AB is a diameter.
LetA=(x,y), B=(x,»,)

Then x, and x, are the roots of x*+2ax—-b*=0and
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y, and y, are the roots of )* + 2py — ¢* = 0.
because abscissac of A & B arex, & x,
and ordinates of A& B arey andy,
Now for the equation x* + 2ax — b* =0,
Sum of the roots =x, +x, = ﬂ - _2q
1
-bh? 5
Product of the roots = X, - x, = T b
Similarly for the equation)”? +2py —¢*=0,
-2
sum of the roots =y, +y,= Tp =-2p
_ _ 4 ’ _ 2
product of theroots= y, -y, = T =—q
Now the equation of the circle with AB as diameter is x—x)(x-x)+@-y)(¥-y,)=0
= ¥-x x-x,x+xx,+y-yy-y,y+tyy, =0
= x2+y2_(x1+x2)x_(y1+y2)y+(x1x2+y1y2) =0
= xX*+y +2ax+2py—b*—q¢*=0
[Note :for the quadratic equation ax® + bx+ c=0,
-b —(coeff of x)
Sum of'the roots = 4 cooff of <2
Product of th o= & constant |
roduct of theroots=—=——7—"—
a coeff of x°
16.  Find the equation of the circle passing through (0, 0) and making intercepts 4, 3 on x axis and
y - axis respectively.
Sol: Lettherequired circle be

X+ +2ax+2fp+c=0 .. (1)

It passes through (0, 0) =
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Its x - intercept is 4

= 2{g’—c=4 = g—O:%

= Jg=2 =ig=2
>

Similarly, its y - intercept is 3

=  2ffi-c=3 =2 -0=3= =

3
2

3 3
= tf=—=|f=%=
4 2 / 2

substituting the values ofg, f, cin (1)
we get the required circle asx? + > +4x + 3y =0

17.  Showthat the locus of the point of intersection of the linesx cos a.+y sin oo = a and x sin a.—

ycosa=bisacircle (o is a parameter)
Sol:  Let(x,, y,) be the point of intersection
ofthe linesxcosa+ysina=aandxsino—ycosa=b
= x, cosaty sina=a .. (1)
X sina—y cosa=bh ..(2)
Squaring (1) & (2) and then adding, we get
(x, cos a+y, sina) + (x, sino—y, cos o)’ =a’ + b
2 2 2 c1n?2 1
= x2cos> o+ ?sin’ o+ 2x, y, sin o cos o
+x*sin® o +y > cos’ o — 2x, y, sin o cos o = a* + b
= x2 (cos® o+ sin* a) + y, 2 (sin” o, + cos” o) = a* + b’
2 2 — 2 2
= x’ty?=a +b

= The locus of (x, y) is x* +y* = a* + b’

which represents a circle with centre (0, 0) and radiusv a” + b
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18.

Sol :

Y U

U

Find the equation of the circle which touches the x - axis at a distance of 3 from the origin and

making intercept of length 6 on the y - axis.

Let the equation of the required circle be

X2+ +2ex+2fy+c=0 .. (1)
ANV
M
It touches the x - axis at A 0(0,0) (3,0)
g=c ..(2)
It touches x axis at a distance of 3 from origin
OA=3 = A =(3,0)is apoint on the circle

Substituting in (1), 32+ 02+ 2g(3) + 2 (0) +g*=0, from(2) g*=c

g+to6g+9=0
(g+3)=0

g+3=0 = g=-3

= c:g2:9

y - intercept of the circle is 6

2{f*-c=6
2//7-9=-6
6
*9-0_3
/ 2

JfP-9=3

Squaring on both sides /2 — 9 = 32
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=

=

19.

Sol :

20.

Sol :

21.

Sol :

22.

£2=9+9=18 — f=+J13

f=+18
f=432

Substituting in (1), we get the required circle as
x4+ +2(=3)x+2(342) y+9=0

X+ —6x£62y+9=0
Locate the position of the point P(3, 4) with respect to the circle S =2 +)? —4x—6y—12=0

S=x*+)y?—4x—6y—12=0, P(3,4)

S, =3+4-43)-6(4)-12=9+16-12-24-12
=-23<0

P (3, 4) lies inside the circle

Find the power of the point P (5, —6)with respect to the circle

S=x*+)?+8&+12y+15=0

P=(x,»y)=(5,-6), S=x+)y"+8x+12y+15=0

power of ‘P’ with respect tothe circle S=01is S|
=52+ (-6)*+8(5) + 12(-6) + 15
=25+36+40-72+15
=44

Find the length of tangent from P(1, 3) to the circle

X+ -2x+4y—-11=0

The length of tangent from P(1, 3) = (x,, y,) to the circle S =x* +)* —2x +4y - 11 =01is /S,

= X2yt =2x +4y, —11 =149-2+12-11=1/9 =3
Ifthe length of the tangent from (2, 5) to the circle

x> +3)?—5x+4y+k=0is /37, then find k.
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Sol: Length of the tangent from P(x, y ) = (2, 5) to the circle S =x* + > - 5x + 4y + k=0 is
JS, =37
Squaring on both sides we get S | =37

=  x2ty’-5x +4y +k=37

= 224+ 52-5Q2) +4(5) + k=37

= 44+25-10+20+ k=37

= k =37-39

= k=-2

23.  Ifapoint P is moving such that the lengths of tangents drawn from P to the circle

X2 +y?—4x—6y—12=0andx* +)?+ 6x + 18y + 26 = 0 are in the ratio 2 : 3, then find the
equation of the locus of P.

Sol: LetP=(x,y)

LetS=x>+)?-4x—-6y—12=0&S'=x*+)*+6x+ 18y +26=0

The length of tangent from P to the circle S=01s,/S,,

= X+ —dx —6y, 12

The length of tangent from P to the circle S =0is /S

[l
11

= X2+ +6x,+18y, +26

Giventhat\/gz\/§=2:3
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24.

Sol :

Y U

U

x> +y>—dx, —6y —12)=4(x>+y>+ 6x + 18y +26)

Ox >+ 9y 2 —36x — 54y — 108 —4x > — 4y > —24x — 72y —104 =0
Sx 2+ 5y —60x, — 126y, —212=0

The locus of P(x, y,) is

S5x* + 52— 60x — 126y — 212 =0

Find the equation of the tangent tox? +)? — 2x +4y =0 at (3, —1). Also find the equation of

tangent parallel to it.

The given circleis S=x* +)*—2x+4y=0 .. (1)
LetP=(x,y)=(@3,-1)

S, =3¥+(1)y-23)+4-1)=9+1-6-4=10-10=0

P lies on the circle (1)

Equation of tangent at Pis S, =0

xx, tyy tgtx)tfy+y)=0

x3)+tyH)+ (D) x+3)+2@p-1)=0

3x—y—-x-3+2y-2=0

2x+y—-5=0 .. (2)
The centre of the circle C = (—g, )

C=(1,-2)

Let B be the other end of the diameter pCRB

tgtat B

Let B = (x,, y,) then C = mid point of PB

(1’ _2): (3+x1 , —1+y1]

2 2
PR AL N Sl 0]
2 7 2

2=3+x, =>-4=-1+y,

x, =-1 = |y =-3

The other end of the diameteris B = (x, y,)

= (-1,-3)
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The tangent parallel to (2), will pass through B.
Any line parallel to (2)is2x + y + k=0 ..(3)
It passes through B

= 21+ (3)+k=0

= k=5
Substituting in (3), we get the required tangent
Parallelto (2)as2x +y +5=0

25. Find the equation of the tangent at the point 3(? (parametric value of0) of the circle
X2+ +4x+6y—-39=0

Sol: The given circle isx? +y? + 4x + 6y — 39 = 0 comparing with the standard equation
X*+yP+2gx +2fy+c=0,weget2g=4,2=6,c=-39

= g=2,f=3,c=-39 0=30°

r=ygi+ i —c=4+9+39 =52
The equation of the tangent at point 30°=01is (x + g)cos O+ (y +f)sin0 =r

= (x +2) cos 30°+ (y + 3) sin 30°= /52

= (x+2)x§+(y+3)x%=2\/ﬁ

\/§(x+2)+(y+3):2\/ﬁ

2
= \/§+2\/§+y+3:4\/ﬁ
= Bx+y+3+243-4/13=0

26.  Find the equation of the tangents to the circlex? + )? — 4x — 6y + 3 = 0 which makes an angle

45° with x axis

Sol: Given circleis S =x? +)? —4x — 6y + 3 =0 comparing with the standard equation.
X +yP+2ex +2fptc=0,weget2g=—4,2f=-6,c=3

= g=-2,f=-3,c=3

radius=r= /g’ + f>—¢c =/4+9-3 =10
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27.

Sol :

> <

tangent

A S

Given that the tangent makes an angle 45°with x axis
Slope of tangent =m =Tan 45°=1

The equation of required tangent is
ytf=mx+g +rJl+m’
y=3=1(x-2) £ V10 1+1

x—y+1+£2J5=0

Show that x + y + 1 = 0 touches the circle x* + )* — 3x + 7y + 14 = 0 and find its point of

contact
GivencircleisS= x> +)*-3x+7y+14=0

Comparing with the standard equation x* +)*+2gx+2fy+c=0

we get 2g =-3, 2f=1, c=14
-3 7
=—, = C:14
75 /=3

I
: tangent

AN
7

y4
N

9 49 P
radius=r=+vg° + f*—c= —+——14 :

Point of contact of tangent
_\/9+49 4o \/__14 \F
4 2

d= | dist form the centre C =(—g, — f) =(%, - %)




44 Basic Learning Material - Maths 1I(B)

tothe linex +y+1=0

3 7 3-7+2
———+1
_|ax1+byl+c|_ 2 2 2

Ja? +b JI2 412 J2

Since » =d, the line x +y + 1 =0 is a tangent to the circle S=0.
Let P(h, k) be the point of contact of tangent.

Then P is the foot of the | " drawn from the centre

(%, —%J= (x, »)totheline x +y +1=0

o hex :k—ylz—(ax1+byl+c)

a b a’+b’
Whereax + by +c=x+y+1=0
3 7
PN
— 2 2 2
1 1 I’ +1°
_(3—7+2)
h-2 el L2
2
h—ézk+—:l
2 2
2 2 2 2
R U BT S B A JU
2 2 2 2 2 2

The point of contact of tangent is P = (4, k) =(2,-3)
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28.

Sol :

Find the length of the chord intercepted by the circle
xX*+)y*+8x—4y—16=0ontheline3x—y + 4=0

Given circle is

S=x*+)?+8x—-4y—-16=0

Comparing with the standard eqn x> +)? + 2gx + 2fy + ¢ =0,
we get 2g =28, 2f=—-4,c=-16

g=4,f=-2,c=-16

radius=r=+/g’+f* —c¢
= J#+(-2) +16

=36 =6

centre=C=(-g, —f)=(-4,2)=(x, )

Ny
AN M _“B
& >x
\4
let the equation of chord AB be 3x —-y+4=0 .. (D)

CM = d= 1" distance from the centre C to the chord (1)
B |ax1 + by, +c|

- W (formula)
ax+by+c=3x-y+4=0,a=3,b=-1,c=4

H4B3)+(-D)+4

3 +(—1)2
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29.

Sol.

i
=T = 0 Yo

length of the chord AB

=2.r*=d?

=2,/62—(x/5)2

=2436-10
=226 units

Find the length of the chord formed by x> + )? = @ on the line x cos o+ y sina=p

The given circle isx* +)? = @?

Its centre is (0, 0) =C
andradius=r=a ‘
AN M _“B

Given equation of chord is

xcosat+tysina—p=0 .. (1)
comparing with ax + by + ¢=0, we get
a=cosa,b=sina,c=—p
d = CM = length of the 1" from the centre C= (0, 0) = (x, y,)
tothechord (1)

|axl + by, +c|

W (formula)

|cosa (0)+sino( |

‘ \/COS oc+sm a ‘

Length of the chord AB = 2./ — ¢?

2 az—p2 units
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30.  Ifx*+)?=c*and g + % =lintersect at A and B then find AB. Hence deduce the condition
that the line touches the circle.

Sol.  The given circle isx* +)? = ¢?
Its centre is O = (0, 0) r d

radius=r=c

x
The equation of chord AB is o + % =1 .. (1)

d =perpendicular distance from the centre O (0, 0) to the chord (1)
=OM

_ |ax1 + by, +c|

W (formula) ~ where (x, y,) = (0, 0)

T o 11
(1)2 (1)2 -+ The line (1)is — X +—-y—1=0
+ a b

11
P

Now the length of the chord AB

=2\Jr*=d*

1

&)
a b
2 b2

\} b*+a*

=2 |’ -
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The line (1) will be a tangent or touches the circle, if this length of chord is zero.

/ a’ b?
= 2 Cz_b2+a2 =0

2712
) a b

= c” - =0
b +a’
) a’b’
= = =
b +a
- 1 a’+b*
¢’ a’b?
1 a’ b?
:> _— =

+
c? a+b>  a’b’

1 1 1
= Pl + Pl is the required condition

31.  Theline y = mx + cand the circle x* + y* = a*intersect at A and B. IfAB = 2, then
show that ¢ = (1 + m?) (a®> — \?)
Sol: The givencircleisx? +)? =a?
Its centre is O = (0, 0)
radius=r=a
The eqn of chord AB is mx—y +c=0 .. (1)

d =perpendicular distance form the centre O = (0, 0) to the line (1)

_ |ax1 + by, +c|

W (formula where (x, y,) = (0, 0))

_ ‘m(O)—O+c‘

2

m-+1 9]




| Circle |

49

32.

Sol :

<

- Jm®+1
length of the chord AB is 2+/r* —d? =2 (given)

= Nri=d* =\

squaring on both sides, we get

ERP Y
“ (mil) =
m_zcjl =AM
m_zcjrl = (=)

= (m*+ 1) (a* — A*) which is the required equation

Find the equation of the circle with centre (-2, 3) and cutting a chord of length 2 units on

3x+4y+4=0

Let the required cricle be x? + )? +2gx + 2fy + ¢=0

Its centre is (—g, —f) = (-2, 3) (given)

—g=-2,=3

N

g =2} |/ =3

b

equation of the chord AB is
3x+4+4=0

d =perpendicular distance from the centre (-2, 3) to the chord (2)

_ |ax1 + by, +c|

W (formula)  (x, y,) = (-2, 3)

B(-2)+4(3)+4

NG
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:—:2
5

The length of the chord AB is 2. (Given)
= N —=d? =2

= W =1
= r-d’=1
= rP=1+d’
= g+ fl-c=1+2° vod=2
= 2)*+ (-3 -c=5
= c=8
Substituting in (1), we get the required circle as
X+y+4x—-6y+8=0
33. Find the equation of the circle with centre (2, 3) and touching the line ¥—4y+1=0
Sol: The centre of the circle is (@, b) =(2, 3)
Since it touches the line 3x—4y+1=0,
The line 3x—4y+1=0 .. (1)
is a tangent to the circle

= radius =d = perpendicular distance from the centre (2, 3) to the tangent (1)

_ |axl + by, +c|

W (formula) ~ where (x,, y,) = (2, 3)

_B)-40)+1

JF +(-4)
=l
5

The equation of the required circle is

(r-ap+(-bp=r
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= (2P +@-3p=1

= X+y'—4x—-6y+12=0
34, Find the equation of the circle with centre (—3, 4) and touching y - axis
Sol: Let the required circle be x> + y* +2gx + 2fy + ¢ =0
Its centre = (—g, ) = (-3, 4) given
= —g=-3,-f =4

= |g=3] [f=—4

2

Since the circle touches the y - axis, f?=c¢ (condition)

= c=f1=(4r=16

=

The required circle is x> +)? +2(3)x + 2(-4)y + 16 =0

N

= X*+yP+6x—8y+16=0 y

35.  Find the area of the triangle formed by the tangent at P (v, y,) to the circlex* +y* = a*> with

the coordinate axes wherex, y, #0
Sol: ThecircleisS=x>+)*—a*>=0

The equation of tangent atP (x, y,)

7

P(x,y)

X
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to the circle S=01is S, =0
= xx, tyy —a=0

= xx tyy =a

X X

= 21+y.)2}1:1
a a
X

= —2+l2:1
a a
X 3y

2

2
: . a . a
= The tangent intersects x - axis at A (—, OJ andy - axis at B (O, —}
X M
2 2
. . a . . a
or X - interceptis — andy - intercept is —
X Y

Area of triangle formed by the tangent with the coordinate axis = Area ofA OAB

= % |(x - intercept) x (y - intercept)|

1la* a°
= —|— X —
2| x, M
4
a

= m . units

36. Find the area of the triangle formed by the normal at (3, —4) to the circle
x? +3)?—22x—4y + 25 = 0 with the coordinate axes.
Sol: Givencircleisx?* +)?—22x—4y+25=0
comparing with standard equation, we get
2g=-22, 2f=-4
= g=-11, f==2
= centre C = (—g, —-f) = (11, 2)
The point P on the circle is (3, —4)
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37.

Sol :

equation of the normal is the equation of CP

R S SN
y=Nn X, — % (x xl) where (x, y)=C& (x, y,)=P=(3,-4)
4-2
-2= x—11
y=2=5mp (1)
y—2—_—6(x—11)
-8
3x—4y=25 .. (D
3x 4y X Y
25 25 25 25
3 —4
) . 25 ) . =25
X - intercept is —, y - interceptis ——

3 4

Area of the triangle formed by the normal (1)

with the coordinate axes = 1 |(x - intercept) x (y - intercept)|
2

1125 25| 625

X —| = — i
73 T 4 4 Sq units

Find the equation of the normal to the circlex? + )?—4x— 6y + 11 =0 at (3, 2). Also find the
other point where the normal meets the circle.
The given circle isx* +)? —4x—6y+ 11 =0
comparing with standard equation,
we get 2g=-4, 2f=-6
g=-2, f=-3
centre C = (—g, —)=(2,3)
P(3, 2) is a point on the circle.

equation of normal at P is the equation of CP .
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TgtatP
P(3,2)
Q Normal at P
W=y
= yen=o—t(vox) where (x,, y,)=(2.3) & P=(x, )= (3.2)
2 1
2-3
= —3=—-(x-2
yo3=35 (x2)
= y-3=—(x-2)
= x+y-5=0

Let Q (x,, y,) be the other point where the normal meets the circle. Then ‘C’ is the mid point ofm

because the normal always passes through the centre C of'the circle.

38.

Sol :

(3+x2 2+y2j:(23)
2 72 ’

3+x, 2. 2+, _3
2 2

3+x,=4, 2+y,=6
x,=1, y=4
The other point where the normal meets the circle s ,, y,) =(1,4)
Find the equation of the circle passing through (-1, 0) and touchingx + y—7=0at (3, 4)
Let the circle pass through the point P(—1, 0) and touch the linex + y—7=0 ... (1)
at Q(3,4)

Let C = (x,, y,) be the centre of the circle.
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L I

U

Clx, )
P(-1,0
/K x+y-7=0
<& >
Q@3,4)

Then CP = CQ =radius of the circle.

(CP)* = (CQy’

TP+, —07=x-3)+@,—-4)

x2P+1+2x +y? =x7-6x, +9+y>-8y +16

8x, + 8y, =24

8 (x, +y)=24

x, +y =3 - (2)
Now CQ is " to the tangent (1)

(Slope of CQ) x (Slope of tangent (1)) =—1

x, -3
y—4=x-3
x, =y =-1 ..(3)

Solving (2) and (3), we get

x+y =3
x—y=-1 — x=1
1
2x, =2 y =2

The centre of the circleis (x, y,) = (1, 2)

Radius = Distance CP or Distance CQ

=J(1+1)+22 =8

The equation of the required circle is

(rx )+ 0=y P
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= (x=172+(@y -2)=8
= X*+yP-2x—4y-3=0

39. Find the condition that the tangents drawn from the external point g, /) to the circle S =0 are

perpendicular to each other.

Sol:  Weknow that if 0 is the angle between the tangents drawn from an external point Pg, ) to

r

Sll

the circle S =0, then tan (%j =

Ifthey are perpendicular, then® =90°

Given P(x, y,) = (g, f)

v}

&)

r r
=1=

Tan 45° =
jm— an \/8711 \/8711
o S

Squaring on both sides, we get

S, =7
xP+yr+2gx +2f, =g +f-c
gHft28@+2Y PN re=g+f-c
202 +2f2+2c=0

2(g+f?+0)=0

N

g’ + 2+ c=01is the required condition.
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40.  Find the chord of contact of (2, 5) with respect to the circlex? +)? —5x+4y—-2=0
Sol: LetP=(x,y)=(2,5)

The circleis S=x? +)? - 5x+4y—-2=0

The chord of contact of P, w.r.t the circle S=01is S, =0

=  xx tyy tgxtx)tf@ty)te=0

- x(2)+y(5)—§(x+2)+2(y+5)—2=0
=N 2x+5y—57x—5+2y+10—2:0

= 2x+7y—57x+3=0 = x-14y-6=0

41.  Find the equation of the polar of (2, 3) with respect to the circlex* +)*+ 6x+ 8y—96=0
Sol: LetP=(x,y)=(2,3)
The circleis S=x*> + )+ 6x+ 8y —96=0
The polar of P = (x,, y,) with respect to the circle S=01is S, =0
= The polar of P(2, 3) is
xx tyy tegx+x)+fFy)tc=0
= x2)+ y3)+3x+2)+4(y+3)-96=0
= 2x+3y+3x+6+4y+12-96=0
= Sx+T7y—-78=0
42.  Show that (4, 2) and (3, —5) are conjugate points with respect to the circle
X+)yP-3x-5y+1=0
Sol: LetP=(x,y)=(4,2),Q=(x,y,)=(3,-5)
The circleis S=x?>+)?-3x—-5y+1=0
Now  S,=x,x, +yy,+g +x)+ () +y)+e

=4(3) +2(-5) - %(4+3)—%(2—5)+1

:12—10—2+ E+1
2 2
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_y 21,15 _ 621415 _0_
2 2 2 2
Since S, =0, the points P and Q are conjugate points.
43.  Find the pole of x + y + 2 =0 with respect to the circle x> + ) —4x + 6y —12=0
Sol.  To find the pole of the linex +y +2=0 .. (D)
with respect to the circle x* +)? —4x + 6y —12=0 .. (2)
comparing (1) with Ix + my + n=0
weget/l=1,m=1,n=2
because, (1)isl.x+1.y+2=0
comparing (2) with the standard equation x* + y* +2gx+2fy +c=0
we get 2g=-4, 2f=6, c=-12
= g=-2, f=3, c=-12
radius=r=m=m=5
The pole of Ix + my + n=0 w.r.t the circle S=0
2 2
s (_ng lg+fo:f—n S +n:1:f—nj
Thepoleof(l)is=[2+ 1x25 ,—3+ 1x25 J
1(-2)+1(3)-2 1(-2)+1(3)-2
= (2 + 2, -3+ EJ
-1 -1
=(2-25,-3-25)
=(-23,-28)
44. If (4, k) and (2, 3) are conjugate points with respect to the circlex? +y? =17, then find £.
Sol: LetP=(x,y)=(4k), Q=(x,y,)=(2,3)
given circleis S=x* +)> —17=0
It is given that P and Q are conjugate points
= S,=0
= x, x,ty y,-17=0
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=

=

45.

Sol :

42)+k(3)-17=0
8+3k—17=0
3k=9

k=3

Show that the lines2x + 3y + 11 =0 and 2x— 2y — 1 =0 are conjugate lines with respect to the
circlex? +y?+4x+6y+12=0

Given lines are 2x + 3y + 11 =0 .. (D)
and 2x—-2y—-1=0 ..(2)
comparing them with the equations/ x +my +n =0

and [x + my +n, =0, weget

The circle isx? +y?> +4x + 6y + 12 =0 ..(3)
Comparing it with the standard eqn x> +)? +2gx +2fy +¢=0
we get 2g =4, =>g=2

2f=6 = f=3

c=12 =>c=12

Ifthe lines (1) & (2) are conjugate with respect to the circle (3) then they should satisfy the

conditon

P L+mm)=(1 g+mf—n)x(,g+mf—n) (D
So,
LHS =7 L+mm)=(g+f*~c)( L+ m m)
=(4+9-12) (2(2) +3(-2))
=+1)@4-6)=-2
RHS =( g+mf—-n)x(,g+mf —n,)
=[2(2)+33)-11]1x[2(2)+(-2) (3) + 1]
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—(@A+9-1)x@d-6+1)
=(2) (-1)=-2
LHS =RHS.

Since the condition (I) is satisfied, the lines (1) and (2) are conjugate lines with respect to the

circle (3), Hence proved.

Second Method
Given lines are 2x + 3y + 11 =0 .. (D)
and 2x-2y—-1=0 ..(2)
The circleis S=x* +y? +4x+ 6y + 12=0 ..(3)
LetP ¢, y,) be the pole of (1) 20=4=>g=2
The polarof Pis S, =0 2f=6 =>f=3

=  xx tyy tgxtx)tf@ty)te=0

= Ottt (o, Hf )y gy, tfy, to)=0

= (x, +2x +(y, + 3y +(2x, + 3y, +12) =0 .. (4)
Now,

(1) and (4) represent the same line

= The corresponding coefficients are proportional

_ xl+2:yl+3:2x'+3yl+12:k(say)
2 3 11

N x1+2:k’ y1+3:k’ 2x1+3y1+12:k'
2 3 11

= x =2k-2, y =3k-3

= 2x, + 3y, + 12 =11k

= 2k-2)+33k-3)+12=11k

= 4k —-4+9%—-9+12—-11k=0

= 2k—1=0

= k:l

2
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X, :26)—2:1—2:—1, y, :%—3:——

The pole of line (1) is P(x,, y,) = (—L-%)

Substituting P in eqn (2), we get

2(-1 2(_—3j1
D2\ |-

=24+3-1=-3+3=0
= P satisfeis eqn (2) = P lies on line (2)
= The pole ofline (1) lies on line (2)
= The lines (1) and (2) are conjugate lines with respect to the circle (3). Hence proved.

46.  Find the value ofk, if kx + 3y—1 =0 and 2x + y + 5 =0 are conjugate lines with respect to
the circle x> + ) —2x -4y -4 =0.

Sol: Thelineskx+3y—1=0 .. (1)
and 2x+y+5=0 ... (2) are
Conjugate line w.r.t the circlex* + ) —2x—4y—4 =0
Comparing them with/ x +m y+n =0and Lx+my+n,=0

and S =x? +)?+ 2gx + 2fy + ¢ =0, we get

[, =k [,=2, 2g=-2, =>g=-1,
m, =3, m,=1, 2f=-4, =f=-2,
n =-1, n,=35, c=-4, =c=-4.

Since the lines (1) & (2) are conjugate lines, they satisfy the condition

P L+m m)=(1g+mf-n)(lg+mf—n)

=@+ -0 *k@)+3 M) =k +3 )+ 12D +1(-2)-5]
= (1+4+4)2k+3)=[-k-6+1][-2-2-5]

= 92k+3)=(k-5)(-9)

= 9 (2k+3) = (k+5) (9)
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=2k+3=k+5

= Ans

Second Method

Given thatthe lineskx +3y—1=0 ... (l)and2x+y+5=0
.. (3)

lines with respect to the circle S=x*+)?—2x—4y—-4=0
Let P (x, y,) be the pole of line (2)
Then the polar of Pis S, =0
=xx, Ty, -x+x)-2@+y)-4=0
=@ -Dx+ (,-2)y—x-2y,-4=0 . (4)
Now
(2) & (4) represent the same line

= The corresponding coefficients are proportional

x -1 _ y—2 _ —x -2y -4 = m (say)
2 1 5

n-1__ »n-2  —x-2y-4
= =m; ——— S —
2 1 5

= x,=2mtl,y =m+2, —x -2y —4=5m
= -C2m+1)-2(m+2)—4=5m
=>2m—-1-2m—-4-4-5m=0
=-9-Im=0=

Lox, = 2m+ 1=2(-1)+1=-1

y=m+2=-1+2=1

.. The pole of line (2)isP (x,y) = (-1, 1)

Since (1) & (2) are conjugate lines, pole of (2) lies on (1)

= Plieson(1). .. Substituting P in (1) we get

k1)+3(1)-1=0

=-k+3-1=0 = Ans

.... (2) are conjugate
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47. Find the angle between the tangents drawn from (3, 2) to the circle
X+yr—6x+4y—-2=0

Sol.: LetP=(x,y,)=(3,2) & Circle S=x’+)* - 6x + 4y — 2 = 0 we know that if ‘0’ is the
angle between the tangents drawn from P (¢, y,) to the circle S = 0, then

— 2 2
because S| = x *y >+ 2gx +2fp +c¢

Tan(%j=%=«/ﬁ

= Tan_l(\/ﬁ)

| @

=

= 0=2Tan"' (4/15)is the angle between the tangents.

(or) Tan% = \/E

‘I—Tanz %‘ 115 |-14] 47

:COSO=‘1+Tan2%‘_|1+15|_| 16| 8

7

= 0=Cos™' (gj Ans.
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48. Show that the area of the triangle formed by the two tangents through P & , ) to the circle S

=x2+ y> + 2gx + 2fy + ¢ = 0 and the chord of contact of P with respect to

3/2
r(su)” . . .
S=0is —_— 5 where ‘ris theradius of the circle.
11+7

Sol.: Thecircleis S=x*+)?+2gx + 2fy + c=0.

Let A and B be the point of contact of tangents drawn from an external point P &, y,) to the

circleS=0

PA=PB

= length of tangent drawn from P

=S

From Properties of triangles

Chord of Contact
of P (S, =0) A
c b
>
Then AB is the chord of contact of P B a C
whose equationis S, =0.
Now, If0 is the angle between the Area of AABC =%ab sinC

tangents drawn from P, thatis Z/BPA =0, {
=5 (BC)(AC)SinC

r
then tan (—j =
2) S where C is the included angle of
sides BC and AC
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r

2Tan(0/2) 2XE

- 2 - 2
1+ Tan“ (6/2) e
Sty

= Sin 6

Now, Area of required triangle = Area of A PAB

(PA)(PB).Sin6

N | =

1 2r.S
:EX‘,SIIX Sllx 11 3
‘,SII(SII+F )

NIRRT

Sll +7’2

B r(si)”?

Sl 1 +r 2
Hence Proved.

49. Tangents are drawn to the circlex? +)?— 16 =0 from the point (3, 5). Find the area of the
triangle formed by these tangents and the chord of contact of P.

Sol:

x+y'=16=4
=radius=4

Chord of Contact
of P
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The circleis S=x*+3*-16=0. = raidus =4

Let A and B be the points of contact of tangents drawn

from the external point P = (x ,y,)= (3, 5)

Then PA=PB = Length of tangent drawn from P=,/S;;

= \/xiz +yl2 -16
=32 +5%-16

=+/18

x2:3\/5

1 )
New Area of APAB = E(PA)(PB)smG ,

where 0 is the angle betweent he tangents PA and PB

2tan—
:_VSI VS 1+ Tan 29
2
b
:—X3\/§X3\/§X \/—
16
I+—
18
4 18
=3x3x2

e X3\F 18+16

_ 3x2x4x18

\/Ex(34)

3xV2x\2x4x18 1082
V2 x2x17 17

sq.unit
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50.  Find thelocus of P, if the tangent drawn from P tox? +)* = a? include an angle o..

VAN

Sol.: LetP=(x,y)&circleis S=x*+)*—a’>=0.

Given ‘o’ is the angle between the tangents drawn from P(c , y,) to the cricle S=0

:Tan(gj— !
2) Si

o a
- Tan(_):—
2 -2

Squaring on both sides, we get

2
Tan? (gj . a
2 (x12 +y12 —az)

a
:>x2+y2—az=c12cot2 —
1 1 >

= x12 +y12 —d? (1 +cot? (gn =a’ cosec? (gj
2 2

. 2 21 A
.. The locus of P (xl,yl) isx2+y? =a”cosec (3]
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51. Ifthe chord of contact of a point P with respect to the circlex? +)? = a? cut the circle at A and
B such that ZAOB = 90°, then show that P lies on the circle x? +)?=2a?

Sol.:  Let the tangents drawn from P (x,, y)
to the circle S=x2+)*—a?>=0 e (1)
interesect the circle at A & B.

Center of the circle is O = (0, 0)

©
Now AB s the chord of contact

of P whose equationis S =0

xx, +yy, —a*=0. ..(2)

= 42
=xx, tyy,=a

Xt

a2

> d
The Combined equation of pair of lines QA and QB is obtained

by homogenising (1) with (2)

. . A A\ 4
The Combined equation of QA and QB s
B
X+ —a* (1)*=0.
2
= Xry-d (—xxl zyylj =0 > 0(0, 0)
a
2.2 2.2
s o /(x X+ Yoy +2x1y1xy) A
= x“+yT— ; =0
%xa A\
Chord of Contact of P
a’ (x2 +y2)—x2 X7 =Y’y =2x yxy
= - -0
a
= a@x*+aty —x*x> =y y>—-2x,y xy=0
= (@ —x¢ (@~ —2x, 3, =0 . 3)

Now | AOB = 90° = The angle between the pair of lines (3) is 90’
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coeff of x?+ coeffof)? =0 (condition)
az_xlz + az_ylz =0

2 21,2
x*+y*=2a

u 0l

P (x,, ) lies on the circle x* + y* =24, Hence proved
52.  Show that the poles of the tangents to the circlex” +)? = a?
with respect to the circle (x + a)* +)*=2a? lieon )* + 4ax =0
Sol: LetP(x,y,)beapolew.rtthe
circle is (x + a)* +)*=2a?
= S=x2+)y’+2ax—a*=0
Then the polar of Pis S, =0
= xx, +yy, takx +x)-a*=0
= (x,+a)x +yy, + (ax,—a’) =0
Now this polar touches the circle x* +)* =a?
given (1) is a tangent to the
circle x* +y? = a*> whose centre is (0, 0) & radius is a

= radius =_L" distance from the centre (0, 0) to the line (1)

4o |ax1 +by, +c|

- Ja+ b2 (formula)

- a= ‘(x1+a)(0)+(0)yl+axl—a2‘
(xl +a)2 +y12

= a\/(x12+a2+y12+2ax1)=ax1—a2

= ,a’( \/x12+a2+y]2+2ax])=ﬁ{(xl—a)
Squaring on both sides, we get

(x2+a*+y?*+2ax) = (x, —a)

= %/+/+y12+2ax1=}/12/+/—2ax1

= yl2 +4ax, =0

The pole P (x,, y,) lies on y*+ 4ax = 0 Hence proved

(1)
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53.  If0,, 0, are the angles of inclination of tangents through a point P to the circlex® +)* = a?, then

find the locus of P, when cot 0, + cot 0, = k.

N
tangent
Mz 61 AN
A 7/
()
\/\ tangent

Sol: Let0,, 0, be the angles of inclination of the tangents drawn from

P (x,,y,) to the circle S =x* + )* — a>= 0.

The equation of tangent in the slope form

1S y = mx +a1+m?*, where m is the slope of tangent, r adius r =a

Now it passes through P (x, y )
= y, =mx, taNl+m’
=  y-mx, =% aJl+m’

Squaring on both sides, weget

v, —mx ) = a*(1 +m?)
= yitmx? - 2x ym-a—-am=0
= (x’—a)m’ —(2x, y)m+y> —a*=0

This is a quadratic equation in ‘m’

If m, and m, are the roots of this equation, then m and m, are the slopes of tangents drawn
from P
= m =tan0, m,=tan0,.

2x, ),

2 2
X" —a

Now, sum of the roots = m +m, =
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54.

Sol :

2 2

v’ —a

Product of the roots = m .m, = ~5—
x’—a

Butitis given that cot0, +cot0,=k

1 1
=+ =
TanO, Tan0,

L+L:k

m m,

mtm

m, m,

m, +m, =k (mm,

20 3 —k ylz_az
x2<a x2<a
2y, =k’ —a)

The required locus of P is 2xy =k () — a?)
k (0* — a*) = 2xy.

Find the locus of midpoints of the chords of contact ofy? +)? = > from the point lying on the
lineIx + my +n=0

Let P (x,, y,) be a point on the line Ix + my +n=0 .. (1)
Ix, +my +n=0 ..(2)
Now the chord of contact of P (x,, y,) with respect to

the circle S=x*+)*~a*>=0is S, =0

xx, tyy, —a*=0 ..(3)
Now this chord of contact is also a chord

We should find the locus of mid points of this chord (3)

So let Q(x,, y,) be the mid point of the chord (3)
Then the eqn of chord according to the formulais S =S |
2

2,2 2
xx,tyy,—a =x,"ty"—a

xx2+yy2_(x22+y22)20 (4)
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So (3) & (4) represent the same line
= The corresponding coeff are proportional
L NN L

X N = (xz TV, )

x, a y o a
= T T T3

Xy, X +Y, Yy Xyt

2 2
a’ x ay
= X\ =5 W=y
X, T, X, + 0
But (x,, y,) lieson (1)
So substituting (2) we get
2 2
a x m(a
) (2 2)2 + (2 yzz) +n=0
X, + 0 Xy + 0,

= (a*x)+ma*y, +n(x>+y)=0

The locus of the mid point of the chord of contact that is the locus 0fQ(x,, ,) is

la*x+ma*y+n(x*+)*)=0
= a*(Ix + my) + n(x*+y*) = 0 is the required locus
55. Find the internal centre of similitude for the circles

X*+yP+6x—2y+1=0andx’+)*-2x—-6y+9=0
Sol: Letthe given circles be

S=x*+y*+6x—-2y+1=0
and S'=x2+)?-2x—-6y+9=0
For the circle S=0,

centre =C, = (-3, 1)

radius=r =+9+1-1

For the circle S' =0

centre = C, = (1, 3)
radius=r,= \/1+9-9
=J9=3 =1.

Distance C,C, = [(1+3) +(3-1)" =16+4 =20 =25
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rotr,=4

= C1C2>rl+r2

= The two circles are non - intersecting circles.

~N
C,=(1,3)

The internal centre of similitude divides G_C; intheratior : »,=3: 1 internally.

= The internal centre of similitude = Q

_ mx, +nx1 my, +7’ly1
2
m+n m+n

341 7 3+1

(o0

56.  Find the external centre of similitude for the circlesx? +)?>—2x— 6y +9=0andx* +)? =4

:£3(1)+1(—3) 3(3)+1(1)J

Sol: Letthegiven circles be
S=x*+y*-2x-6y+9=0
and S'=x*+)? -4=0
for the circle S=0, for the circle S'=0

centre = C, = (1, 3) centre = C, = (0, 0)

radius= 7, =/1+9-9=1 radius = 1, = /4 =2

Distance C,C, = /(1-0)’ +(3-0)’ =10

r1+r2=1+2=3.
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The circles are non - intersecting

The external centre of similitude, P, is the point of intersection of direct common tangents and
divides (G intheratior : 7,=1:2 externally.

The external centre of similitude

mx, —nx, my,—ny
P= m-—n ’ m-—n

-2 -2

(=2 -6 C,=(1,3) : ¢,=(0,0)
33

=(2,6)

57. Show that the circles x* +y? —4x — 6y — 12 =0 and x* +)? + 6x + 18y + 26 = 0 touch each

other. Also find the point of contact and the equation of common tangent at this point of contact.

Sol : Letthe given circles be
S=x*+)y"—4x-6y—12=0
and S!'=x2+)’+6x+18y+26=0
for the circle S=0, for the circle S'=0

centre =C  =(2,3) centre = C, = (-3, -9)
radius= 7 =v4+9+12 radois = 7, =4/9+81-26

=5 =8

Distance C,C, = /(-3-2)" +(~9-3)

=25+144 =169 =13
r+r,=5+8=13=CG

@=rl+r2
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=

=
=
=
=

To find the point of contact of two circles : -

The two circles touch each other externally

The common tangent is the radical axis S— S =0

X'+ —4x—6y—-12—-x"—y* —6x—-18y-26=0

—10x —24y—-38=0
2Bx+12y+19)=0

5x+ 12y +19=01s the eqn of common tangent at the point of contact.

Let P (4, k) be the point of contact of the circles.

Then P is the foot of the L " drawn from

C,=(2,3)=(x,y,) tothe tangent 5x + 12y +19=0

3 —(cvc1 +by, +c)

h—x _ k—y,
- B a’+ b

h-2 _k-3_=(5(2)+12(3)+19)

57 4+12°

h-2 k-3 —65
5 12 169

h-2 k-3 -5
5 1 13

h-2 -5 k-3 _-5
5 137 12 13

hon="2 ;3.9
13 13
h=2-2 k=3-2
13 13
2625 39-60
13 13
_1 _ 2
13 13

The point of contact of the two circles is

Z

/ common tangent
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S

Second method to find the point of contact of the two circle

Since the circle touch each other externally

Their point of contact is the internal centre of similitude P which divides G_C; intheratior :7,
=5:8internally
The point of contact of the circles

_[5(—3)+8(2) 5(—9)+8(3)j

B 548 5+8

b

13 13

(1 -2
137 13
58.  Show that the circlesx? +)*—4x — 6y — 12=0and 5(x* + y*) —8x — 14y — 32 =0, touch each
other and find their point of contact.

_(—15+16 —45+24]

Sol:  Letthecircles be
S=x*+y*—4x—-6y—12=0

8 14 32

and S'=x"+)’ —gx—?y—?ZO (standard form)
for the circle S=0, for the circle S'=0
-8 -14 -32
2g2_45 2f:_6a C:—12 2g1=_5 2f1=_501:_
5 5 5
=2, f=-3, c=-12 S e
= g__ s f__ ) CcC=— g 5 ? 5 2 5
5:8
(i zj— 1
centre = C, = (-g, ) = (2, 3) centre = 575 C, C, C,
=(2.3) =(3,-9)
radiuszr1 =g '+ f—c radois = 2 N
) n=y(e) (1) e
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16 49 32
=+4+9+12 25 25 5
_s _ [16+49+160
B \ 25

25

= @:\/122

r,tr,=5+3=8
ro—r,=5-3=2=CC,

Since C,C, =|r, —r,, the two circles touch each other internally

The point of contact of the two circles is the external centre of similitude, P, which divides @

externally in the ratior : »,=5:3

3

Pz(mxz_nxl myz_nylj
m-—n m-—-—n
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_(ﬁ Hj_(—_Z —_2]
L2 272
=(-1,-1)

The point of contact of the two circles (-1, —1)

59.  Find the equation of the pair of tangents drawn from (1, 3) to the circlex? + y? —2x +4y—11=0
and also find the angle between them.

Sol: Letthecirclebe S=x>+)*—2x+4y—11=0
and P = (,y)=(1,3)
S, =1P+3-2(1)+4(3)-11=1+9-2+12-11=9>0
= P lies outside the circle
So the eqn of pair of tangents is S > =S (S, )
= ety tgx tx) HfFy) el
=[x*+y*—2x+4y—11]1(9)
x()+y3)-1(x+1)+2(yp+3)-11P

U

=9 [x*+)y?—2x +4y—11]
[x+3y—x—1+2y+6-11P=9 [x* +y* - 2x + 4y — 11]
(57— 6)>=9x*+ 9? — 18x + 36y — 99
252~ 60 y+ 36 — 9x% — 92 + 18x — 36y + 99 = 0
16y —9x* + 18x — 96y + 135=0
(9% — 16)* — 18x + 96y — 135) = 0

L I

9x? —16y* — 18x + 96y — 135 =0 is the equation of the pair of tangents.

If ‘0’ is the angle between them, then

tan(gj— L “g2+f2—c

Sll \/§

JE) +22+11 6
3 3

3
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60.

Sol :

|a+b|

cosO =
J(a—=bY +4n’

9-16]
(9+16)" +0

0=Cos™ (lj
25

Find the equation of the circle which touches the circlex? +y? — 2x — 4y —20 =0 externally at

(5, 5) with radius 5

Let the given circle be S=x*>+)?*—-2x—4y-20=0

Its centre is C, = (-g —f)

=(1,2)
2g=-2 = g=-1
2f=-4 = f=-2
c=-20
radiuszm
=25=5

Radius of S=0is 5 and the radius of required circle is also 5
The two circles touch at P=(5, 5) externally.

So, let the centre of the required circle be (x, y ) = C,
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Then P is the internal centre of similitude which diVides@ intheratior, :r,=5:5=1:1

internally.

=

61.

Sol :

P is the mid point of C, C,

I+x, 2+y
55)=| 41 2Th
(5.9)=(F2. 2000

1+ x, _s 2+y,
2 )

=5

x=10-1, y =10-2

x =9, y, =8

The centre of the required circle is (x, y,) = (9, 8) and radius r =5
The equation of required circle is

(x_x1)2 +(y_y1)2 =7

(x=9Y+(y-8)=5"

X*—18x+81+)?—16y+64-25=0
x*+3?=18x-16y+120=0

Find the equation of the circle which touches x* +)? —4x + 6y— 12 =0 at (—1, 1) internally
with aradius of 2.

Given circle is

S=x*+)y*—4x+6y—12=0 1Q(-1,1)
20=-4 = g=-2 ‘

2f=6 = f=3

c=-12 5:2

Its centre C, = (-g, -f) = (2, -3) CI* IC IQ

1 2

radius 7; =V4+9+12 =+/25=5 -2-3) (x,¥) (LD

Let the centre of the required circle be C, = (x,, y,) whose radius is 2, and touches the circle

S =0 internally.

Let Q=(-1, 1) be the point of contact of the two circles.

Then Q is the external centre of similitude.
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Which divides C,C, externally in the ratior :7,=5:2

Q:(mxz —nx, nmy, _nylj

m-—n m-—n

(-1, 1):[5"1‘2(2) 5y1—2(—3)j

= )
5-2 5-2
_ (_1, 1)2(5x1—4’5y1+6j
3 3
L mo4_  ont6
3 3
= Sx,—4=-3 S5y, t6=3
= S5x, =-3+4 59, =3-6
! -3
= 6N=3 Sy, =
-3
N :?
PR 1 -3
The centre of the required circle is =(x, y,) = 35

The equation of'the required circle with radius 2, is

(= =y =2

1Y 3\
= X—— | +y+=| =4
[ sj (y sj

1
= P —-= Pt —+—-y-4=0
25 5 4 Sy
= x2+y2—— -y L+i— =
5 25 25
2 1
— x2+y2——x+§y——8:0

= S5x2+ 52 -2x+6y—18=0

the required circle
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62.  Find the pair of tangents from the origin to the circlex? + y* + 2gx + 2fy + ¢ = 0 and hence
deduce a condition for these tangents to be perpendicular.
Sol: Letthe given circle be
S=x*+)y*+2gx+2fy+c=0
LetP (0,0)=(x,»,),S,, =0+ 0>+ 2g(0) +2(0) +c=c
The eqn of pair of tangents drawn from P to the circle S=01is S*=SS |
= [xx, +yy +gx+x)+f(y+y)+tclP=+)y"+2gx+2f+c)(c)
= [x(0) +(0) +gx+fy + c]P=(c) (& + )P+ 2gx + 2fy +¢)
= (gx +fy + o =cx* + ¢* + 2gex + 2fcy + 2
= X2+ 2y + A+ 2gfxy + 2fcy + 2gex — ex? — ¢)? — 2gex — 2fcy — 2 =0
= (@t + 2y =0
or (gx +fy)=c (x*+)?)
Now this pair of tangents (pair of straight lines) are perpendiucular, if coeff ofx* + coeff of
=0
= (@0 +(-0=0
= g* + f?=2c is the condition for the pair of tangents to be perpendicular
63.  From apoint on the circlex? +)?+ 2gx + 2fy + ¢ =0, two tangents are drawn to the circlex?
+1?+2gx +2fy + ¢ Sin* a + (gf?) cos* =0, (0 < a < %) prove that the angle between
them is 2a
Sol.:  LetP (x,,y,) be a point on the circle S =x*+)* +2gx + 2fy + ¢ =0

=S, =x>+y>+2¢x +2fy, +c=0 .. (1)
Tangents are drawn from P (x , y,) to the circle
St=x2+)y?+2gx +2fp+[c Sin>a+ (g2 +f?) Cos>a] =0 ....(2)

If 6 is the angle between the tangents,

thentan| 2 ) [
S11
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\/g2+f2 —[csinzoc+(g2 +f2)coszoc}

xlz +yl2 +2gx+2 f +csin20c+(g2 +f2)coszoc

N Ta“@ ) J

B g2+f2—cSinzoc—g2Cos20c—f2Cos2a
—c+cSin%a +g2 Cos’a +f2 Cos’a

-+ from (1),
x4y 2 x H2fy = —¢

—c +csin*a

2q:.2 2a:.2 .2
:\/g Sin“a + f“Sin“a —cSin“ a — ¢ (1 —sin’ o))

g2 Cos’ a +f2 Cos? o —cCos o

= —c cos’ o)

(g2+f2—c) Sin’ o

(g2+f2—c) Cos’a

B Sinzoc
Coszoc
=Tana
Tannganoc
2
o _
= > =
= 0=2a

The angle between the tangents is 2o, Hence proved

64. Find the direct common tangents of the circles x?> + j? + 22x — 4y — 100 = 0 and

xX2+y?=-22x+4y+100=0
Sol: LetS=x2+y2+22x—4y—100=0and

S’ =x?+)?—22x + 4y + 100 = 0 be the given circles.
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For the circle S=0 r,=radius = / g2 n f2 _c

2g=22,2f=—-4,c=-100 = J121+4+100
- centre C, = (-g, ) = (-11,2) T V225
=15
For the circle §' =0, r,=radius = \/(—1 1)2 +22-100
2g'=-22,2 f" =4, ¢/ =100 = J121+4-100
centre =C, = (-g/,—f") = (+ 11,-2) =25
=5

Distance C, C, = \/(11+11)2 +(—2—2)2

= J/484+16

= /500

= J5x100 = 10+/5

=10(22)=22

r1+r2=15+5=20<C1C2

", C1 C2>r1 +r,.

= The two circle are non - interesting circles.

The direct common tangents are drawn C, C, P

- (-11,2) (11,-2)
from the external centre of similitude P,

which divides C;C, in theratio: r=r,

=15:5=3:1externally.

P e e WL B
B m-—n ’ m-—n
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:(33+11’ —6—2)2(22’_4)
2 2

LetP (22,-4)=(x,, y,)
To find the equs of direct common tangents :
The eqm of pair of tangents drawn fromP to the circle S=0is S*=S S .
S, =xx, tyy tgx+x)+f(y+y)+tc
=x22)+y(4)+11 (x+22)-2(—4)—100
=22x —4y+ 11x +242 -2y +8 - 100
=33x—6y+ 150
S =x2+y’+2gx +2f tc
=222+ (-47+22(22) -4 (-4)-100
=484+ 16+484+16—100
=900
Now S*=SS
= (33x — 6y + 150)? = [x? + 7 + 22x — 4y — 100] 900
= [3 (11x =2y +50)]> =900 (x* + y* + 22 x — 4y — 100)
= 9 (11x -2y + 50)* =900 (x* +)* + 22x — 4y — 100)
= 121x% + 4y* + 2500 — 44xy — 200y + 1100x
— 100 x* — 100y* — 2200x + 400y + 10000 = 0
= 21x* — 96)” — 44xy — 1100x + 200y + 12500 = 0
is the combined equation of the pair of tangents.
The seperate equation of the tangents
are 3x +4y—50=0 and 7x — 24y -250=0
Second Method:

To find the equations of direct commen tangetns
The direct common tangent are drawn from P (22, 4),=(,,»,)
Let m be the slope of the common tangent

Then the equation of tangentisy —y, =m (x—x))
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=>y+4=m((x-22) . (D
>mx—y—22m—-4=0 .. (1)
Now (1) is a tangent to the circle S=0

= radius = Length of |” drawn from centre C,=(-11,2) to theline (1)

|m(=11)-2-22m—4|
:>15=‘ \/m2+12 ‘

= 15,2 41 = |-33m—6|

=15 2 11=3|-1lm -2

= 5Vm’ +1=—(11m+2)

Squaring on both sides, we get

25 (m*+ 1)=(11m + 2)?
=25m?*+25=121m*+4+44m
=9 m*+44m-21=0
= 96m*+44m —21=0

—441\/(442)—4(96)(—2)

2x96

—44 +£+/10000

2x96

=>m=

—44£100 144 56
2%x96  2x96 *T 2x96

-3 7
=— or —

24

Substituting the values of ‘m’ in (I) we get the required direct common tangents as

-3 7
+ - — _ =+ = — —
y+4 4 (x—22)and y + 4 o (x—22)

—3x+4y-50=0 and7x—24y—250=0



| Circle | 87

65.  Find the transverse common tangents of circles x* +)? —4x— 10y +28 =0

and x>+ )y’ +4x -6y +4=0
Sol.: Given circles are S=x?+)*—4x— 10y +28 =0
and §' =x>+)?+4x—-6y+4=0.
For the circlesare S=0, 2g=—4,2f=-10,c=28 =g=-2,f=-5,c=28
o C, =centre = (g, —f) = (2, 3).
radiusrl:m:MZI

Forthecircle §' =0, 2g=4,2f=-6,c=4 = g=2,f=-3,c=4

Centre = C,= (-2, 3),radius r, = /g’ + [ —c =+/4+9-4 =3

Distance C,C, = \/(—2—2)2 +(3—5)2

= JI6+4 = V20 = 245 = 2x(2.2)
=44
rotr,=1+3=4>C C,
= The two circles are non-interscting circles.
The two transvese common tangetns are drawn from the internal centre of similitude Q.
Qdivides @ intheratior, .7,

=1:3internally

mxy +nx1 my» +ny1
Q= m+n ~ m+n

_(1(-2)+3(2) 1@)+3@)}

1+3 1+3

9

(-2+6 3+15j
4 4

9
= 1,§J=(x1, yl)
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The transverse common tangents are drawn from Q. So, let the equation of tangent passing
through Q with slope ‘m’bey—y =m (x—x))

9
:>y—§=m(x—1) ... (D

= 2y—9=2mx—2m
=2mx—-2y+9-2m=0 e (1)

Now , (1) is a tangent to the circle S=0

= radius= 1" distance from the centre C,=(2,5)totheline (1)

am(2)-2(5)+9- 2m|
=1 Jemp 2P |

= Vam? +4 =|2m~ 1|
Squaring on both sides, we get
dm* +4=2m - 1)

= Am*+4=4m*+ 1 —4m

9 -3
—Z="2(x-1
) 4(x )
L 2079 3x43
2 4

= 4y —-18=-3x+3
= 3x+4y—21=01is one of the transverse common tangent.

Since m? term is cancelled, slope of one of the transverse common tangents is not defined. So
. : 9
itis parallel to y - axis and passes through Q 1’5

Any line parallel to y - axis is of the formx =k
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66.

Sol :

0

9
Since it passes through (1, Ej 1=k

The equation of another transverse common tangentisx=1orx—1=0

The equations of the transverse common tangents arex— 1 =0and 3x +4y—21=0
Show that the line Ix + my + n =0 is a normal to the circle S =0 if and only if g/ + mf = n.
The straight line Ix + my + n =0 is normal to the circle

S=x*+)y*?+2gx+2fy+c=0

If the centre (—g, —f) of the circle lieson Ix + my + n =0

(=) + m(-f)+n=0

lg+mf=n
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The Angle between two intersecting circles is defined as the angle between the tangents drawn at

Definition :

the point of intersection of the two circles.

Note: If two circles S =0 and S’ =0 intersect at the points P and Q, then the angle between the two

circles at P and Q are equal.

Theorem : If C, and C, are the centres of two given intersecting circles, d=C,C, , r and r, are the

radii of these circles, 0 is the angle between these circles, then prove that

2 2 2

d —r"—r

Cos=—>~12
2nr,

let 'P' be the point of intersection of two given circles. Let the tangents drawn to two circles at 'P'
intersect the line joining the centres at T and T.,.

Then ZT,PT, =0 Y/r
P
\/
Q
0 >X
= 90°+90° - 0 = /C,PT, = 90°
= 180°-6 Similarly,
From AC PC,, CP=r,is 1" totgtatP
according to cosine rule, we have = /C,PT, = 90°

(C,C,)* = (C,P)* + (C,P) — 2(C,P) (C,P) cos ZC,PC,
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= d* =12 + 1 — 211, cos(180° —0) — /T,PT, + ZT,PC, = 90"
= K+ 1 =2, [~cosb] =0+ ZT,PC, = 90°
=d* — 1> — 1 =2rr, cosd = /T,PC, =90° -0

2 _ 2 2
d-n -n

2nr,

= cos0 =

Note : Since Cos 0 is independent of the coordinates of the point of intersection, the angle at Q is also
equal to 0.

Thenorem : If'0' is the angle between the intersecting circles S =x* +)* + 2gx + 2fy + ¢ = 0 and
S'=x*+)*+2g'x+2 f'y+ ¢ =0, then

c+c' —2gg" -2 ff"

Show that Cos 0 - \/g2 e —c\/(g’)z e ) o
Proof:
Let C, and C, be the centres and | and r, be the radii of the
given circles X+ +2gx+2fy+c=0 (1)
and X+yP+2g'x+2f'y+c" =0 ...(2) respectively.
Then  C,=(-g ) C,=(-g' ~f")

n=yg+ e B=@ P+ ¢
d=CcC, = \/(g' 2 +(f'—f)*  (distance formula)
= (&) +g +(f)V + 2 - 2gg -2/
Ldi =i = () g () - 288 2
—&+ P -o-UEg)V+(f) -]

= —2gg'-2ff"+c+c’

=c'+c—-2gg" -2ff"

If '0' is the angle between the intersecting circles (1) and (2) then
d2 },12 _ },22

2K,

cosO =

_ c+c' —2gg'-2ff
2x @+ 7 —c x () + (1) —¢

Hence proved.
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Definition : Two intersecting circles are said to be orthogonal, if the angle between them is a right
angle, that is 90°.
Condition for orthogonality
The condition for orthogonality of two intersecting circles
S=x>+)?+2gx+2fy+c=0and S =x2+)*+2g'x+2f'y+c =0is
208"+ 2ff'=c+c’
or d* = ”12 + r22 where d = distance between the centres of the circles.
r, , r,are their radii.
Theorem :
@i IfS=0and S'= 0 are two circles intersecting at two distinct points, then S — S" =0
represents the common chord of these circles.
@) IfS=0and S"=0 aretwo circles touching each other, then S— S" =0 is a common tangent at
the point of contact.
Theorem : If S=x>+)?+2gx+2fy+c=0 and L =Ix + my + n=0 are the equations of a circle
and a straight line respectively intersecting each other, then the equation S +AL =0 represents a circle

passing through the points of intersection of the circle S=0 and thelineL=0, v A € R.
If A and B are the points of intersection of the circle S =0 and the line L=0
Then the eqn of any circle passing through A and B can be taken as (S +AL)=0
(There are many circles passing through A and B)
Theorem : If S=x2+)?+2gx+2fy+c=0 and S =x>+)?+2g'x+2 f'y+ ¢ =0arethe
equations of two intersecting circles, A and p are any real numbers such that A + p # 0, then
AS+uS" =0 orS+KS' =0, K e Rrepresents a circle passing through the points of intersection
of the circles S=0and S’ =0.
Note : If the circle S=0and S’ =0 intersect at A and B, then the equation of common chord AB s
S-S=0
So the equation of any circle passing through A and B can also be taken as S +A(S — S") =0, where
A € R taking thelineL=0in S+ AL=0 as L=(S—-S")=0
So the equation of any circle passing through A and B can be taken as S + KS'=0, where K € R
or AS+uS' =0, where A, u € R.
or S+A(S—-S")=0, where L € R.

Radical axis of two circles
Definition : The Radical axis of two circles is defined as the locus of a point which moves so that its
powers with respect to the two circles are equal.
Theorem : If S=x2+)?+2gx+2fy+c=0 and S' =x>+)?+2g'x+2 f'y+ ¢ =0 aretwo
non-concentric circles, then their radical axis is a straight line whose equation is .
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Note :
1) Intheeqn S—S' = 0, thecircles S=0and S’ =0 should be in the standard form with coefficient
ofx? and coefficient ofy?, both equal to one.
2) Forthe concentric circles with distinct radii, the radical axis does not exist, since there is no point,
whose powers w.r.t the two distinct concentric circles are equal.
Theorem : The radical axis of any two circles is perpendicular to the line joining their centres.
Theorem : The radical axis of two circles is
1) The'common chord' when the two circles intersect at two distinct points.
i) The 'common tangent' at the point of contact when the two circles touch each other.
Theorem : The radical axis of any two circles (whose commen tangent is not perpendicular to the line
joining the centres) bisects the line joining the points of contact of common tangent to the circles.
Theorem : If the centres of any three circles are non-collinear, then the radical axes of each pair of the
circles chosen from these three circles are concurrent.
The three radical axes, S—S' =0, S'—S"= 0 and S—S" = 0 are concurrent at P.
This point 'P'is called as the radical centre.
Definition : (Learn the defn, vimp)
The point of concurrence of the radical axes of each pair of the three circles whose centres are non-
collinear is called as the Radical centre.
Note : The lengths of tangents drawn from the radical centre to these three circles are equal.
Theorem : If the circle S =x*+)? + 2gx + 2fy + ¢ =0 cuts each of the two circles S' =x?+)?+
2¢'x+2f'y+c" =0 and S"=x>+)*+2g"x+2f"y+ c" =0 orthogonally, then the centre
of S=0 lies on the radical axis of S’ =0 and S"” =0.
Theorem:Let S' =0, S”=0 and S"”" =0 be three circles whose centres are non collinear and no
two circles of these are intersecting, then the circle having
(1)  radical centre of these circles as the centre of the circle and
(i) length of tangent from the radical centre to any one of these circles as radius, cuts the given
three circles orthogonally.
We apply this theorem in solving the problems.

PROBLEMS

1.  Findthe angle between the circles
X+ +4x—14y+28=0 x*+y*+4x-5=0

Sol: Given circles are
S=x*+)y*+4x—-14y+28=0 and S'=x>+)?+4x—-5=0
2¢=4, 2f=-14, ¢ =28 2¢'=4,2f"=0, c'=-5
=g=2, 2f=-7, ¢c=28 = g'=2, f'=0, ¢'=-5
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Centre =C, = (-g,~f)=(-2,7) C,=(-g.-f")=(2,0)
radivs = g’ + /2 —¢ ’”zz\/(g’)2+(f')2—c’
r=4+49-28 =3
=V25=5

d=C,C, = (=242 +(1-0) =7
If 6 isthe angle between the circles, then
d*—rt—r;  49-25-9

cosO = =
2nr, 2x5x%x3
= 15 :l: cos 60°
2x5x%x3 2
= 0 =60
.. The angle between the circlesis 6(°. Ans.
Second Method :
Given circles are
S=x*+y*+4x—14y+28=0 and S'=x>+)?+4x+0y-5=0
2¢=4 = g=2 2¢g'=4 = g' =2
2f=—-14 = f=-7 2/=0 = f'=0
c= 28 = c= 28 c'=-5 = c =-5

If '0' is the angle between the curves, then
c+c' —2gg' -2 ff"
2x\g? + [ —ex (g +(f1) ~¢
B 28—-5-8-0
2x4+49-28 x/4+0+5

cos0 =

15 1
B 2x5x%3 - 2
= cos 60°.
.. The angle between the two circles is 60.
2.  Ifthe angle between the circlesx? +)y?>— 12x— 6y +41 =0and x> +)* +kx + 6y —59=01is
45°, then find K.
Sol: Given circles are
S=x*+)y*+kx+6y—-59=0 and S'=x*+)’—12x—-6y+41=0
2¢ =k, 2f=6, c=-59 2g'=-12,2f"=-6, c'=41

k
=g=7 f=3,¢=-59 =g =6, ['=-3,c =41
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The angle between the circles is 45° = 6 =45°.
c+c' —2gg" -2 ff"

2xyg? + 17 —ex (g +(f) —¢'

—59+41+6k+18

2
2 ];+9+59 x+/36+9—-41

. cosO =

= co0s45" =

36k

1
= — =

02 2

? k4+68 x4

Squaring on both sides we get

1 (3k)>
2

[k4+68} x 4

= 209k%) = (§+68)4

18k* = k> + 272
7 _

= 17k = 272 = k* = T 16 = Ans.
3.  Show that the circles x> + > —2x — 2y —7=0and 3x*>+ 3)? — 8x + 29y = 0 intersect each

other orthogonally.
Sol: Given circles are

S=x2+)2—2x—-2y—-7=0 and § =x2+y2—§x+23—9y+0=0
Always write the eqns of the circles with coefficient of x* and coefficient )? as one, ie, in the

standard form

2 2
2
So, 3x2 + 3)? — 8x + 29y =0 33%_,_3%_8%_'_ 2)’:0

=>x+y ' ——+——"=0
Y7373
’ _8 _4
2¢=-2, = g=-1 28" = — = g'=—
3 3
,_ 29 29
2f=-2 = f=-1 2f =3 :f':?

c=-7 = c=-7 ¢ =0 = ¢ =0.
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so. 225127 =200 () 200(F)

8.9 8- 21,
3 3 3 3
ctc =-7+0=-7
Since the condition 2gg’+2 ff' = c+ ¢’ is satisfied by the circles S =0 and S" =0, they
intersect each other orthogonally. Hence proved.
4.  Find k, if the circles x* + y* + 2by — k=0 and x>+ )? + 2ax + 8 = 0 are orthogonal.
Sol: Given circlesare S =x>+)?+2by— k=0
and S'=x+)y*+2ax+8=0

2g=0 2¢'=2a
2f=2b 2f'=0
c=-k ¢’ =38.

= g=0, f=b, c=—k, g'=a, f'=0, ¢ =8

It is given that the circles S=0 and S’ =0 are orthogonal.
= 2gg'+2ff ' =c+c’

= 2(0) (a) +2(b) (0)=—k+8

= 0=—k+8

= k=28. Ans.

3n

5.  Show that the angle between the circlesx>+)? =a? and x> + ) = ax + ay is R

Sol: Given circlesare S=x*>+)?—a*=0

and S'=x>+)*—ax—ay=0.

—a

2¢=0, = g=0 2g'=-a :>g'=7
, —a

2f=0 = f=0 2/ =—a :pfz—;
c=-a* =c=-a ¢"=0 = ¢ =0.

If'0" is the angle between the circles S=0 and S' =0 then
c+c' —2gg' -2 ff"
2xyg? + 1= x (g +(f) = ¢

cosO =

—a*>+0-0-0
2 2

20+0+a> x %r+97—0

4
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2
2.a.$
2 2
2 _\/Ex\/i

V2
= cos(180 — 45%)
= cos 135°.
3n

=Cos — .
4

3n
.. The angle between the circles S=0 and S'=0 is e Hence proved

Essay Problem
6.  Findthe equation of the circle which pass through (1, 1) and cuts orthogonally each of the circles
X2+yP—8x—2y+16=0 andx*+)? —4x—4y—1=0

Sol: Let the circle required be x* +y? + 2gx + 2fy + ¢ =0 (1)
It passes through (1, 1) = 12+ 12+2g(1)+2f(1)+¢c=0
= 2g+2f+tc+2=0 ..(2)
(1) is orthogonal to the circles S'= x2+)?—8x—2y+16=0
= 2gg' +2ff =c+ 2g'=-8 = g' =-
— 2g(—4)+2f(~1)=c+ 16 2/7==2 = [ =-1
— —8¢ —2f —c-16=0 -(3) ¢ =16 = ¢' =16
Again (1)isorthogonalto x> +)?—4x—-4y—-1=0
= 2gg' +2ff =c+ 2g'=-4 = g =-
= 2g(-2)+2(-2)=c—1 2f1=—4 = [ =22
= —-4g —4f —c+1=0 ..(4) ¢ = -1
Solving (2), (3) and (4) :-
Q) = 2g +2f+c+2=0 (3) =8¢ —2f —c—16=0
(3) = -8 -2f-c-16=0 (4)—4g —4f —c+1=0
+ o+ o+ -

—6g —14=0 —4g +2f —17=0
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Sol:

-14 -7 (7)
== = -4 -—=|+2f-17=0
—& 6 3 3) "2
= %+2f—17:0
23 23
/ 3 / 6
Substituting the values of 2'and /" in (2),
we get 2(_—7j+2[§)+c+2=0
3 6
= _—14+§+c+2=0
3 3
14 2 -23- —
:C:___3_2 :14 23-6 _ 15 __s.
3 3 3 3

Substituting the values of g, f, cin (1) we get the required circle as

x2+y2+2(_?7)x+ 2(%))/ -5=0
= 3x*+3)2 - 14x+23y—15=0
Find the equation of'the circle which is orthogonal to each of the following 3 circles.
X+yP+2x+ 17y +4=0,x*+y’+Tx+6y+ 11 =0.and x> + ) —x + 22y + 3 =0.
Given circles are
S'=x>+y"+2x+17y+4=0 ..(1)
S"=x+y*+Tx+6y+11=0 ..12)
S" = x*+y?—x+22y+3=0 ..(3)
let S =x*+y? +2gx + 2fy +c¢=0...(4) be the required circle orthogonal to (1), (2) and (3)
Then (1) and (4) are orthogonal

= 2gg'+2ff" =c+c’ 20" =2 = ¢'=1
17 17
:>2g(1)+2f? =c+4 2f’=17:>f'=?
=2g+17f=c+4 ..(5 c' =4
Again (2) and (4) are orthogonal
7
:>2ggr!+2ffrr=c+cll 2gr!=7 :>gr!=5
3+ (3) :
:>282 +2f2 =c+11 21" =6 :>f—2
= T7g+6f = c+11 ...(6) c" =11.

Again (3) and (4) are orthogonal
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Sol:

1
= 2ggnl +2ffm =C+ CN 2gm=_1 = gHI — _E
1

= 2g |75 +2f(1)=c+3 2fm =22 = fm=11
= —g+22f=c+3 A7) " =3
Solving (5), (6) and (7) we get
(5) = 2g+17f = ¢ +4 6) = Tg+ 6f = ¢ +11
6) = Tg+ 6f = ¢ +11 (7) = —g+22f = ¢ +3

— — — — + - _ =

—5g +11f =-7 (8) 8g—16f = 8 .(9)

Solving (8) and (9), we get
8(=S5g+ 11f =-7)

5( 8g—16f = 8) Substituting /' =-2 in (8)
—40g + 88f=-56 we get
40g — 80f=40 -5¢g+11(-2)=-7
8f=-16 = —S5¢g=-7+22=15
-16 15
f=— =>g=5-"3

7=
Substituting the values of 'g' and 'f" in (7) we get
—-g+22f=c+3
= 3+22(-2)=c+3

- =&

Substituting the values of 'g' 'f"and 'c'in (4),
We get the required circles as
X +yP+2(=3)x+2(2)y—44=0
= x+)y —6x—-4y—-44=0
Find the equation of thecircle passing through the origin, having its centre on the linex + y =4

and intersecting the circlex? +)? —4x+ 2y +4 =0 orthogonally.

Let the required circle be S=x*+)?+2gx+2fy+c=0 (1)
It passes through origin = ¢=0 -(2)
Its centre (—g, —f') lies on the line x +y =4

= ()t ()=4 = g-f=4 -(3)
(1) intersects the circle S" =x*+)*—4x+2y+4=0 ..(4)

orthogonally
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= 2gg' +2ff =c+ ¢ 2g =4 =g =
= 2g(-2)+2f(1)=c+4 2" =2= f" =1
= —4g+2f=0+4 --c=0 c' =4

= 2(2g+f)=4

= 2g+f =2 ..(5)

Solving (3) & (5) we get

—g-f =4

—2g+f=2 Substitutingg=-2 in (3) we get

-3¢ =6 ~(-2) ~f=4

3g=_£3 =>—-f=4-2=2

= ~[F==7
Substituting the values of g, f and ¢ in (1) we get
X2+ +2(-2x+2(=2)y=0
= xX*+y*—4x—4y=0 Ans.
9.  Find the eqn of the circle which passes through the points (2, 0), (0, 2) and orthogonal to the
circle 2x* +2y* +5x — 6y + 4 =0.
Sol: LetS=x*+)y*+2gx+2fy+c=0 ...(1) be the required circle.
It passes through (2, 0)
= 22+ 0*+2g(2) +2/(0) +c=0

=>4g+c+4=0 ..(2)
Circle (1) passes through (0,2) = 0*+22+2g(0) +2f(2) +c=0
= 4f+c+4=0 ..(3)
Circle (1) is orthogonal to 2x* + 2)?* + 5x — 6y +4=0
. 5 6 4
thatis x>+’ +=x——y+—==0
YT
! 5 ! 5
= 288 +2f =ct 28 =o=8 =
5 -3 -6 -3
= 2 [—]+2 [—): +2 21 = — ==
glg) 25 =¢ I'=7 =1"=73
c’:i:2
2
58
:7—3f:c+2 ..(4)

Solving (2), (3) and (4) we get
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2) = 4g+c+4=0 2) = 4g+c+4=0
5
(B) = 4f+c+4=0 4) = 7g —3f—c-2=0
_ - 5
4g—-4f=0 4g+7—3f+2:0
= 4g=4f But g=f
=g=f :>4g+57g—3g+2:0
N 8g+5g—6g+4:O
2
= T7g+4=0
—4
= 8= = f.

From(2) - c =-4g-4

:_4[__4)_4 = E_4 _16-28 -12
7 7 7 7

Substitutiong in (1) we get the required circle as

., —8) (—8) 12
+y "+ —|x+|—|y-——=0
vy (7 77

= TxX*+ 7y —8x—8y—12=0 Ans.
10. Find the eqn of the circle which cuts the circlesx? + > —4x — 6y + 11 =0 and x*> +*— 10x —

4y +21 =0 orthogonally and has the diameter along the straight line 2+ 3y="7.
Sol: Let the required circle be S= x> +)y? +2gx + 2fy +¢=0 ...(1)
It is orthogonal to the circle S'= x> +)?—4x—6y+11=0

= 2gg" +t2ff" =c+ 2g' =4 =g =-2
= 2g(-2)+2f(-3)=c+ 11 2f1==6= " =3
= —4g—6f=c+11 ..(2) =11
(1) is orthogonal to S” = x> +)? - 10x—4y +21=0

= 2gg" +2ff" =c+ " 2g" =-10
=2g(-5)+2f(-2) =c+21 2" =-4

= —-10g—-4f = c+21 ..(3) c"=21

It is given that the centre of (1), (—g, —f) lieson 2x + 3y =7
= 2(-g) +3(+f) =7

= 2g-3f=7 ..(4)

Solving (2), (3) & (4) we get
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(2) = —4g—6f =¢ +11

3) = -10g-4f=¢ +21
+  + - -
6g —2f =-10 ..(5)
Solving (4) & (5)
3(-2g-3f=17)
6g —2f=-10
—6g—-9f =21
6g —2f =-10
- 11/ =11
f =-1
Subst in (4), we get —2g—-3(-1)=7
= -2g=7-3=4
4
= 8= =-2.
subst g=-2, f=-11n(2) we get
—4(-2)-6(-1)=c+11
= 8+6-11 =c =c=3

subst in (1) we get the required circle as
X2+ +2(-2x+2(-1)y+3=0
= X*+)?—4x—-2y+3=0 Ans.
11.  Find the eqn of'the circle which cuts orthogonally the circlex? +)? — 4x + 2y — 7 =0 and having
the centre at (2, 3).
Sol: Let the required circlebe S= x*+)?+2gx+2fy +¢c=0 ...(1)
Its centre is (2, 3) = (—g,—-f)=(2,3)
= —g=2,-f=3

- =2 =3
The circle (1) is orthogonal to S' = x2+)*—4x +2y—-7=0
= 2gg' +2ff" =c+ 2g" =-
— 2(=2)(=2) + 2(=3)(1)=c—7 21 =2, ¢ =-7
=8 -6=c-7
-

substituting in (1) we get the required circle as
X2+ +2(=2)x +2(=3)y+9=0
= X*+y —4dx—-6y+9=0.
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12.

Sol:

13.

Sol:

Find the eqn of the circle which intersects the circle x* +)? — 6x + 4y — 3 =0 orthogonally and
pass through the point (3, 0) and touchesy-axis.

Let the required circle be S =x>+)?+2gx +2fy+c=0 (1)
It passes through (3, 0) = 3>+ 0*+2g(3) +2f(0) +¢c=0

= 9+6g+c=0 ..(2)
The circle (1) touches y-axis = f2=c ..(3)
= 2gg" +t2ff" =c+ 2g" =-
— 29(-3)+2A2) = ¢ - 3 2f =4
— —6g +4f = c—3 () ¢ =3

Solving (2), (3) and (4) we get

2)= 9+6g+c=0

4 = —6g+4f—-c+3=0
9+4f+3=0

=>f= 7373 f=-3

from (3), we get
c=f*=09.
subst in (2) we get
9+6g+9=0
g8
6
subst the values of g, f, and c in (1), we get the required circle as
X2+ +2(=3)x+2(-3)y+9=0
= X+)y'—-6x-6y+9=0.
Find the equation of the circle passing through the points of intersection of the circles
X*+yP—=8x—6y+21=0andx*+)*—2x—15=0 and (1, 2)
Given circles are
S=x*+)y?-8x—-6y+21=0
and S'=x*+y’-2x—-15=0
Now S-S =x*+)y"—8x—-6y+21 — x*—y*+2x+ 15

-3.

=—6x — 6y + 36
We know that, the eqn of any circle passing through the points of intersection of the circle S=0
and S’ =0is S+A(S-S") =0, A € R
So let the required circlebe S+A(S—-S') =0
= X*+)?-8x—-6y+21+A(-6x—6y+36)=0 (1)

It passes through (1, 2)
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= 12+22-8(1) = 6(2) +21 +A(—6(1) — 6(2) +36) =0
= 1+4-8-12+21+M-6-12+36)=0
= 6+A(18)=0
-6 -1
}\4 = — = —
-7 T8 3
Substituting A = —% in (1), we get the required circle as

-1
xX*+yP—8x—6y+21 + 3 (-6x — 6y +36)=0
= X+ -8x—-6y+21+2x+2y—-12=0
= X+’ -6x—-4y+9=0 Ans.
14. Find the eqn of the circle passing through the points of intersection of the circless® +)? = 2ax

X
and x? +)” = 2by and having its centre on the line 2 —% =2.

Sol: The given circles are
S=x*+)"-2ax=0 and S’ =x*+)*-2by=0

Now

S—s =+ —2ax— ¥ -y +2by

=2(by — ax)

Let the eqn of any circle passing through the points of intersection of the circles S =0 and
S’ =0 be

S+AMS-S)=0, where A € R
= xX*+)y*—2ax+A2(by —ax)=0 ..(D
= x> +y* = 2ax + 2bhy — 2adx =0
= x*+y* = 2ax(14+A) + 2bAy =0 (1)

Comparing this eqn with x> +)? +2gx +2fy+c¢=0
we get 2g=—-2a(l + 1), 2f =2bA, ¢c=0

= g=-—a(l+ A), f=bA

.. The centre of (1) is (—g,—f)=(a (1 +A),—bL)=P

If (1) itselfis the circle whose centre lies on

X
o % = 2, then'P'should lie on it

o . Xy
substituting point 'P'in Py =2 weget
N a(1+k)_(—b7»):
a b
= l+A+A=2= 2A=2-1= A=

2

N | =
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Substitution in (I), we get the required circle as
1
xX*+y?—2ax+2x E(by —ax)=0

= xX*+y*—2ax—ax +by=0
= xX*+y*—3ax+by=0.

15. If x+y=231isthe eqn of the chord AB of'the circle x* +)? — 2x + 4y — 8 =0, then find the eqn
of'the circle having AB as diameter.

Sol: Let the given circle S =x* +)? — 2x + 4y — 8 = 0 and the line L =x + y — 3 = 0 intersect at

A and B.

Then the eqn of any circle passing through Aand Bis S +AL=0

= X+ -2x+4y-8+AMx+y—-3)=0 )]
= X+ +A-2x+@+A)y-8-31=0 (1)

If (1) itself is the required circle with AB as diameter then its centre

(—(x—z) —(4 +1)
RN )

] lies on the line L =0.

~(AL=2) —(4+))
2 72

Substituting C= [ ) inL=0

0--2) , -(4+2)
2 2
A42-4-—6

j— =

2
= —-2L-8=0
8

= —2L=8 =h== =
Substituting A =—41n (1), we get the required circle as

X+y—-2x+4y-8-4x+y-3)=0

= xX*+y —6x+4=0.

we get, -3=0

0

16. If P, Q are conjugate points w.r.t acircle S =x?+)?+ 2gx + 2fy + ¢ =0, then prove that the
circlewith PQ as diameter cuts the circle S =0 orthogonally.
Sol: Let P(x,,y,), Q=(x,,»,) be the conjugate points w.r.t. the circle
S=x*+y*"+2gx+2fy+c=0..(1)
Then we have S =0 (condition)
= xx,tyy,+glx +x)+f(y, +ty)+c=0 ..(2)
Now
The circle with AB as diameter is
(=) (=) + (=) (= 1,) =0

= ¥y - T )x—-, Fy)ytxx,+tyy,=0 ...(3)
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17.

Sol:

Now, to prove that (1) and (3) are orthogonal.
Comparing 3) with S' =x*+)?+2g'x+2 f'y+c' =0
weget 2g' = (x,+x), 2f == ty), c'= XX, tyy,

o =g +x) W+ y)
= g' = 5 ; = 5 s C=XX,TYY,
—(n+x,) ~n+»)
Now 2gg' +2ff" =2g-[% v 2 =
= _g(xl +x2) _f(y1+y2)
=xx,+ yy tc, from eqn (2)

¢ +e
Since the condition,
2gg’ +2ff" =c+ ¢’ issatisfied
the circles (1) and (3) are orthogonal.
Hence proved.
If the straight line x cos .+ y sin o= p intersects the circle x* + y* = a* at the points A and B,
then show that the eqn of the circle with AB as diameter is
(*+y*—a*)—2p(xcosatysina—p)=0
The circle S=x*+)?—a*=0 and the line L=xcos o+ ysina—p =0 intersect at A and B.
So, the eqn of any circle passing through A and B is of the form S+AL=0, A e R
= x*+y'—a>+Mxcosatysinoa—p)=0 ..(D
= X*+y’+ (A cosa)x+ (Asina)y—a*—Ap)=0 (1)
If (1) itselfis the circle with AB as diameter, then its centre

. [—kcosoc ’ —Asina
2 2
Substituting the point Cintheeqn L=0

(——7» cos ocj cosa + (—_}h sin oc) sinaa—p=0
We get 5 5 p

—Acos? o — Asin® o —2p
=
2
= —A(cos?a+sinfa) —2p=0
= A-2p=0
= A=-2p.

) lies onL=0

=0

Substituting the value of A in (I) we get the required circle as
xX*+y'— a>— 2p(xcosa +ysina— p)=0
Hence Proved.
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18. Find the equation of the radical axis of the circles 2x* + 2y* + 3x + 6y — 5 = 0 and
3x*+3y* = Tx+8— 11=0

Sol: Let the circles in the standard form be

2x? 2y2 3x 6y 5

S=—+—"—"+—+—=—-—=0
2 2 2 2 2
3 5
:>S=x2+y2+§x+3y—§=0
7 8 11
and S =x2+1)> ——x+—-yp——=0
T T A

The radical axisof S=0 andS'=0isS—-S'"=0

2 2 3 5 2 2 7 8
= X +y +2)C+3y > X y +3x 3y 3

= Ex+3 —§+1x—§ +E—O
VTR

- Ox+18y—-15+14x—-16y +22 _
6
= 23x+2y+7=0 Ans.
19. Find the radical centre of the circles
X+yP=2x+6y=0, x¥»+)?—4x—-2y+6=0 andx>+)?—12x+2y+3=0
Sol: Letthe given circles be
S =x*+)y’—2x+6y =0,
S'=x2+)y?—4x-2y+6=0
S" = ¥ +y?=12x+2y+3=0
The radical axisof S=0 and S' =0isS—-S' =0
= 2y oxtey— - Y+ ax+2y-6=0
= 2x+8-6=0
= x+t4-3=0 (1)
Similarly the radical axis of S’ =0 and S” =0is S’ 8" =0
= Y -2+ 6 - Y 12x-2y-3=0
= &x—-4+3=0 ..(2)
Solving (1) and (2) we get the radical centre.
x+4y-3=0
&x—4y+3=0
9x=0 substituting x=0 in (1), we get

0 3
= x= Y=

0
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3

.. The radical centre is (0, Zj Ans.

Note : To find Radical centre solve any two of the following radical axes : (S—S')=0, (S'— S")=0,

20.

Sol:

(S-S")=0.
Find the eqn of the common chord and also its length of the two circles.
S=x*+y*+3x+5y+4=0and S' =x>+)?+5x+3y+4=0
The given circles are

S=x*+y*+3x+5y+4=0
and S =x2+)?+5x+3y+4=0

For circle S=0 Forcircle S' =0

-3 -5 -5 3
centre C1= 7, 7 C2= 7, ?
/9 25 25 9
R=y=t—- r=,—+——4
4 4 4 4
_[9+25-16 ﬁ =i
V4 4 V2
I CR Distance € ¢ — p£+gi(ﬁ+gz
> \/5 istance C,C, = > 3 5 3
6 SREl
n+r, =—f47— = B — +| — = 2.
1T \/5 > > «/_

=ﬁw%ﬂﬁ Wi V3 oor V3 < 343

2 2

= CC,<r+tr,
ro—r,=0
Ir,—r,|< CC,< |r+r,|
=> The circles intersect. So the radical axis S— S’ =0 is the common chord.
= 2y sy d - — Y o sx—3y—4=0
—2x+2y=0 orx—y =0is the radical axis.
.. The eqn of common chordisL=x-y =0 ...(1)

The length of common chord is ./,2 — 42
where '7' is the radius of the circle S=0 l
& dis the perpendicular distance from C to the line (1)
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-3 5
2 +§ . |ax; +by, +c|
d= T(—l)z formula is W
-3 -5
where (x,y) = C = (7,7j
1
=ﬁ ax+bytcisx—y. >a=1,b=-1,¢=0

2 2
.. Length of common chord = 2\/ [ij - (L] =2 v 1
V2/ \\2 2 2
= 2 x 2=4 units.

21. Show that the circles S=x*+)?—2x—4y—20=0 and S'=x*+)?+6x+2y—90=0touch

each other internally. Find their point of contact and the eqn of common tangent.
Sol: Givencirclesare S=x*+)?-2x—-4y—-20=0 and S'=x>+)*+6x+2y—-90=0

For circle S=0, For circle S'=0

centre =C, =(1,2) centre =C,=(-3,-1)

radius =7, = \/1+4+20 radius =7,= \/9+1+90

=25 =5 = 100 =10

Distance C,C,= \/(=3—1)2 +(~1-2)?

= J16+9 =25 =5
we observe that C,C, = |r, — 7| 5=|5-10|.

So the two circles touch each other internally.  Ans.

The eqn of common tangent at the point of contact is the radical axis S-S' =0

= X+ =2x—-4y-20—-x*—) - 6x—-2y +90=0

= -8 —-6y+70=0

= —-2@x+3y-35)=0

= 4x+3y-35=0 Ans.

The point of contact P, is the external centre of similitude which divides C,C, in the ratio
r :r,=5:10=1:2 externally.

P _[mx2 —hy my, — ”)ﬁj
. - b
m-—n m-—n

(4—2-4—ﬂ
“N1=-27 1-2

23

=(5,5) Ans.
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Note : The point of contact is also the foot of the perpendicular drawn fromC, or C, to the common

22.

Sol:

tangent 4x + 3y —35=0.
Let P(h, k), C =(x,y) =(1,2) tangent : 4x + 3y —-35=0 1s ax+by+c=0
Then

h—x _k=y _ —(ax +by +c)

a=4 b=3 ¢=-35

a b a’ +b*
h-1 k-2 —(4+6-35)
- = =
4 3 4? 437
_3
25
N E:L Qzl
4 3

h=35, k=5.
= h-1=4, k-2=3
.. The point of contact is (k, k) = (5,5) Ans.
Ifthe two circles x*+)?+2gx + 2fy=0and x*+ »*+2 g’ x+2 f' y=0 touch each other, then
show that f"g=fg".
The given circles are
S=x*+y*+2gx+2f1=0
and S'=x*+ y»+2g'x+2f'y=0

For circles S=0, Forcircle S =0
Center = Cl = (_g, —f) Centre = Cz — (_g! , _f! )

rad= 5 =g’ + f? =€) + ()
Let the circles S=0 & S’ =0 touch each other

(internally or externally)

ThenC,\C,= |t r, | CcC, =\/(_g'+g)2 +(—f"+ f)*

Squaring on boh sides we get = \/(g — g,)z +(f - f'2
(CCy=@ +r)

- 2.2
= K +r x2nn

= (g4 gt~ + N = (@ + S+ ) 2P+ 7 @)+ ()
= g +(g) —2gg'+ P+ -2/ =g+ (@) ()
£2J(e% + (g + 1)
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23.

Sol. :

= —2gg ~2ff" = +2(g*+ f) (g + [

= -2gg'+ ") = (& + /)& + /)

Squaring on both sides, we get
(gg'+ /)" = (& + /) + /)
= g'g?+ 2 +2gelf =g’ P+ S+ S S
= g’ f? +g?fP-2gg'ff'=0
= (gf")* +(g) - 2Agf") (g) =0
= (gf"~g/)’ =0
= gf'=gf.
Hence the condition is proved.
Show that the circles x2 +)? + 2ax + ¢ =0 and x> +)? + 2by + ¢ =0 touch each other if

1,11
a> b
Let the given circles be

S =x*+)y*+2ax+0y+c=0
S =x2+y’+0x+2by+c=0
For the circles S=0, For the circle S’ =0,
Center = C, = (—a, 0) Centre = C, = (0, -b)

radius=r1 = Va2 +0%—¢ 7y =\/02+b2—c
=Va’-c¢ = Vb’ -c

If the S=0and S’ =0 touch each other, then
CC=r +r,
Squaring on both sides, we get
(ce=(r; + 1)

= (¢cy)* = 12 +717 £ 2
2
= [\/(O+a)2+(—b+())2} — (@ =) +(bP =) £ —c b ¢

= @+ = P —c+ B -c+ 2\/(a2—c)(b2—c)

= 2 =+ W@ )b -c)
squaring on both sides, we get
c=(@-c)(b*-o)

= ¢t=a*h* - a’c—bc + &
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= 0= a*b* - d’c-bc
= c(a*+ b*) = a’b?

(a*+b%)
- ¢c—————=1
a’b’
a?+b* 1
= T 5.5, —
a’b? c
@ 01
= a’h?  a*b* ¢
1 11
= p* 4*
1. 1.1
= 2T Hence proved.

24. Find the eqn of the circle which cuts the circle x>+ y*+ 2x + 4 y + 1 = 0,
2x*+ 2y*+ 6x + 8y =3 = 0 and x> + y*— 2x + 6y — 3 = 0 orthogonally.
Sol: Letthe given circles be

S=x*+y*"+2x+4y+1=0 (1)
6 8 3
S =x*+y’+—x+-y-==0
TS
' 2 2 3
= S'=x"+y +3x+4y—520 -(2)
and = S" =x>+1?-2x+6y-3=0 .(3)

The radical axis of (1) and (2) is S=S" =0

= x2+y2+2x+4y+1—x2—y2—3x—4y+§:0
:>—x+1+§: 0
2

5
3—X+§= 0 ..(4)

The radical axis of (1)and (3)is S—S"” =0

= x2+y2+2x+4y+1—x2—y2+2x—6y+3=0

= 4x-2y+4=0

= 2(2x-y+2)=0

= 2x-y+2=0 ..(5)
Solving (4) and (5) we ge the radical centre
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4 :>—x+§—0 :x—é
Substituing in (5) we get
5
2(—)— +2=0
5 Y
=5-y+2=0

=y =7

. . 5
.. The radical centre is > 7| =(x, )

5
Now length of tangent from [55 7) tocircle S=0 is

Sy :\/x12+y12+2x1+4y1+1
2
= (2) +72+2(§)+4(7)+1
2 2
= \/§+49+5+28+1
/2
= —5+83
4
B /25+332
4
_ [
4

". The circle orthogonal to (1), (2) and (3) is
(x—x)° + (y-»)° = (\/511)2

2
= (x—%] + (y=17) :35—7

= x2+y2+§+49—5x—14y _ 337

= x2+y2—5x—14y+£+49—35—720 25 4937
4 4 4 4
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25-357
= x*+y? —5x-14y-34=0 = 40+ — —
332
is required circle. = 49—T
Second Method =49 - &3
LetS=x>+)?+2gx+2fy +c=0 =-34
be the circle orthogonal to
S'=x2+y2+2x+4y+1320 2¢g"'=2,2f" =4, ¢ =1 3
Srr:x2—|—y2+3x+4y—5:0 2gr!:3’ 2f”:4’ C”ZT
S"=x*+)y*-2x+6y—-3=0 2g"M=-2,2f" =6, ¢ =-3
S=0and S’ =0 are orthogonal
= 2gg' +2ff" =c+
= 2g(1)+2f(2)=c+1 = 2g+4f=c+1 (1)
Again
S=0and S” =0 are orthogonal
= 2gg" +2ff" =ct "
=2 [gj%r2f(2)—c—é =3 +4f—c—é
g 7 > g > -(2)
Again S=0and S"" =0 are orthogonal
= 2ggm +2ffm =c+ CW
= 2g(-1)+2f(3)=c-3 = 2g+t6f=c-3 ..(3)
Solving (1), (2) and (3), we get
(1) =>2g+4f =c+1 (1) => 2g+4f=c+1
3
2) = 3g+4f=c— ) 3) = 2g+6f=c-3
- - -+ + - - 4+
3
-g= 1+ ) 4g —2f=4
-5 -5
=|lg=— = 4[—)—2 =4
8= >) 7%
= -2f=4+10
14
=— =-7.
! -2

-5
Substituting g = X & f=-Tin (1), we get
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25.

2(_—5) +4(=7)=c+1
2
= —-5-28-1=¢c = c=-34
Substituting the values of ‘g’, ‘/” and ‘c’ inS=0
We get the requried circle as
X2+y*—5x—14y-34=0 Ans.
Prove that the radical axis of the circles x*+)*+2gx +2fy+¢=0 and x>+ )*+2g'x +
2 " y+ ¢" =0is the diameter of the latter circle (or the former bisects the circumference of the

later) if 2g'(g—g")+2f' (f— f')=c— .

Sol : The given circles are

26.

S=x*+y*+2gx+2fy+c=0 (1)

S'=x*+y’+2gx+ 2f' y+c =0 -(2)

The radical axis w.r.t the circlesS=0and S' =0isS— S' =0

= ¥+ +2gx+2fy+tc —x* -2 -2gx - 2f'y—-c =0

= 2g-2g")x+@2f -2f")y+tc—-c" =0

= 2(g-g')x+2(f - f")y+tc—-c =0 ..(3)

To find the condition for the radical axis to be the diameter of circle (2)

So, center of circle 2)is (- g',— ')

Ifthe radical axis (3) is the diameter of circle (2), then its center ¢ g’ ,— f ) should lie on (3)
2g-g)=g)t2f - f)(= f1)tec-c" =0

=  2g'(@g-g)t2f'(f-f)=c-¢

Hence proved

Show that the common chord of the circles x*+ y?—6x—4y+9=0and x*+)*— 8x— 6y +23

=0 1s the daimeter of the second circle and also find its length.

Sol : Given circles are

S=x*+)"—6x—-4y+9=0 2g=-6, 2f=-4, c=9
and S'=x*+)?-8x—-6y+23=0 2g'=-8,2f" =-6, c'=23
For circle S=0 For circle S =0
Centre = C, = (3,2) Centre = C, = (4,3)

raidus =, = /9+4-9 =2 radius=r, = V16+9-23 =+/2

Distance C,C, = J(4-3)* +(3-2)* =2 < 2++2.
P Tl < GG <ty 22 = 2-1.414 =0.586

= Thecircles are intersecting cicles.

[

The common chord is the radaical axis S— S’ =0

= x2+y2—6x—4y+9—x2—y2+8x+6y—23=0
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= 2x+2y-14=0
= x+y—7=0..(1) isthe common chord
To show that it is the diameter of second circle S’ =0 :-
Centre of S' = 01is(4,3)
Substituting (4,3)in 1, we get4+3-7=0
— The centre of the circle S’ = 0 lies on the radical axis that is, the common chord AB of the
circlesS=0& S' =0.
.. The common chord is the diameter of the second circleS’ =0.
Hence proved.
". Length of common chord
= length of the diameter of circle (2)
=2 x raidus of circle (2) = 242 units
OR
Length of common chord

= 2\t —d?
where r=radius of circle S=0
d=length ofthe L" from the center C, = (3,2) to the chordx+y—7=0

_ Jax;+ by, +c|
- m (formula)
_13+2-71 2

IRN/EERE 2
i
= 2

2
length of common chord = 2N —d?
2x4/2* - (42)°
2x+4-2

— 2+/2 units. Ans.
27. Findthe eqn of the circle whose diameter is the common chord of the circles
S=x*+y"+2x+3y+1=0and S'= ¥*+)»*+4x+3y+2=0

Sol : Given circles are
S=x*+y*"+2x+3y+1=0
and S'=x’+)*+4x+3y+2=0
For circle S=0, For circle S' =0,
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-3 3
Centre=C, = —1,7 Centre = C, = —2,7
. 9 ' 9
radius =7 =4 [1+—~1 radius=r, = 4[4+—-2
1 4 5 4
2.3 _ Lo T
4 2 4 2
=ﬁ=2.06.
2
2
. 5 3
Distance C,C, = \/(—2+1) +(—+§]
=1.
( )
1< é+ﬁ
2772

= [h-nl <GC <[r+n]
—  The two circles intersect each other and the common chord AB is the radiacl axis
S-S =0
= i+ y2+2x+3y+1— -yt —4x-3y-2=0
= 2x-1=0
= 2x+1=0
Let L=2x+1=0
We know that the eqn of any circle passing through the points A and B is
S +A(S—-S")=0 where
Where A and B are the points of intersection of the circles S=0andS' =0
SS+HMS-S)=00rS+AL=0
= x¥*+t)y*+2x+3x+1+A2x+1)=0
= X+y+Q2+2Ax+3y+(1+A1)=0 (1)
If (1) itselfis the circle with AB as diametre, then its centre P [—@, %) lies on the

radical axisL=0
- 2[—(2”7‘)] +1=0
2
= 2-2A+1=0
= 2\ =-1
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1

:>k=—5

Substituting in (1), we get the requried circle as

+y + 2+2(—— +3y+|{1-=|=0
Y { 2) FTTUTS

1
= x2+y2+x+3y+52 0

= 2x%+ 2y?+2x+6y+1=0.
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Conic Sections

The Circle, parabola, ellipse, hyperbola, a pair of intersecting straight lines; a straight line and

a point are called as conic sections because each is a section of a double napped right circular cone

with a plane.

Note: A pair of parallel straight lines is not a conic section as there is no plane which cuts the

cone along two parallel lines.

The generated conic sections are a circle, an ellipse, a parabola, a hyperbola. The

degenerated conic sections are a point, a straight line, a pair of intersecting straight lines.

Conic

Definition: The locus of a point moving ona plane such that its distances from a fixed point and

a fixed straight line in the plane are in a constant ratio ‘e’ is called a conic.

1.

2.

The fixed point is called the focus and is usually denoted by S.
The fixed straight line is called the directrix.

Y\ S .
The constant ratio ‘e’ is called the eccentricity. Directrix
The straight line of the plane passing through the
focus and perpendicular to the directrix is called
the axis.

M P

If e = 1, the conic is a parabola. ;
If 0 <e <1, the conic is an ellipse. ) S axis

v
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If e > 1, the conic is a hyperbola
If e = 0, the conic is a circle.
6. Foci are inside the conic
7. Directrices are outside the conic and never intersect the conic.
Parabola
Equation of a parabola in the general form
Let S(a., B) be the focus and /x +my +n =0 be the directrix. Then by definition of the parobola.

SP = PM, where P(x, y) is a point on the parabola and PM is the | rdistance from P to
the directrix.

|lx+my+n

:>\/(x—0t)2+(y—B) \/“72 , when P =(x,y)

(Ix+my+n)’
P+m
which is a second degree eqn. in x and y. The eqn. of axis is

m(x—o)—=I(y—p)=0.
V Imp LAQ

= (x-a) +(y-B)’ = is the eqn. of parabola

directrix

Theorm. Derive the equation of the Parabola in the standard form as j* = 44x

Proof: Let ‘S’ be the focus and / be the directix. Y

/
Let 73 be the axis which is passing through the focus, .
S, and |r to the directix /. M

X’ A X
Let ‘A’ be the midpoint of ZS and ‘A’ be the origin. Z S
Then ZA = AS.
Yl

Let ZA=AS =aand AS be the positive x axis and A7
be the negative x axis. Let YAy’ be the y axis,

Then A = (0,0), S = (a,0), Z = (-a,0)

The directrix / is parallel to y-axis and passes through Z. - Its equation is x =-a or x +a = 0.
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Let P(x,, y,) be any point on the parabola.

SP
Then according to the definition, M 1

= SP=PM
— SP? = PM*

where PM = perpendicular distance from P to the directrix x + a =0

|x, +4]

VTS

|ax1 +by, + c|

Formula: W

— SP? = PM*

=|x, +4]

:>(x1 —a)2+(y1 —0)2 :|x1 +a|2

:/{/+/—2axl+y12:){z/+/+2axl
2
=y, =4ax
. The locus of P is y* = 4gx which is the required standard equation of the parabola.

Nature of the curve of the parabola j* =4ax, (a>0)

1. The curve passes through origin -+ x=0=y =0
2. The y-axis is a tangent to the parabola at the origin.
3. For any positive real value of x, we obtain two values of y of equal magnitude but of

opposite in signs. So the curve is symmetric about X-axis and lies in the first and fourth

quadrants (- x>0). The curve doesnot exist on the left side of y-axis.

4. As x —oc, y — + oc. So the two branches of the parabola lying on opposite sides of the
X-axis extend to infinity towards the positive direction of the X-axis. Hence it is an open
curve.
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5. For the parabola y* = 4ax, (a > 0) the focus S is (a, 0), directrix is x + a = 0 and axis
is y = 0. The vertex is A(0, 0).

6. If the vertex is at (h,k) and the axis of the parabola is parallel to X-axis then the
equation of the parabola is (y — k)2 =4a(x—h).
Definitions:
1. The line joining two points of a parabola is called ‘a chord’ of a parabola.
2. A chord passing through the focus is called a ‘focal chord’.

3. A chord through a point P on theparabola, which is perpendicular to the axis of the
parabola, is called the ‘double ordinate’ of the point P.

4. The double ordinate passing through the focus is called the ‘latus rectum’ of the
parabola.

5. Length of latus rectum is 4a, (a > 0)
Extremities of latus rectum are (a, 2a) and (a, —2a)

Note: When the latus rectum is known, the equation of the parabola is known in its
standard form, and the size and shape of the curve are determined accordingly.

Definition: The distance of a point on the A
parabola from its focus is called the ‘focal M {y )
distance’ of the point. ;oo
|
Formula: The focal distance of the pointp(x, |
|
on the parabola ? =4 L ema=> —> R
) P e X7 A 5 N >X
whose focus is S(a, 0)is SP -
T
=PM 7
=
= xl + a \/Y’

Parametric equations of the parabola )* = 44x

The point P(atz, 2at) satisfies the equation y2 =4qax of a parabola V¢ eR.

".|x=at?,y = 2at| are the parametric equations of the parabola ) = 4ax . Any ‘point t’or

P(t) is P(at*,2at)
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Notation:
S =y’ —dax
Sl =V - 2a(x+ ‘xl)
S, = ylz —4ax,

S, =»y, —2a(x, +x,)

Position of a point w.r.t the parabola * =44x or §=3°>—-4ax=0

The part of the parabola which contains the focus is called the interior of the parabola and the other
is called the exterior of the parabola.

(i) P(x,,y,)lies outside the parabola S =)’ —4ax=0<>S,, >0  Exterior
(outside)

(i1) The point P(x,, y,) lies on the parabola S =0 < §,, =0

Interior (inside)

(111) The point P(x,, y,) lies inside the parabola S =0 < §,, <0

Various forms of the Parabola

Parabola
1) The focus is situated on the right side of directrix.
The axis is X-axis The axis is parallel to X axis
NOAY Y
| <
! &
+
D
=
A ° S
X' < o > N A S y—k=0
S(a, 0) X
(=)
I J
F X'< >X
g Uy
v Vv
YI
Eqn. of the Parabola  :3? = 4ax, (a > 0) (y—k)* =4a(x—h),(a>0)
Vertex (A) : (0, 0) (h,k)
Focus (S) : (a, 0) (a+h,k)
Directrix X=-a xX—h=-a
axis :y=20 v—k=0
Length of latusrectum  : 4a 4a

Extremities of L.r. ((a,+2a) (a+h, £2a+k)
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(i1) The focus is situated on the left side of directix
The axis is X-axis The axis is parallel to X axis
Y4 y
S
N4
-~
)
A
1 & @ >X Py
: 20 SR N I
o
%
Y’ i X< >X
wvY'

Eqn. of the Parabola  :)* = —4ax,(a > 0) (y—k)* =—da(x—h),(a>0)

Vertex (A) : (0, 0) (h, k)

Focus (S) i (—a, 0) (—a+h,k)

Directrix X=a x—-h=a

axis :y=0 y—k=0

Length of latusrectum  : 4a 4a

Extremities of L.r. {(—a,t2a) (—a+h,2a+k)

(iii) The focus is above the directrix and the axis of the parabola isy-axis or parallel to y-axis
The axis is Y-axis The axis is parallel to Y axis
Y. W A
45(0.0) eSS
X' € N —> X X' A > X
< — - y—k+ta=0 =
yyr rraso J Y x—h=0

Eqn. of the Parabola  :x* = 4ay (x—h)* =4a(y—k)

Vertex (A) 0, 0) (h,k)

Focus (S) 2 (0,a) (h,a+k)

Directrix =-a yv—k=-a

axis x=0 x—h=0

Length of latusrectum  : 4a 4a

Extremities of L.r. (£2a,a) (h*2a,a+k)
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(iv)  The focus is below the directrix and the axis of the parabola isy-axis or parallel to y-axis

rY
< I y—a=0 y—k—a=0 _
X' A - A
®S
p
$(0,~a)
X'< / \ > X
\ Y/ fo y X— h=0
Eqn. of the Parabola  :x* = —4ay, a >0 (x—h) =—4a(y—k),a>0
Vertex (A) : (0, 0) (h, k)
Focus (S) 2 (0, —a) (h,—a+k)
Directrix y=a v—k=a
axis cx=0 x—h=0
Length of latusrectum  : 4a 4a
Extremities of L.r. ((£2a,—a) (h£2a,—a+k)
v) Inclined Parabola
Eqn of parabola is (l y
v . X+my+n
‘ axis (x=a) + (= By ==
I“+m
N Focus (S) = (a,B)
(o, B) Directix : Ix+my+n=0
A Axis = m(x—a)—-I(y—p)=0
X' € ‘/ \ >X
Yy directrix

Note: If the focus S lies on the directix, then the locus is a straight line passing through S and | -

to the directix. It is a degnerated parabola.
Note: 1) The eqn of the parabola whose axis is parallel

(i) to the X-axis is x =" +my+n

(i) to the Y-axis is y=I/x>+mx=n where I,m,nelIR [#0
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PROBLEMS

Very Short Answer Questions

L 1. Find the vertex and focus of 4)? +12x—20y+67=0
Sol:  The given parabola is 4)* +12x—20y+67 =0

=4y’ -20y =—12x-67

= 4(y’ -5y)=—12x-67

2 2
5 (5Y (s
=42 -2y> 42| -| 2| |=-12x-67
(y 2 @ @J ’
2 2
=4 (y—éj —(éj =-12x-67
2) 2
( 5 25| -12x-67
Y7) Ty 4

( 5)2 “12x-67 25
Sly-—=| =—F—+—

4 4

5 —12x-42
4

-12 x+£
12

- 4

(g4

This is in the form (y —k)* = —4a(x—h)

-5 7 3

—k=—,-h=—,-4a=-3=>a=—

where > > 4
="l k=243
2 2 4

For the parabola (y —k)* = —4a(x — h), the vertex is (h,k) and focus is (h—a,k)

75
-, for the given parabola, the vertex is (#,k) = (—55) Ans.

Focus = S = (h—a,k)
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_(Z175
17 Ans.

2. Find the vertex and focus of x* —6x-6y+6=0
Sol.:  Given parabolais x> —6x—6y+6=0
=x-2x3+3-3"-6y+6=0

=x’-2x3+3=6y+3

2 _ 3
= (x-3) —6(y+6j

o fo ()

This equation is in the form (x — 4)* = 4a(y —k)
:>h:3,k:—%, 4a=6

3
=>a==

1
- The verex is (h,k)= (3a—5j Ans

1 3
Focus = (h,k+a)=(3,—5+5]=(3,1) Ans

3. Find the equations of the axis and directix of the parabola y* + 6y —2x+5=0
Sol.:  Given parabolaisy® +6y—2x+5=0
=" +2.9.3-2x+5=0
=17 +2.3+3 -3 -2x+5=0
= (y+3)° =2x+4
= (y+3)=2(x+2)
This equation is in the form (y —k)* = 4a(x - h)
—k=3,~h=2,4a=2

k= 3h=2a=1
2
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The axis of the parabolais y—k=0= y+3=0 Ans.
The Directrix of the parabolais x— 4 =—¢g

:x+2+l:0
2

=2x+5=0 Ans.
4. Find the equations of the axis and directrix of the parabola 4x*> +12x—20y+67 =0

Sol.:  Given parabolais 4x* +12x—-20y+67 =0
= 4[x> +3x]-20y+67=0

=4 x2+2.x%}—20y+67=0

B 2 2
=4 x2+2.x.§+(g] —(%) :|—20y+67=0

2
=4 [eréj 2 -20y+67=0
2 4

2
:>(x+%j -9-20y+67=0

2

:>4(x+% —-20y+58=0

2

:>4(x+% =20y —-58

2
:>4(x+% :ZO(y—ﬁj

20

[ 3)2 20( 29)
= x+—| =—|y——
2 4 10
(++3) =o(>-3)
=S| x+—=| =5|y——
2 10

This equation is in the form (x — 4)* = 4a(y —k)

3 -29
Where —h :5’_k ZW,M =5
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= k=2 4a=2
2 10 4

The axis of the parabolais x— ;=0
:>x+%:0:>2x+3:0 Ans.

The directrix of the parabolais y—k =—a

o, P 3
Y70 4

20y —-58+25
= =
20
=20y-33=0 Ans

0

Long Answer Questions

5. Find the coordinates of the vertex and focus, the equation of the directrix and axis of the
following parabolas.
(1) " +4x+4y-3=0 (i) x*-2x+4y-3=0

Sol:. (i) The given parabolay® + 4x+4y—-3=0
=17 +2.9.2+4x-3=0
=3’ +2.2+2° -2 +4x-3=0
= ((y+2)°-4+4x-3=0
= (y+2) =—4x+7

S RN
=(y+2) = 4(x+ 4)

This equation is in the form (y —k)* = —4a(x - h)

7
where —k =2, —4a=-4, —hZ_—4

k==2,a=1,h="
4

7
. The vetex is = (h,k)= (Z,—zj Ans
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7
Focus is =(h—a,k):(z—1,—2j
3
122
(4 j Ans

Directrix is x—h=a 3x—%=1
=4x-11=0 Ans
Axisis y—k=0 = y+2=0 Ans
Sol.:  (ii) The parabolais x* —2x+4y—-3=0
=x =2x1+1°=1"+4y-3=0
=((x-1=1+4y-3=0
=((x-1°=-4y+4
= (x-1)=—-4(y-1)
This equation of parabola is in the form
(x—h)* =-4a(y—k)
=>h=1Lk=1 4a=4 = a=1
.. The vertex is = (h,k)=(1,1) Ans.
Focus is = (h,k—a)=(1,0) Ans
Directrix is y —k = a
=y-k—-a=0=y-2=0 Ans
AXisis x—h=0
= x—-1=0 Ans
Long Answer Question
6. Find the equation of the parabola whose axis is parallel to X-axis and which passes through
the points (-2, 1), (1, 2) and (-1, 3).
Sol.  The axis of the prabola is parallel to X-axis
So let the parabola be /y* +my +n = x. (D
(Since vertex is generally denoted by A, we take the points as P, B, C).
Now it passes through P(-2, 1)
=11 +m(l)+n=-2

=l+m+n=-2 )
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Similarly, it passes through B = (1, 2) and C (-1, 3)
=12 +m2)+n=1 and /(3 +m(3)+n=-1
=>4l+2m+n=1 __ () and 9/ +3m+n=-1 __ (4
Solving (2), (3) and (4) for I,m,n we get

[+m+n=-2-(2) [+m+n=-2-(2)
4/ +2m+n=1-(3) Ol+3m+n=-1-(4)
-3l-m =-3-(5) —8/-2m =-1-(6)

=>@Bl+m=3) (5
8l+2m=1 __(6)

6/+2m==6

81+2m=1 5
—2i=5 =|=—3

15
Substituting in (5), we get 5 "= -3

From (2), we get n=-2-/—-m

:>n=—2+§—2:—10

2
=|n=-10

Substituting the values of /,m,n in (1), we get the required parabola as

2
~ Sy +§1y 20:x

= -5y> +21y-20=2x
=5y -21y+2x+20=0. Ans.
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Sol.

2)
3)

Find the equation of the parabola whose axis is parallel to y-axis and which passes through
the points (4, 5), =2, 11) and R = (-4, 21).
The axis of the parabola is parallel to y-axis.
So, let the parabola be x> +mx+n=y. _ (1)
Now it passes through P(4, 5)
=14 +m4)+n=5.

=16/+4m+n=>5 )
Again, it passes through Q(-2, 11) and R = (-4, 21)

=1(-2) +m(-2)+n=11 and [(—4)’ +m(-4)+n=21

=4l -2m+n=11 __(3) 16/-4m+n=21 __(4)

Solving (2), (3), (4) for /,m,n, we get.

=16/+4m+n=5 () =4 -2m+n=11

— 4 -2m+n=11 (4) = 16l-4m+n=21
12/ + 6m =—6 —1214+2m =-10

= 6[+3m=-3 —(5) =-6l+m=-5 __(6)

(5) = 61+3m=-3
6) = —6l+m=-5
4m=-8 =
Substituting in (6), we get —6/ -2 =-5
=—-6/=-5+2
=-6/=-3

= |[=—
2

Substituting the values of/ and m in (3),

1

=2+4+n=11

=|n=5|

Substituting the values of /, m, n in (1), we get the required parabola as

%xz +(2)x+5=y



| Parabola | 133

x*—4x+10
> — =
2

=x"—4x+10=2y
=x"—4x-2y+10=0 Ans.

Long Answer Questions

8.

Sol:

Find the equation of the parabola w hose focus is (—2, 3) and directrix is the line

2x+3y—4=0.Also find the length of the latus rectum and the equation of the axis of the
paragbola.

Since focus = § = (-2, 3) and directrix is 2x + 3y — 4 = O are given, the equation of parabola
can be found using the definition : SP = PM.

Where P = (x, y,) is any point on the parabola and PM is the | ~distance from P to the

directrix.
SP = PM

2x,+3y, -4
V27 +37

Squaring on both sides, we get

= (x5 +2) + (5, -3)" =

13[ (3, +2)° + (3, =3) | =[2x,+ 3y, - 4[
:>13(x12+4x1+4+y12—6y1+9):4x12+9y12+16+12x1y1—24y1—16x1

= 9x7 —12x,y, + 4y, +68x, =54y, +153=0
The locus of P is the equation of required parabola.
The requried parabola is

=9x" —12xy+4y> +68x—54y+153=0

Length of latus rectum
= 4da
= 2(2a)
= 2 x distance from focus to directrix
=2xSZ
2(-2)+303) -4 |ax, +by, +]

=2x
|

\/22 Y ‘ formula : \/m

\/B where (x,»,)=S
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To find the equation of axis of the prabola:- We konw that the axis is | ~ to the directrix and
passes through the focus.

= 3
. The slope of difectrix is EY = The slope of the axis is )

3
- The equation of axis of the parabola with slope ) and passing through S(-2,3) is

3
-3=—(x+2
y 2(x )

=3x-2y+12=0 Ans.

0. Find the equation of the parabola whose focus is S(1, —7) and vertex is A(1, —2)

Sol.:  For the parabola, focus = S=(1,-7)
Vertex = A =(1,-2)
Since the vertex, A and focus, S lie on the axis of the parabola, and since the x-coord of

S and A are same. AS is parallel to y-axis.

So the axis of the parabola is parallel to y-axis.
Since we know the vertex A =(h,k)=(1,-2), the equation of the parabola can be
(x—h)’ =+da(y—k)

But the focus = S = (1, —7) always lies inside the parabola.
Since A is above S, the parabola is a downward type of parabola.

So its equation is (x —h)* = —4a(y —k)

Now distance AS = ¢ =/(1-1)> +(-2+7)* =5
". The equation the required parabola is
(x=1)" =—4(5)(y +2)
= (x-1)>=-20(y+2) Ans.
Very Short Answer Questions

10.  Find the position (interior or exterior or on) of the point(6, —6) with respect to the parabola

y2:6x.
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Sol.  The parabolais S=y* —6x=0
Let (x;,y,)=6,-06)
S, =y* —6x,
= (6)" —6(6)

=36-36
=0
S,,=0= The point (6,—6) lies on the parabola S = 0.

11.  Find the coordinates of the points on the parabola y* =8x whose focal distance is 10.
Sol.  Let P(x,,y,)be any point on the parabola j* = 8x.
Then )’12 =8x, (D

Now comparing j* = 8x with the standard parabola y* = 4ax

we get 4g =8=[q =2]

The focal distance of P is 10 (given)

=x +a=10

Il
0

=x,+2=10 :>:x1

Subst. in (1) we get 1’ =8(8) = 64

=y =+/64=+8.
Therefore the points on the parabola whose focal distance is 10 are

(x,1,)=(8,8)&(8,-8) Ans

>
of the other extremity.

Sol.  Given parabola is y? = 8x. Comparing it with y* = 4ax we get 44 =8 =
Focus = (a, 0) = (2, 0)
Let pg be the focal chord.

1
12. If (— 2) is one extremity of a focal chord of the parabola j* = 8x, then find the coordinates

1
Let P = (atf,2at1) = (5,2j (parametric coordinates)
, 1
=atf =, Jat =2 =224=2

1
=t ==
2
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13.

Sol.

Let B=(at;,2at,)
Since pp is a focal chord, we have £¢, =—1

-1 -1
Sh=—=—=-2.
t 12

~.B=(a},2at,) = (2(—2)2 ,2(2)(—2))

= (8,-8) 1is the other extrenity of the focal chord pg.

Find the equation of the parabola whose vetex and focus are on the poistive x-axis at a
distance ‘@’ and ‘'’ from the origin respectively.

Since the vertex & focus of the parabola are on thex-axis at a distance of @ and 4’ from
the origin respectively, the coordinates of vertex A =(a,0)& Focus =S = (d',0)
Dist AS = (a'—a)
The equation of the parabola is (y—k)* =4a(x—h), the standard equation, where
(h, k) = A = vertex & a = distance AS.

". The required parabola is

(y=0)" =4(a’'-a)(x~a)
=y’ =4(a'—a)(x—a) Ans.

Long Answer Questions

Q.

Sol.

Prove that the area of the triangle inscribed in the parabola y*>=4ax is

1
gk)’l =) =y = » )| where y,,y,», are the ordinates of its vertics.

Given Parabola is y* =4ax _ (1)
Let P(x ), Q(x,),), R(x;,y;)be three points on the parabola, then j’=4ax,,

yI =dax,, y; =4ax,

2 2 2
= x =2y, =22y =
4a 4a 4a
Lx,—x  Xx—X
A f APQR — &
rea oF APQR = 51y 3 y—w

==l4a 4a 4a 4a

2
Vo= Y3 =W
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11

2 4a

(v -y7) (»-¥)

Vo= W Yi—=N

:L =2 +y) (=) +2)
8a

Yo=0 Yi=M
1 Wt ¥ty
=— =W —) ? : } :
8a 1 1

1
=2l =02 =)0 =)
a

Second Method:
Let P=(x,,y,)=(at’,2at,)

Q= (xz’yz) = (atzz’zatz)
R = (x,,y;) = (at;,2at,) be 3 points on the parabola y* = 4ax

Y
Then x, = at., 2at, = y, = t, =2—1,
a

R
2a 4qa 4a

1
Area of APQR = E‘le (67 _)’3)‘

1w
_2‘2461()}2 »s)

Y P yz v
_2(4610}2 y3)+ (y3 y1)+ (y1 )j

e 320 — )+ 2 0s =)+ 32— )|

1
:g‘ylzyz Vit VI n Y n s |

1 .
= §|(y1 =), =y _y1)| Sq.units because

(Y1 _yz)(yz _y3)(y3 _yl)
= (0 = 7)) (V23 = ViV, — Vi + V1Y3)
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=[¥73: = vy + ¥iys = yvi + 9s = payidl.

1
. Area of APQR is §|(y1 =), = 35 _y1)| Sq. Units, Hence proved.

Long Answer Questions
15.  If the coordinates of the ends of a focal chord of the parabola y* =4qax are (x,,y,)and
(x,,,), then prove that xx, =a” and y,y, =—4a’
Sol: Let P(x,,y,)=(at],2at,) and Q(x,,y,) = (at;,2at,) be two end points of a focal chord
PQ of the parabola ) = 4ax where Focus = S = (a, 0)
Now P, S, Q are collinear.
— Slope of p§ = slope of SQ
2at, -0 _ 2at, -0

2 2
at; —a  at; —a

=

2at, 2at,
= =
a(ty =1) a(t; -1)

g L

-1 -1

=1(6-1)=4(4-1)

=St —t—tt,+t,=0

= t4,(t,—1,)+(t,—1,)=0
= (tt, +1)(1,—1,)=0
=1tt,+1 = 0 because ¢ #¢,
=t, =-1
Because if #, = ¢, then P & Q coincide & there is no chord.
Now x,.x, =at].at;
=adtt,) =a’ (-1 =a’
V¥, =2at, 2at,
= 4a’tt,
=4a*(-1)

= 44> Hence proved.
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16.  For a focal choid PQ of the parabola y*> =4qx, if SP =17 and SQ = /', then porve that
1,11
[ I' a

Sol.

Let P=(at,2at,)and Q= (at;,2at,)be the extremities of the focal chord PQ of the

parabola y* = 4ax whose focus is S = (a, 0).

Then |#,t, = —1|, because PQ is a focal chord.
Then Distance SP =/ (given)

= SP =/ =/(a—-at?)* +(0-2at,)’

= \/a2 +a’t —2a’t) +4a’t]

= \/a2 +a’t +2a’t]

= \/(a+at12)2

:a+at12

Similarly SQ = /' = \/(a — ai)* + (0 2at, )’

= \/(a —at})’ +4a’t

=(a+at})’

2 a atf+a
:a+at2:a+—2: 2 t1t2:_1
1 tl
_1+1_ 1 N 1
I I' a+atl at’ +a ﬁ:l
1 1 2 2
£ h
1z

a+at12 a+at12

1+
a+at12

_ (1+t12) 1

_a(1+tf)_a
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Definition: The conic with eccentricity less thanunity is called an ellipse. An ellipse is the locus of a
point whose distances from a fixed point and a fixed straight line are in constant ratio 'e' which is less
than unity. The fixed point and the fixed straight line are called the focus and the directrix of the ellipse
respectively.
2 2
Theorem: The equation of the ellipse in the standard formis pe + Z—z =L a>b
LX)y

Nature of the curve of the eqn. of the ellipse : ?-i- e =1, (a>b>0)
(1)  The curve intersects X-axis at A(a, 0) and A'(—a, 0), hence AA' = 2a. The curve intsects Y-axis

of B(0, b) and B'(0, —b), hence BB'=2b.
Major and Minor Axes

The line segment AA' and BB' of lengths 2a and 2b respectively are called axes of ellipse.

Ifa>b, AA'is called major axis and BB'is called minor axis and vice versaifa<b.
Chord, Focal Chord, Latus rectum
1. Aline segment joining two points on the ellipse is called a 'chord' of the ellipse.
2. Achord passing through one of the foci is called a 'focal chord".

3. Afocal chord perpendicular to the major axis of the ellipse is called alatus rectum. An ellipse

has two latus recta.
Note: The foci S, S', the vertices A, A' lie on the major axis of the ellipse.
. Lo Xy
The standard equation of the ellipse is s + e =1, (a>b).
It is horizontal ellipse b>=a? (1-¢?), 0<e<1
C = Centre = (0, 0), S =focus = (ae, 0), S' = focus = (—ae, 0)

Distance between the foci = Distance SS'=2ae.
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Directrix : Y
A
a
= CZ=—, Zz( ,0] = Z‘:(——, ]
e
B
. a a M’ ——p v
Directrices X = —and X = —— /
e e X' < . » >x
. ) ) Z'| A’ g C S N JA V4
So, distance between the directrices
) a B’
=distance ZZ'= 2 —.
v 4
Length of major axis : Distance AA' = 2a LY’

[A= (a7 0)9 A'= (_a7 O)]
Length of minor axis : Distance BB'=2b [ B=(0,b), B'=(0,-b)]
Centre of the ellipse=C =

Various forms of the ellipse

2 2

midpoint of SS'
midpoint of AA'
midpoint of ZZ

Ifa=b, thentheellipse — + Z—z =1 isacircle (x* +)?=a?) with centre atoriginandhaving radius
a

‘a’and we are familiar with circles. We assumeda # b and in the following discussion, we describe

different forms ofthe ellipse.

2 2
D)= +2 =1@>b>0) (Fig 44)
a” b
Major axis along X-axis
Length of major 2a
axis(AA")
Minor axis along Y-axis
Length of minor
axis(BB") 2b
Centre C=(0,0)
Foci S=(ae,0),
S'=(-ae, 0)
Equation of x=ale
the directrices x=-ale
. a’—b*
Eccentricity e= 3
a

Directrix % Directrix
B
X'€ 7 A S=' )A 7 >X
BI
y
bY'
Fig
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2 2
(i) = +2 =1(0<a<b) (Fig4.5)
a b
Major axis along Y-axis
Length of major 2b
axis(BB')
Minor axis along X-axis
Length of minor
axis (A A’ ) 2a
Centre C=(0,0)
Foci S =(0, be)
S'=(0,—be)
Equation ofthe y=ble
directrices y=-ble
b’ —a’
Eccentricity e= B2
Centre not at the origin

AY
< Z Directrix
B
¢S
> X
< 7 > Directrix
vY'
Fig.

Ifthe centreis at (4, k) and the axes of the ellipse are parallel to the X-and Y - axis, then by shifting

the originto (4, k) by translation of axes and using the results (i) and (ii) above, the following results (iii) and

Directrix A.\’1inor axis Directrix
B
7 A - C(h,k) A axis(y=k)
(major)
B/
\

(iv) can be obtained.
_h 2 _k 2
(iii) x > ) + v e ) =1, (a>b>0) (Fig.4.6)
a
Major axis alongy=k
Length of major 2a
axis(AA")
Minor axis alongx =/
Length of minor
axis (BB") 2b
Centre C =k
Foci S=(h+ae,k)
S'= (h—ae, k)
Equationof x=h+ale
the directrices x=h-ale
a2 _ b2
Eccentricity e= 3
a
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\Major axis

N

B Directrix

B

A >Minor axis

h, k)

(iv) & _2}’)2 + _Zk)z =1, (0<a<b), (Fig.4.7)
a b

Majoraxis alongXx=nh

Length of the major 2b

axis(BB')

Minor axis alongy =k

Length ofthe minor

axis (AA") 2a

Centre C=(h,k)

Foci S=(h,k+ be)
S'=(h, k—be)

Equationof y=k+ble

the directrices y=k-ble

b*—a’
Eccentricity e= 2

2 2

Directrix

Fig.

Theorem : If P(x, y) is any point on the ellipse x—2+ Z—z =1, (a > b) whose foci are S and S', then
a

prove that SP + S'P is a constant.

AY
M’ P(x,y)
X! < / / & \
7' A N C yA Z
L L’
4
Y!

\

Let S, S' be the foci and ZM, Z'M' be the corresponding directrices of the ellipse

2 2
X
2
a

+Z—2:1, (a>b).

Join SP and S'P where P(x, y) is a point on the ellipse. Draw PL perpendicular to x-axis and

M'MP perpendicular to the two directrices.
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By definition of the ellipse,

SP = ¢(PM) = e(LZ) = &(CZ — CL) = e[% - xj

S'P=e(PM') =e(LZ") =e(CL +CZ') = e[x " %)

.. SP + S'P =2a = constant = length of major axis (or)
or SP + S'P =¢(PM + PM') = ¢(MM")

2a
= e X distance between the directrices = e X ? =2a= constant

Auxiliary circle
The circle described on the major axis of an ellipse as diameter is called 'Auxiliary Circle' of the

ellipse.

. .- . . x_2 y_2 _ .2 2_ 2
The equation of the Auxiliary Circle of the ellipse — + i L(@>b)isx +y =a".
a

Eccentric angle and Parametric equation
Let P be any point on the ellipse. Draw PN perpendicular to the major axis and produce it to
meet the auxiliary circle at Q. Then angle ACQ is called the eccentric angle of the point P.
0<0<2m

2 2
. . . X
x = a c0s0, y=b sin0 are known as the parametric equations of the ellipse — + g—z =1, where
a

0 is called the parameter.
Any point P on the ellipse is (acod), bsin 0) = point 6 = P(6)

Notation
2 2
s="+2
a b
xx, yy
S, 21 bzl 1
2 2
S,, x—g+;—g 1
X, X. yy
S — 12+ 12_1
12 a2 bZ

The point P(x,, y,) lies outside, on or inside the ellipse S = 0 according as S, is positive, zero or

negative respectively.
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Director Circle

Director circle of the ellipse S=01is x> + y*> = a” + b”. Itis the locus of the point of intersection
of perpendicular tangents to the ellipse.

Porblecms

2
1.  Find the equation of the ellipse with focus at (1,—1),e = 3 and directrixas x+ y+2 =0.

2 . ..
Sol. Letthe focusS=(1,-1),e= 3 and directrixis x+ y+2=0.
Let P(x,, y,) be any point on the ellipse.
Then according to the definition, 5—15[ =e e (1)

where PM is the perpendicular distance from P to the directrix.

PM = |a)c1 + by, +c|
Na' +b’
w42
N/
From (1)
.. SP=ePM

E|xl+)’1+2|
3 2

Squaring on both sides, we get

=0~ + (0 +1)* =

5 ) 4|x1+y1+2|2

= =D+ +1) ==
9x2

= 7x°+ 7y} —4xy, —26x,+10y, +10=0

. The locus of P(x, ) is

x> +7y" —4xy —26x+10y+10=0

which is the required equation of the ellipse.

2.  Find the equation of the ellipse in the standard form whose distance between foci is 2 and the
length of latus rectum is 15 .
2
2 2

. Xy
Sol. Lettheellipsebe — + i 1.
a
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Distance between foci=2ae=2 = ae=1.

20* 15
Length of the latus rectum = ——= 5
a
:>4b2=15(l ...b2:a2(1_82):a2_a262

:>4[a2 —a262]=15a

= 4a* —4a*e* —15a=0

=4a> —15a-4=0 ca'e =(ae)’ =1’ =1
= (4a+1)(a—4)=0
:>a=_—1 or 4
4
) -1
=a=4 '.‘als+Ve,a¢T

=b=a*-d**=16-1=15
2 2

.. The required ellipse is — + e 1.
a

2 2

Y

=>—+
16 15

3.  Findthe equation of the ellipse in the standard form such that the distance between foci is 8 and
distance between directrices is 32.

2 2

Sol. Let the ellipse in the standard form be x_z + g—z =1,
a
Distance between the foci =2ae =8 = ae=4.

a

. . . 2a
Distance between the directrices ~ 2= o 16.

Now, ae><£:4><16:>a2=64:>a=8.
e

b’=d’(1-e)=a’—a’e’ =64—(4)’ =64-16=48.

2 2 2 2
.. Theellipse is x_2+y_2 B PN A
a 64 48
4.  Findthe eccentricity of the ellipse (in standard form) ifits length of latus rectum is equal to half of

its major axis.

2 2

. Xy
Sol. Lettheellipse be — + i 1.
a
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1
Given, length of latus rectum = 5% length of major axis

20 1
=>"—=—Qa)=>2b*=ad’
a 2
=2[a'(1-¢)]=a
=2(1-¢)=1
=1-¢ :l
2

1 1 1
Seé=l-—=—=e=—F
2

2 2

1
.. The eccentricity of the ellipse is e = —.
Y P 72

5.  Find the equation of the ellipse in the standard form, if it passes through the points (-2, 2) and

(37_1)'
x2 yZ
Sol. Let the ellipse be — + = =1 in the standard form.
a
It passes through the points (-2, 2) and (3, -1).
)y 2 3 (-1)
:>—( 2) +—2:1and(—2+—( 2) =1
a b a b
1 1 1 1
3(4X?j+(4xb—2j=1 and (9X?j+(lxb—2) =1
Then dm+4n=1
and Om+ n=1
dm+4n=1
36m+4n=4
-32m =—
:>m—i:>n=1—9m=l—9><i=i
3 32 32

=x'm+y'n=1
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:xz[i)+y2(ij =1
32 32

= 3x” +5)° = 32is therequired ellipse.

6.  Ifthe ends of major axis ofan ellipse are (5, 0) and (-5, 0), then find the equation of the ellipse
in the standard form, if'its focus lies on the line 3x— 5y—9=0.

Sol. The ends of major axis of the ellipse are A(5, 0) and A'(-5, 0).
Midpoint of AA' = C = Centre of the ellipse

2 2

. The ellipse is %+z—2= 1 anbA=(5,0)=(a,0)=a=>5.

The focus (ae, 0) =(5e, 0) lies on 3x — 5y —9 =0 (given).
=3(5¢)-5(0)-9=0

= 15¢-9=0
9 3
Se=—=—
15 5
2 2 2 9
b =a(l-e ):25(1——j =16
25
x2 y2
Therequiredellipseis—2+b—2:1.
a
x* y2 2 2
= —+—=1=16x"+25y" =400.
25 16

7.  Ifthe length of the major axis of an ellipse is 3 times the length of its minor axis, then find the
eccentricity of the ellipse.

2

2
Sol.  Let the ellipse in the standard form be x—2 + y_2 =1.
a

Given length of major axis =3 x length of minor axis
=2a=3%x2b =>a=3b
But b*=a’(1-¢%)
=b>=(3b)’(1-¢€°)
=b>=9h*(1-¢%)
b2

397:(1—62)
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=e =1- 1 = 8
9 9
8 242
e= 5 = N eccentricity of the ellipse.

8.  Findthelength ofthe major axis, minor axis, latus rectum, eccentricity, coordinates of centre, foci
and the equations of directrices of the following ellipse.
(1) 9x* + 16)* = 144 (1) 4x*+)? 8x+2y+1 =0 (iii)) x* +2y* 4x+ 12y +14=0
Sol. (i) Given ellipse is 9x* + 16)? = 144
:%+16y2 :1:>x—2+y
144 144 16 9

2 2

Comparing this equation with the standard equation — + <+ el =1
a’

we geta’=16,0’=9 =a=4, b=3.
a>b= b*=d*(1-¢)

= 9=16(1-¢%
2 1-¢°
16
Se=1-—=—
16

7 7
=e=,[—=—o
V16 4

a>b = The ellipse is a horizontal ellipse.
(i) Length of major axis =2a=38.
(i) Length of minoraxis=2b=6.

26 29 9
(i) Length ofletusrectum=——= = 5

a 4
7
(iv) Eccentricity= e = g
(v) Centre=(0, 0)

(vi) Foci = (*ae, 0)=(+4/7,0)

(vii) Directrices : X = +2 Rt T:M/_x +16
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(ii) Given ellipse is 4x*>+)? —8x+2y+1=0
Writing it in the standard form
(4x> =8x)+ (1> +2y)+1=0
= 4(x* =2x)+(* +2.y.1+1P =1))+1=0
=4(x° -2x1+1 -1*)+(y+1)’=0
= 4(x-1)>-1]+(y+1)> =0
= 4(x—1)* —4+(y+1) =0
=4x-1)+(y+1)> =4

2 2
: 4(x—1) +(y+1) _4
" 4 4

(x—1)2+(y+1)2 .
1 4

=

(x=h) (v

—k)2 .

Comparing with the standard equation —+

a

Weget h=1,-k=1=k=-1,
a?=1=a=1 P=4=5b=2
=a<b.

= The ellipse is a vertical ellipse.
a=b(1-e)=1=4(1-¢%)

:>l:1—ezz>ez=l—l=§:>e:
4 4 4

3
2

(1) Length of major axis =2b=4.
(i) Length of minor axis=2a=2.

2

2.1

:—:1

2a .
2

b

(i) Length oflatus rectum =

(iv) Eccentricity=e = ?
(v) Centre=(h,k)=(1,-1)
(vi) Foci= (h, ktbe)= (1, =1++/3)

4

N

b
(vii) Directrices : y—k=i23y+1=i

b

:ﬁy+\/§:i4
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(iii) x> + 2y 4x + 12y +14 =0
Writing in the standard from, we get
X2 —4x+ 2y + 12y +14=0
= (x> =2x2)+2()* +6y)+14=0
= (" —2x2+2°-2)+2()* +2.9.3+3°=3")+14=0
=(x—2)—4+2[(y+3)°-9]+14=0
=(x—2)"-4+2(y+3)°—18+14=0
=((x-2)+2(y+3)>=8

N (x—2)° +2(y+3)2 1

8 8
_9\2 2

L G= 3
8 4

2 2

x—h -k

Comparing with the standard equation ( > ) + (y e ) =1
a

Weget h=2,k=-3
@?=8=a =22, P=4=b=2
= a>b = Theellipse is a horizontal ellipse.
b’=a’(1-e*)=>4=8(1-¢%)

4 5 5 4 4 1 1
> —=l-e=De'=l-—=—=—=e=—=

8 8 8 2 V2
@) Lengthofmajoraxis=2a=4\/§.
(i) Length of minoraxis=2b=4.
- 20 24 4 4><‘/5 N2

t _—— = — —_— —

(i) Length of letus rectum PN I CRNG) ;

1
: e
(iv) Eccentricity NG

(v) Coordinates of Centre = C = (h, k) =(2,-3)
(vi) Coordinates of Foci = (h+ae, k) = (2+2,-3) = (4, -3), (0, -3)

=>x-2=14

(vil) Eqn. of Directrices : x—h=+% = x_ 2=+ ]
e
)
=>x-2=4+4,x-2=-4

=x—-6=0, x+2=0 arethedirectrices.
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—hY (y—k)
9.  Findthe equation of the ellipse in the form of (x > ) + (y e ) =1 given the following data
a

(1) Centre = (2,—1); one end of major axis=(2,-5), e = %

(i1) Centre = (4, —1); one end of major axis = (—1,—1), passing through (8, 0)

2
(i11) Centre =(0,-3); € = 3 semi minor axis =5

1
(iv) Centre=(2,-1); e= > Length of latus rectum =4

Sol. (i) Centre = (2, —1) = (h, k)
one end of major axis = B =(2,-5) = vertex
Since the x-coordinate of C and B are same,
the line CB is parallel to y-axis.
We know that, C and B lie on major axis.
.. Major axis is parallel to y-axis.

The ellipse is a vertical ellipse.

CB=b=(2-2)’+(-1+5)* = 4

Givene:l
3
na=b(1-¢%)
:>a2:16(1—l):16x§:%
9 9 9
. N € ) I € M € ) N ) I
.. Theellipse is 2 + e =1= 128 + T =1
9
2 2
:9(x—2) +(y+5) i
128 16

(ii) Centre of the ellipse =C=(h, k)= (4,-1)
one end of major axis=A=(-1,-1)
Since the y-coordinate of C and A are same,
the line CA is parallel to x-axis.
We know that, C and A lie on major axis.

.. Major axis is parallel to x-axis.

Distance CA = a = /(4 +1)> +(~1+1)* =5
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(x—4) (1) _

_ k)2

. The ellipse is (x=h)’ + (v RN + R (1)
a b’ 25 b
It passes through (8, 0)
(8-4) 1’ 12 16 9
T sl
25 b b 25 25

Substituting in (1) we get the required ellipse as

(x-4) Nt 0 9
= o +(y+1) x—==1= o +(y+l)><25—l

bZ
= (x—4) +9(y+1)" =25
2
(iii) Centre =(0,-3); ¢ = 3 semi minor axis =5
Case (i) Centre =C=(h, k)= (0,-3)

2b
Length of semi minior axis = 5" b=5 (when the ellipse is a horizontal ellipse)

2
ezE:bzzaz(l—ez)
:>25:a2(1—i):>25:a2[§j:>a2:25x2:45
9 9 5

2 2 2 2
.. The required ellipse is (x _Zh) + (y _zk) =1= (x — 0) + (y - 3) =1.
a b 45 25

Case (i) Centre =C = (h, k)= (0,-3)
Length of semi minior axis =a =15 (when the ellipse is a vertical ellipse)

ezz:a2 =b’(1-¢%)

:>25:b2(1—g):>b2:45

2 2 2 2
.. The required ellipse is (x _Zh) + (y ;Zk) =1= (x ;50) + (y1-53) =1.
a

1
(iv) Centre=(2,-1); e= 5 Length of latus rectum =4

1
Case (i) Centre=C=(h, k)= (2,-1), eZE

2
Length of latus rectum =——=4 (for horizontal ellipse)
a
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= 2b* =4a=b*=2a

:>a2(l—ez):2a:>a[l—%j =2

3a =2=a= 8
4 3
b’ =2a= 16
3
. dellingeis oA k) (=2 (prl)
.. The required ellipse is e + e = 64 + 16 =1.
9 3
9(x—2)" 3(y+1)
= =1
64 16
1
Case(ii) Centre=C=(h, k)= (2,-1), e= )
2
Length of latus rectum = =4 (for vertical ellipse)
=2a*=4b=a’=2b
2 2 1 8
=>b(l-e)=2b=b|l-——|=2=b=—
4 3
sa’=2b= 16
3
2 2 2 2
.. The required ellipse is (x—2) + (y+1) =1= 3(x—2) + 9(y+1) =1.
64 16 64
3 9
10. Find the radius of the circle passing through the foci of an ellipse @ + 16y* = 144 and having

least radius.
Sol. The given ellipse is 9x* + 16y* = 144
2 2 2
X + Loy 1=+
144 144 16 9

2 2
. . . . . X
Comparing this equation with the standard equation — +<+ =1

we geta’=16,0>=9 = a=4, b=3.

a>b = The ellipse is horizontal ellipse.
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= b =ad*(1-¢)

=9 =16(1-¢2)
2221—62
16
seol-2= L
16 16

.. The focie are S = (ae,0) = (ﬁ, 0), S'=(—ae,0) = (—\/7, O)
.. The circle passing through S and S' with least radius is the circle with SS' as diameter.
Its equationis (x —x, )(x—x,)+(y—=»)(y—»,)=0
:(x—ﬁ)(x+ﬁ)+(y—0)(y—0)= 0
=x -7+ =0
=>x'+)y’ = (\/7 )2

. The required radius is /7 units.
2 2
11.  Prove that the equation of the chord joining the points &' and '8' on the ellipse x_z + Z—z =1lis
a

o 58] 58) )

2 2
Sol. The givenellipse is x_2 + Z—z =1.
a

The points 'a’ and 'B' on the ellipse are
P = (acosa, b sina), Q = (a cosf, b sinf})

.. The equation of chord PQis y — ¥, = yz—:yl (x—x))

2 T X

bsinf3 —bsina

= y—bsina = (x—acosa)
acosP—acosa
: b(sin 3 —si
= y—bsina = (sinp —sinc) (x—acosa)
a(cosP—cosa)
b.2cosB+OL.sinB_OC
= y—bsina = 2 2

(x—acosa)
a[—2sinB+a.sinB_aj
2 2
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bcosdz—’_B
= (y-bsina)=-——— 2 (y—acoso) (1)
asin——
2
o+p
y—bsina COST
=— (x—acosa)
a . (X.+B
asin——
2
o+p
COS™ " (x acosa
-2 _sina=- 2 [—— j
b at+tPla a

sin

= (Z—sin oc] sinOL—JrB = —cosa—ﬂg(f—cosa)
b 2 2

a
:>ZsinOL+B—sinocsinOhLB:—icosOLJFB+COSOLCOSOL+B
b 2 a 2
:>£cosoc—+B+XsinOL—+B:cosoccosOL—JrBJrsinocsinOL+B
a 2 b 2 2 2
=cos(a—ﬂj
2
:cosa_B
2
x a+B) y.. (a+B a—P . L .
35005 I +Zsm T =COST is the equation of the chord joining the points
'a' and 'B'.
(or)
sin(a;Bj —COS(G;B)
Eq.(1) = (y—bsina). 5 = (x—acosa)
a
sin(a;Bj —cos(OHB)
= (y—bsina). = (x—acosa)
b a
:ZsinOH_B—sinocsinOL—-i_B:—icos(x-|_[3+cosoccosOH_B
b 2 2 a 2 2
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12.

Sol.

By o+B a+f . a+p
2

X (0
= —COS—+ZSIHT = COS(XCOST-FSIHOLSIH

a
=cos(a—a+Bj
2

o-f

= COS

2

A +B o-p
Teos 2P 4 Xain 2P _ cos

". The equation of the chordis P ) b ) 5

If 0, 0, are the eccentric angles of the extremities of a focal chord (other thant he vertices) of the

. Hence proved.

2 2
ellipse —+ = =1,a>b, and e, its eccentricity, then show that
a

(1) eCOS[elzezj ZCOS(el;ezj (ii) —lzcot(ezj COt(%j

(i) Point 6, and point 0, are the extremities of a focal chord of the e:llipsex—2 + y_2 =1.
b

Focus =S = (ae, 0)
Point® =P =(acosB,, bsinb)
Point 6, = Q = (a cosb,, bsind,)
Now points P, S, Q are collinear.
= Slope of SP = Slope of SQ
bsin®, -0  bsinB, -0

- =

acos®, —ae acos0,—ae

b sin6, b sin®,

a cosf,—e acosO,—e

= sinO,(cosO, —e) =sinO,(cosH, —e)
= sinH, cosO, —esin, =sinb, cosO, —esinb,
= esinB, —esinO, =sin 6, cosO, —cos0, sin O,

= ¢[sin0, —sin0,] =sin(0, —0,)

:>e.2cos(61 +62) .sin((92 _9‘) = 2sin(62 _e').cos(—e2 —91)
2 2 2 2

,

0, +6, 0,
= ecos 5 =cos N . Hence proved.
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n e—H—cot(i) cot(e—zj
i 2) N

5
o
=]
Q
<
o
o,
ot
=
o
-t
Q
(@)
o
72]
TN
R
5]
~—
Il
@)
@)
7]
TN
=
|
D
8]
~—

e 2
[61+62]
coS
2
cos(el_%j cos(el_ez)+cos[el+ezj
2 1 2 2
(6,+62] (61+sz
coS coS
e+l 2 _ 2
e—1 COS(GI—GZJ Cos[el_ezj—cos 91+92j
2 ), 2 2
COS(O,+92] COS(61+92]
2 2

cos(el—ez) + cos[elJrez) 2cos(elj cos[ezj
2 2 2 2 2 2

cos(el—ez) —cos(91+62) 2sin(91j sin [92)
2 2 2 2 2 2

cos(A+B) + cos(A—B) =2 cosA cosB
cos(A—B) — cos(A+B) =2 sinA sinB

) e_+l = cot [&) cot [6—2j
Cal1 2 ) ) Hence proved.

The End



Unit 5

| Hyperbola l

° Hyperbola is a conic in which the ecentricity is greater than unity.

° Hyperbola is the locus of a point that moves so that the ratio of the distance from a fixed point
to its distance froma fixed straight line is greater that 1.

° The fixed point is called focus, the fixed straight line is called difectrix.
° The equation of hyperbola in the standard form is

2 2

x—z—y—zzl where bzzaz(ez—l) and e > 1
a b
Y
P B M
X' x

3:%
v
Trace of the Curve:
The hyperbola in the standard form is S=z—z—g—j—l=0 where a > 0, b > 0 and

b>=a’(e’ -1)
1) The hyperbola cuts the x-axis at A(a, 0) and A!(—a, 0) called as vertices.

(ii) x=0= y=++-b> = The curve does not intersect y-axis.
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b
() y=f—vVx’-a’=x'-a’,20 —x<-aor>a
a
A r—
)C:iz y2+b2 Zy—)iOO when x — *o©
The curve does not exist between the vertical lines x =—g and x=a.
yisreal = x is real = each horizontal line y = k intersects the hyperbola at two points.
The curve is unbounded *.» x > *0o = y >t o0
(iv)  The curve is symmetric about X-axis and also about Y-axis. The curve consists of two
symmetrical branches each extending to infinity in two directions.
v) AA' 1s called as Transverse axis of the hyperbola
BR! is called as conjugate axis where BC = B!C = p = g4/ —1 and B, B' lie on Y-axis.
(vi)  As in the ellipse, the symmetry of the curve about its axis shows that it has two foci,
. . a
S =(ae,0), S'=(—ae,0) and two directrics x =t—.
e
(vi)  C s called the centre of the hyperbola. It is the point of intersection of the transverse and
conjugate axis. C bisects every chord of the hyperbola that passes through itself.
Theorem:

Prove that the difference of the focal distances of any point on the hyperbola is constant.

Proof: Let P(x, y) be any point on the hyperbola whose centre is the origin C, foci are S, S,

directrices are ZM and Z'M' . Let PN, PM, PM' be the perpendiculars drawn from P upon
x-axisand the two directices respectively.

NY

—]

>X

X ~ S, Z’ C

)Y’

Now SP = ¢(PM) = ¢(NZ) = ¢(CN-CZ) = eﬁx—gj =ex—a,

S'P = e(PM') = ¢(NZ') = ¢(CN + CZ) = e(x+£j —ex+a
e
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.. S'P—SP = (ex+a)—(ex—a) = 2a = constant.
.. The difference of the focal distances of the point P is a constant.
Note: Hyperbola is also difined as the Locus of a point, the difference of whose distances from

two fixed points is constant.

Notation
X ¥
a’ b
xx, Yy
S ==L ~1_1]
1 a2 b2
_Non
11 a2 b2
XX, Wy
Slzz 122_ 122_1
a b

Very Short Answer Questions
Definition Rectangular Hyperbola

1. Define Rectangular Hyperbola and find its eccerticity.
Ans. Inahyperbola, if the length of the transverse axis (2a) is equal to the length of the conjugate

axis (2b), then the hyperbola is called asRectangular Hyperbola.
Its equation is x* —y* =4’

b=a=ad’ =a2(e2—1):>e2—1=1:>62=2:>e:\/§

.. The ecentricity of a rectangular hyperbola is /7 .

Definition: Auxiliary Circle:

The circle described on the transverse axis of a hyperbola as diameter is called as the
auxiliary circle of the hyperbola.

The equation of the quxiliary circle of the hypergbola S =0 is x* + y* = 4*.
Parametric equation:

NY P(xay)

X!

o/

A!

,Yl
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Let the equation of the hyperbola be S = 0, then the quation of the auxiliary circle is
X’ +y' =a’.
Let P(x, y) be any point on the hyperbola and C be the centre.

Let M be the porjection of P on the transverse axis. Draw the tangent QM to the auxiliary
circle from M. Let ZMCQ =6

x=asecH
Then y=btanf| € the parametric equations of the hyperbola S = 0.
0ec[02m), 0= T
2°2

Definition: Conjugate Hyperbola

The hyperbola whose transverse and conjugate axis are respectively the conjugate and
transverse axis of a given hyperbola is called the conjugate hyperbola of the given hyperbola.

2 2 2 2

) X .oX
The conjugate hyperbola of ?_b_ZZI is a—z—b—zz—l
x2 yZ , x2 y2
IfS= ?_b_z_ =0 and S :a_z_b_2+1:0 then

each hyperbola is the conjugate of the other.

Very

Sol.

PROBLEMS
Short Answer Type Questions
One focus of a hyperbola is located at the point (1, -3) and the correspoinding directrix is
the line y = 2, Find the equation of the hyperbola if its eccentricity is % .

Note : To find the equation of the conic (parabola, ellipse, hyperbola).
When eccentricity, focus and directrix are given, always use the definition of conic ie.

SP
—=e .
PM

3 .. o
Let S=(1,-3),e= > directrix is y—2=0
Let P(x,, y,) be any point on the hyperbola.

SP
Then according to the definition of hyperbolamz e
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Where PM is the 1"distance from P to the directrix

=SP=¢ PM
3 y,—-2
N2 2 _ 2N
:>\/(xl D +(y, +3) =5 IRE
Squaring on both sides, we get Formula:-
9 |ax,+by1+c|
x, =1 +(y, +3)° ==(y, —2) Y
(o =D"+(n +3) 4(y1 ) N
9
=X, +1-2x,+ . +9+6y, =Z(yf+4—4yl) Here ax+by+c=0
= 4(x7 +y} —2x,+6y, +10) =9y’ +36 36y, Thatis o.x+1.y-2=0

:>4xlz+4y12—8xlJr24y1+40—9yf—36+36y1 =0
= 4x} =5y —8x,+60y,+4=0

~. The locus of P(x,,)is 4x* —5y* —8x+60y+4 =0 which is the required Hyperbola.

5
2. If the eccentricity of a hyperbola is 1 then find the eccentricity of the congujate hyperbola.

Sol.  We know that
If e and ¢ are the accentricities of a hyperbola and its conjugate hyperbola, then

1 1

=1
€2 (el)Z
Gi 3_2
1ven 4
IR U
§2 (e!)Z
4
1 16 9
= 2—|—= - =
(e') 25 25
"2
(e)y 25 , [25 5
j— = — = |— =
1 9 9 3

= eccentricity of the conjugate hyperbola.
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Short Answer Type Questions

1. If e and ¢, are the eccentricities of a hyperbola and its conjugate hyperbola, then prove that
1 1
—+—=1
e e
x2 y2
Sol.:  Let the hyperbola be P 1 )
a

2
Its eccentricity 'e' is given by b° =a’(e’ -1) = pr e’ -1

2 2 2
= e’ :l—i-b—2:>e2 =4 +2b
a a
1 a’

- & - a’+b’ — @

x2 y2
The conjugate hyperbola of eqn. (1) is P =-1

a

Its eccentricity ¢, is given by a® = b*(e] —1)

2

:>e12 —I:Z—Z

) a> b +d’
=€ :1+b_2: b2
L1

ef a’ +b* E)

From (2) and (3) we get

i i B a2 . b2
e & a+b a+b
= a+b =1 Hence proved
a’+b’ '
2. Find the centre, foci, ecentricity, equation of the directrics, length of the latus rectum of the
following hyperbolas,

(i) 16y° —9x° =144
(i) 9x* —16y° +72x-32y—-16=0
Sol. (i) The given hyperbola is 16)* —9x* =144
= x> —16)” = —144
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9x* 16y° -144
= — =
144 144 144

2 2

X y

16 9
It is a hyperbola whose centre is (0, 0)

and transverse axis is alongy-axis.
So, a®=b*(* 1), where > =16,b> =9
=16=9(e’ 1) a=4, b=3

:>ez—1:E

10,2
9 9
5

=le==
3

". Centre = (0, 0)
Foci = (O,i be) = (O,i 5)

5
ecentricity e = 3

2a° 32

Length of latus rectum =

Equation of the directrics = y =+—
c

9
= y=x —
YEES

=5y+9=0
(ii) Given hyperbola is 9x* —=16y> +72x-32y-16=0
= (9x* +72x)— (16> +32y)-16=0
= (9x* +8x)—16(y* +2y)-16=0
= 9[x’ +2.x.4]-16[y* +2.y.1]=16
=[x’ +2.x.4+4" -4]-16[y°2.y.1+1° -1°]=16
= 9[(x* +4)-16]-16[(y+1)° —-1]=16
=9(x+4) —144-16(y +1)> +16 =16
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— 9(x+4)> —16(y +1)> =144
2 2
_ 4 16+

144 144
2 2
:>(x+4) (4D _
16 9
_h2 _kZ
Comparing this equation with (x 2) W bz) =1
a
weget h=—4, k=-1,a=4,b=3, b*> =a*(e* -1)
2
:>e2—1:b—2:2
a 16
. Centre = (h, k) = (—4,-1 S P
.. Centre = (h,k) =(—4,-1) 6 16
. 5
Foci=(htaek)=(-4+£5,-1) :>e:Z

= (-4+5,-1) and (-4-5,-1)
= (1,-1) and (-9,-1)

5
ecentricity € = 1

a
Equations of directrices : X—h = i;

:>x+4:-|_-E
5
=5x+20=%16
—=5x+20=16 and 5x+20=-16
=5x+4=0 and 5x+36=0

20> 2x9 9
Length of latus rectum = — = =— Ans
a 4 2
3. Find the equation to the hyperbola whose foci are (4, 2) and (8, 2) and eccentricity is 2.

Sol.:  The foci of the hyperbola are S = (4, 2) and S'=(8,2) since the y-cordinate of S & S'
are same. SS' is parallel to X-axis
= The transverse axis is parallel to X-axis.
= The equation of hyperbola is of the form
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A —k)?
(x 2) o, 0
a b T
4+8 2+2
Centre = C = (h,k) = Midpoint of SS’=(78,L]
=(6,2)
=>h=6,k=2

Distance between foci = SS' = \/(8—4)2 +(2-2)" =4
e=2(given) = 2qe=4
=2.a22=4
=a=1
b’ =a’(e’ -1)
=1(4-1)+3
. The hyperbola is
(=6 (=27 _,
& 3
_ 2 _ 2
36 -(=2)
3
= 3(x* +36—12x)— ()’ +4—-4y)=3
=3x" —y* =36x+4y+101=0

4. Find the equation of the hyperbola of given length of transverse axis 6 whose vertex bisects

the distance between the centre and the focus.

2 2

Sol.:  Let the hyperbola be x_2 —2}—2 =1
a

Length of transverse axis = 24 =6 (given)
-
Vertex bisects the distance between the centre & focus
= Vertex is the midpoint of CS
Where C = (0, 0), focus = S = (ae, 0)
Vertex = (a, 0)

:(a,O):(Ogae,O;Oj

:>a=%:>
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Now b* =a’(e’ -1)=9(4-1)=27.
5. If the lines 3x—4y=12and 3x+4y=12meets on a hyperbola S = 0, then find the
eccentricity of the hyperbola S = 0.
Sol.:  The lines 3x—4y =12 and 3x+4y =12 meet on the hyperbola S = 0.
The combined equation of the lines is(3x—4y)3x+4y)=12x12
=9x’ 16y’ =144
L9 16yt 144
144 144 144

2 2
= f_6 —% =1 which represent a hyperbola.

s b =da’(e’ —1) where @ = 16, b’ =
=9=16(c>—1)

= —=¢" -1 :>€2=1+i=£
16 16 16
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| Integration l

Integration is the inverse process of differentiation. The process of finding the function whose

derivative is given, is called as Integration.

Definition: Let E be a subset of R such that E contains aright or a left neighbourhood of each of'its
points and letf: E — R be a function. If there is a function F on E such that F'() = f(x) Vx€E, then

we call F an antiderivative of for a primitive of f.

Idefinite Integral: Let/: [ - R. Suppose thatfhas an antiderivate F on I. Then we say thatfhas an

integral on I and for any real constant ¢, we call F + ¢ an indefinite integral off over I, denote it by

_[ f(x)dx and read it as 'ingegral  (x) dx'. We also denote _[ f(x)dx as _[ f.

Thus we have If = If(x)dx =F(x)+c.

'c'is called a 'constant of integration'.

'f"'is called the 'integrand' and x'is called the 'variable of integration'.

I ()] = £ ()

Note: (1) E[

(i) I f'(x)dx= f(x)+c,'c'is the constant of integration.
d
[=rGdx=f(x)+c
dx

(i) %[f(x)+c]:g(x):>_[g(x)dx:f(x)+c:>j%[f(x)+c]dx:f(x)+c

() y=f(x)=dy=f'(x)dx
Standard Formulae

n+l

1. Ix"dxz +c,n#-1 de:jl.dx:x+c

n+l
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%
2 X
Ix.dx:x—+c I\/;dx=7+c
2 2
JALd)C:z\/;+C J.xzdx:x_3+c
Jx 3
4
J.x3dx:x—+c
4
2 Jldleog |x|+c 3 Iax.dx: i +c,a>0,a#1
' X ¢ ' log, a
4. Ie”dx:ex+c 5. Isinxdxz—cosx+c
6. Jcosxa’x:sinerc 7. Iseczxdx:tanerc
8. Jcoseczxdx:—coterc 9. Isecxtanxdx:sechrc
10. Icosecxcotxdx=—cosecx+c
Examples
@) d(xz):2xdx (i1) d(t2):2tdt
. x 33x7dx—x*.3y"d
(i) d(x’y*)=x"3y"dy+y’3x" dx (iv) d(Tj:y NV L
y (»")
_[ ! dx=sin"'x+c=—-cos ' x+c -+ cos™ x +sin”! T‘]
11. l—x2 = = (.cos X +sin x:E
1 -1 -1 -1 -1 T
12. _[ zdxztan xX+c=-cot x+c (’.'tan X+ cot x:—)
+x 2
J.;dx:sec*1x+c:—cosec*1x+c ( S 4 nj
13. |X|m s sec” x+cosec x—z
14. Jsinhxdx:coshx+c 15. Icoshx:sinhx+c
16. Isechzxdx:tanhx+c 17. Icosechzxz—cothx+c
18. Jsechx.tanhxdx:—sechx+c 19. Icosechx.cothxdx:—cosechx+c
0. J. 1 dx=sinh"1x+c=loge[x+\/x2+l}+c
1+ x?
1
21 I dx:cosh*1x+c:logex+\/x2—1‘+c
' Vxt =1
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22.

23.

24.

1
'[1 ~dx = tanh™' x+c¢=coth™ x+c¢
—X

[/ +@))dx= [ f().dr+] g)dr+c

_[a.f(x) dx = a_[ f(x).dx+c where aeR

Integration by the method of Substitution

Formulae

1.

10.

I1.

12.

13.

[/e@]g'@dr=f[gx)]+c
—f '(X) X = X C
| e dx = log| £ (x)| +

[ @] f o= LT
n+1

+c,n#x-1

[ 7o foae= 79 I,

%
Im-f '(x).dx = M N

%

o

£ e
JM— [(x)+c
jf'(ax+b)dx=M+c

a
jf(X) -1,
0 fx)

Itanxdx: log|secx|+c=—log|cosx|+c

jcotxdx=log|sinx|+c

(53
tan| —+—
4 2

J.secxdx log | sec x + tan x | +¢ = log

J.cosecxdx = log | cosecx —cotx |+c = log

'[ 21 2dx:ltan_l[£)+c
a +x a a

+c¢=—log|cosecx+ cotx |+c

(9
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1 1 a+x
I —dx =—Ilog +c
a —x 2a a—x

14.

1 1 x—a
dx=—-1Io +c
15, J.xz—az 2a gx+a

16. I\/idx—smh [ j+c-10g[x+\/a +x* J+c

17. I\/idx—sm [xj+c

18. J.\/idx—cosh [ j+c—10g‘x+ FERE] I
2
19. jmdx:§m+%smhl(§j+c
a
2
20. fmdh%er%sm_](g)w
a
2
21. Imdngm_%cosh—l(fj_i_
a
Examples:
L. I < dx:log‘ex+l‘+c
e'+1
! & log|3—8
2. IL“’X:MH,I 1 dx:zmmj L og| x|+c
ax+b a Jax+b a 3-8x -8
eax e_x
. axd — + , —xd — I
3 Ie X 4 C je X — C
4 [sinacrbyde= "B G0y gy = T8O

sin(ax +b)

5. I cos(ax+b)dx =

+c, jcos(2x) dx = _sm(22x) +c

6. J.(2+3x)”dx=”f+l+c, _[(2+3X)4dx=%+c

tan(ax +b) ce

a

7. [sec’(ax+b)dy =
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—cot(ax+b) te

8. J cosec’(ax +b) dx =
a

0. [ocosectax+b).cotax+b)dy = —2EAXED)

a

10 [sec(ax +b).tan(ax+b)dx = seclax+b) |

a
(7-5%" : .
3 o ra=
11. J' ’—7—5xdx:%§+c _ J. xax %]
1 2+/3-9x i 1
d = cl—dx=2
12. J.m X _9 +cC I J.\/; X \/;:|
| log4—57x .
13. _[4 5 dx = s t¢ {.‘J-;dleogx}
7 7

1

1 —
15. .[ 1+ x dx =log|l+x|+c, J- T dx=tan™ x+c (understand the difference)

Solved Problems

1. Find _[cotz xdx.
Sol. Jcotz xdx= J(cos ec’x — 1) dx
= Icoseczx.dx—jl.dx:—cotx—x+c

ool -1)
2. Fmd.[Llerszx.

(x°—1) P -2
Sol. .‘.Iki:szdx:J’{(x —-X +l)+1+x2}dx

5 3
X

==~ 4tx-2tan ' x+c
5 3
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3. Find [(1-x)(4-3x)(3+2x)dx.

Sol. (1—x)(4—3x)(3+2x)z(l—x)(12+8x—9x—6x2)
=(1-x)(12-x=6x") = 12— x = 6x” —12x+x” + 6x* = 6x’ = 5x” —13x +12
w [(1=x)(4=3x)(3+2x)dx = [ (6x° —5x* ~13x+12) dx

4 3 2

4 3 2
_6X 5 X 13X g3 X e
4 73 2 2 3 2

4. Find j J1+sin2x dx .
Sol. I\/1+sin2x dx = I\/1+25inxcosx dx

= I\/(sinz x+cos’ x)+2sinxcos x dx = I\/(sinx+cosx)2 dx

= j(sinx+cosx)dx: —CoSXx+sinx+c

5. Evaluate I ﬁdx for x>0 and verify the result by differentiation.

I2x —3x+5 J'(2x3 3x 5)

- + d.
Sol. L2x2 2x? 2x2J *
J-(x———+ X )dx
x2 5 —2+1
=———log|x|+—. +c
2 2 2 241
2 -1
=2 —Zlog|x|+> . +c
2 2
—x—z—élo | x| —=. l+c
) 28
Verification:
d|x* 3 51
—|——=log|x|-=.—+c¢
de| 2 2 2 x
_Z_X_E l_ (—x *11) 3 S
2 2'x 2 2x 2x2

x(2x*)=3(x)+5  2x’ =3x+5 .
= . == > . Hence verified.
2x 2x




| Integration | 175

+3x-1
6. Evaluate J‘ud

3x 1)

x +3x 1
+———|dx
Sol. '[ J.2x 2x  2x

1 3 11 1 3 1¢1
—J[E-X*Fz-l—z-;jdx=5jx.dx+5jl.dx—5j;.dx
1 x> 3 1 x> 3x 1
=— "—+=x-——log|x|+c =—+———log|x|+c
22 2 2 4 2 2

2 3
7. Evaluate I (1 +—— —zj dx .

X X

2 3 —2+1
Sol. j(1+___2) dv=x+2log| x| 3. —+c :x+2logyx|+3.l+c
X X +1 X

4 Zjdx,
1+x

4 1 2

8. Evaluate I (x +

9. Evaluate I ke —— + dx

S

)dx—e —log|x|+2cosh™ x+¢

1 1
10.  Evaluate I(l—xz + 1+x2j dx .

1 1 - -
Sol. J.(l_x2+1+x2jdx:tanh1x+tan1x+c

11.  Evaluate J.[\/lixz + \/lerxJ dx .

de

j\/idx+2j\/7

=sin”' x+2sinh ' x+¢

J.( 1
Sol. L\/1— \/1+
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2
12.  Evaluate I glogl+tan™) .

Sol. Ielog(lﬂanzx) dx = Ielog(seczx) dx = jseczxdx: tan x + ¢ ("'ak‘g” :x)
sin? x

13.  Evaluate | ————dx.

3 VauaeJ.1+0052x

Sol I sin” x —J. sin” x dx—lj-tanzxdx—lj(seczx—l)dx

o 1+cos2x 2cos’ x 2 >

14.  Evaluate I [i_g+%j dx .
\/; x 3x

Sol. I(%—%Jrﬁ] dx=3j%dx—2jidx+%jx‘2 dx

—2+1

_32x ~2log | x| +2

3(2+1)
\/;-i-l ’
15. Evaluate'[ . dx

Vx +1 ’ x+1+24x
Sol. I[ X dx:J‘de
% 1
—j[; Lz 2x dx=.|.(§+x +2.x2 2]dx

—2+1

(1 .2 .
ZIL—+x +2.x de:10g|x|+ +2. +c
X -2+1

11
+c:6\/;—2log|x|+§.—+c
x

1 - 1 4.
=log|x|—-—-4x 2+c=log|x|-———F=+c
X X

Jx

16.

(1 2 3 )
Evaluate '[LﬁjLﬁ_FJ dx .

2

——J dx = 2\/;+2005h"1 x—%[—lj

X

Sol. _[ (

=2x/;+2005h"1x+2i+c
X
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17.

Sol.

18.

Sol.

19.

Sol.

20.

Sol.

( 3
Evaluate I kcosh X+ dx .

(
J.Lcoshx+ ! dx =sinhx+sinh™ x+¢

Vx?+1

( o)
Evaluate I sinh x + —V dx.
X’ - 1) g

x =1

( )
J.sinhx+; dx=jsinhxdx+j L
v VXt -1
=coshx+cosh' x+¢

Evaluate I%

(a* =b") a” +b> =2a'b"
I a'b” dx I a'b” dx

:IL a* N bz" 2a*b }dx

ij—x+a—x—2J dx —IZ;C dx+I§dx—2jl.dx

i )

= + 5 -2x+c
log, (a) log, [j
b ‘\a

Evaluate I sec’ xcosec® xdx.

J‘sec2 xcosec” xdx = _[(1 +tan” x)(cosec” x)dx
= J‘(cosecz x + tan” x cosec’ x)dx

= J-(cosecz x +sec’ x)dx
=—cotx+tanx+c
Alternate method:
1 1

cos’x sin’x

Jsecz xcosec’ xdx = _[

dx ( sin? x +cos’ x = 1)
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21.

Sol.

22.

Sol.

23.

Sol.

1

dx

dx

cos” x.sin’ x

J- sin’ x + cos® x
cos® x.sin” x

2
COS X \\ dx

_[ 1 N 1
cos’x sin’x

J
U cosii)rcl.zsi);2 x "
(
-

cos® x.sin® x

Jas

Isec X+ cosec x) dx

=tanx—cotx+c

1+cos® x
Evaluate | ————dx.
VaualeJ.1—0052x
J~1+cos2x J-1+cos x
1—cos2x 2sin® x

(1
:J‘k2sin2xJr

= 2
2sin” x

= %J'(cosec2 x+cot’ x) dx =

_1 2cosec’ x—1)dx =
3l )

X
=—Ccotx——+c¢
2

Evaluate J V1—cos2x dx.
I\/l —cos2x dx = 4'-\/2sin2 x dx

0082 X \\

1 1
dx = J(— cosec’ x + —cot’ xj dx
2 2

%j (cosec2 X+ cosec’ x — 1) dx

%[2(— cotx)— x|

:Iﬁsinxdx:ﬁ(—cosx)z —J2cosx+c

1

Evaluate | ——————dx .
J. cosh x +sinh x
1 cosh? x —sinh? x
J-—_dx :J. - dx ( coshzx—sinhzle)
cosh x +sinh x cosh x +sinh x

B J~ (cosh x + sinh x)(cosh x —sinh x)

dx

cosh x +sinh x

= I(coshx —sinhx)dx = sinhx — coshx+c¢
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dx.

24. Evaluate j 1
+CosXx

1 1 1-cosx
dx = X dx
Sol. -[1+cosx J.1+cosx 1—cosx

1- 1-
:J~ coszx dx:J. 'cgsxdx
1—cos” x sin” x

1 COS X
=I( —— dx
sin“x sinxsinx

= _[ (cosec2 X — cot x.cosec x) dx

=—cotx+cosecx+c

Note: To evaluate J. dx, I

dv. [
l-cosx l—sinx
Integration by Substitution
Evaluate the following integrals:

ex
1. dx
J.ex +1
Sol. Puter+1=t¢t= e .dx=dt

g d 1
[ [

=log|t|=log|e* +1|+c
OR) [ de=tog fo)

Letf(x) =e+1=f'(x) =¢
S '(x)

1+sinx

dx similar method can be used.

ex
o=l 4 =loel ()l log et +1] e

2

2. J.x dx

V1-x

Sol. Putl-x=t=l-x=t"=-dx=2tdt =>x=1-1+*

o \/lxi—x dx=| a _; D oty

= —2j(1—z2)2 dt= —2I(l+t4 —-2t*)dt = —2{;

£ 20
+___
5 3

=_2m_§(my+§(my+c

2 4
=2-=+=1
5 3
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J~ (sin™" x)? i

3.
J1-x°
1
Sol.  putsinl(x) =t = = dx=dt
I-x

t3 | 3
dx:jtzdt =§=—(sm3 Y e (or)

J(sin‘1 x)z.\/l_
1-x°

n+l1
n . 1
“f(x)] f'(x)dx:% where f(x)=sin"'(x), f'(x)= N
s o1 N2+ PR N
.‘.I(sin_lx)z. ! dx:(sm X) :(sm X)
1—x? 2+1 3
1
. —d
4 I1+(2x+1)2 g
Sol. Put2x+1:t:>2.1.dx=dt:>dx:%
P i
1+(2x+1) 1+7 2
:_J.1+t ——tan t—%tan (2x+1)+c (or)
[ fax+bydx= f("“b)
-1
J. lzdxztan”x:_[ ! ; _fan (ax+h)
1+x 1+ (ax+b) a

1 Tx+1) 1
J. —dx = tan (2x+ ):—tan*1(2x+1)+c
1+ (2x+1) 2

5

X
5. Il+x'2 dx.

Sol. Put x(’:t:>6.x5dx:dt:>x5dx:%
dt
5 5 -
d
I xlzdx:j =~ fzdx: 62
I+x 1+(x”) 1+¢

1
=—tan 't=—tan ' (x*)+¢
1+¢° 6 6 (")
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6.

Sol.

Sol.

Sol.

Sol.

10.

Sol.

Jcos3 xsinxdx.
Put cos x = ¢t = —sin xdx = dt = sin xdx = —dt

Icos3 xsinxdx = _[t3 (—dt)

t* (cosx)* cos’ x

=fra- {4}:_ 4 4

J. [1 —x—lzj .e()(%j dx

Putx+l=t:>(l—%] dx=dt

X X

J.(I—Lz) .e(x%] dx=I (= 1) (l—xlj dx _Ief.dt:e’ze[x+’l‘]+c

X

1

dx

J Wsin ™ x4/1—x?

Putsin'x=¢= dx =dt
1-—x*

1

1 1
dx = . dx
J.\/sinlx\/l—xz ‘[\/sinlx J1-x2

_I—dt—Zx/— 24sin”' x +¢

dx

sin® x
[—
cos’ x

sin® x sin® x 1
j dx j dx
cos® x cos* x cos® x

— Itan“ x.sec” xdx [T S oy = [f(X)]

tan* x  tan’ x
= = +c
4+1 5

J sin? x dx

J.sinzxdx=j1_c;)82xdx =%j(l—c052x)dx

= %Ul.dx—jcosh.dx} = %[x— sin22x}_c
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1
d
11 -[asinx+bcosx *
1 1
dx d
Sol. jasmx+bcosx J.\/a ( ’ ) g
~————(asinx+bcosx
\Ja® +b*
—cose —sin6:>tan(9—2:>9—tan‘1 (2)
«/ Na? a B a
1 1
= dx = dx
J = J

a . b
~——(asinx+bhcosx) \Ja’ +b’ | ———=sinx+———cosx
2 2 2 2
a +b a +b

a’ +b*

el [Errereed
= |y dx
Ja? +b* 7 \cosOsinx+sin0cosx

B 1 J' 1 i
B Ja* + b2 7 sin(x+0)

cosec(x +0)dx

_ 1
gl

= ;log | cosec(x+0).—cot(x+0)|+c
a’+b’

2
X
dx
I e

Sol. Putvx+5=t=>x+5=1=dx=2tdt and x=¢>-5= x> = (1’ =5)* =t* +25-107°

.'.J.\/%dxzjt4 +25-100 ,
X
=2j(r4+25—10t2).dz =2{t55 1(:3}
5 3
Lo 0] s o)

=§(x+5)% 150(x+5)2 —23—0(x+5)% e
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13.

Sol.

14.

Sol.

15.

Sol.

16.

Sol.

2
J‘\/lx—de

Put x=sin® = dx=cos0d0 and O =sin"' x

cos0 = /1—sin x = 1 — x>

x’ sin 0
X = [2T 0s0d0
J.\/l—xz ¥ J.\ll—sinzecos
—jsm ecosedezfsinzﬁde
COS
- [lmeos20 dG:%J.(l—cos%)dO

_l{e_sin26}_l{e_25in6cos6}
2 2 | 2 2

3 3
J. ! ~dx
1+4x
J- ! dXZJ-;dx J. ! dx—ltan'l[zj
1+4x° I’ +(2x)° i+x* a a
tan ™! (ij
1

== %tan_1(2x) +c

! d
J =

1 3 1 . x 1 .
".\/4—)62 dx_j\/zz—xz o -sm I(E]-i_c I az_xzdx=s1n (%)
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17. j J4x? +9 dx
Sol. j\/4x2 +9dx = J‘\/(Zx)2 +3% dx '-’J.\/mabmgx/era—;sinh’1 (%)
22x VA2 +9 + Z sinh™ (2;)
2
:—\/4x +9+2s1nh [2xj+c
2 4 3
18. j VOx? — 25 dx
Sol.  [Nox*-25dx=[(Bx) -5 dx = [V¢-dd=Nx-a —%zcosh*I @
3% Jox® —25 -2 cosh- [3xj
2 2 5
3
=X Jox? —25 —Ecosh*1 [3—xj+c
2 6 5
19. j V16 -25x dx
Sol. [N16-250 dx= [J# - (5xpadx ¢ [N =2+ L (2

52x\/16 252 +12651n1[5xj

_ 4
5
x\/i2 16 . _,(5x
=—+16-25x"+—sin" | — | +c¢
2 10 4
X
d
20. I1+x2 ¥
S'(x)
=— : dx=1
Sol. [ J.1+x P de=tog | [ e

1
=—log |1+ x*|+c
) gl |
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21.

Sol.

22,

Sol.

23.

Sol.

24.

Sol.

25.

Sol.

J- (log x)* i
X

10 X 2 1 . n+l
J.&dx = j(log x)z._.dx "._[[,f(x)] .f'(x)dx: [f(x)]
X X n+1
2+1 3
_(logx)™ _ (ogx)
2+1 3
tan~! x
je - dx
I1+x
Put tan”' x =t = ——dx=dt
1+x
etan_lx 1
_ tan~! x
J‘l+x2 dx—Ie '1+x2'dx

-1
=J.e‘.dt= e=e"™ "+c

. t _]
J-sm( an 2 X) dr
1+x
Puttan ' x =t = —dx = dt
1+x

sin(tan ™" x) , »

———— 2 dx=|sin(tan" x). dx
J. 1+ x° '[ ( ) 1+x°

= J‘sin t.dt = —cost = —cos(tan™' x)+c

3 2
_[ al —dx
1+x

Put x° =t = 3x%dx = dt

3x° 3x’d
.[1+xx6 dx:Jl:Ex;;z =j#= tan"'t = tan"' (x’) +c

2
—dx
J \J25+9x°

dx:ZI

2 1 5
—_—— —_— =2 sin
I V25 +9x7 5+ (3x) 3 3
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3 d
26. Iﬁx

cosh™ (3)6

Sol. =cosh'(3x)+c¢

dx:3j

f;
Vox? -1

217. I sin mx cos nx dx

! dx=3
J(3x) =17

Sol.  We have sin mx cos nx = %(2 sin mx cos nx)
1. .
= E[sm(mx + nx) +sin(mx — nx)]
Ip. .
= 5[51n(m +n)x +sin(m — n)x]

J.sin mx cos nx dx = j%[sin(m +n)x +sin(m —n)x|dx

B l{—cos(m +n)x N —cos(m — n)x} te

2 (m+n) (m—n)

28. I sin mx sin nx dx

Sol.  We have sin mxsin nx = %(2 sin mxsin nx) = %[cos(mx — nx) —cos(mx + nx)]

I sin mx sin nx dx = J‘%[cos(m —n)x —cos(m+n)x|dx

B l{sin(m —n)x _sin(m+ n)x} ce

2| (m-n) (m+n)

29. Icos mx cos nx dx
1 1
Sol.  We have cos mxcosnx = ) (2cosmx cosnx) = E[COS(I’I’ZX + nx) + cos(mx — nx)]

.. | cosmxcosnxdx = 1 cos(m + n)x + cos(m —n)x |dx
2

_ 1| sin(m+n)x N sin(m —n)x N
2 (m+n) (m—n)
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30. j sin x.sin 2x.sin 3x.dx

Sol.  sin x.sin 2x.sin 3x

= %(2 sin xsin 2x)sin 3x
1 )
= E[cos(x —2x)—cos(x+ 2x)] sin3x
1 1 } )
= Exz[Zcosxsm3x—ZCos3xs1n3x]
= i[Z sin 3x cos x —2sin 3x cos 3x|
= i[{sin(.?)x +x) +sin(3x — x)} - {sin(3x +3x) +sin(3x —3x)}]

| ) )
= Z [sm 4x+sin2x —sin 6x]
I sin x.sin 2x.sin 3x.dx

= j%[sin 4x+sin2x —sin 6x].dx

1 [—cos4x+ —cos2x —cos6x}

4 4 2 6
_ —cosdx _cos 2x N cos 6x
16 8 24
sin x
s | sin(a + x)
sin x sin((x+a)—a)
Sol. I —dx= j dx

sin(a + x) sin(a + x)

dx

B I sin(x + a)cosa —cos(x+a)sina
sin(a + x)

B I sin(x+a)cosa  cos(x+a)sina i
sin(a + x) sin(a + x)

= I[cosa — cot(x+a).sina]dx

= cosaj.l.dx—sinaj‘ cot(x+a)dx

= (cosa)(x)—(sin a)log |sin(a + x) | +c
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1
d
32. '[7x+3 o

j;dx: log|7x+3|+c

Sol. Tx+3 7
log(1+x
3. [,
1+x

log(1+x)]’
Sol. J.de:.[log(lntx). 1 dx = [ og( x)] +c
1+x I+x 2

J‘ dx I
34. J1+5x
241+ 5x

L. +c

S0 j\/1+5x 5

35, J-20)xdx

o 2x X X

Sol. -2 de=|(x* =2x°)dx=—-"—="--"14¢

ol [a-2x) [ -2x% TS

16 _[ sec’ x .

. (1+tanx)’

Sol. Putl+tanx=1¢=sec’ xdx =dt
I sec’ x J~ A 1 1
=" _dx=[S=ar = == +c
(1+tanx) C3+1 2 27 ~2(1+tan x)’

37. Ix3 sin x* dx
4 3 3 dt
So. Putx =¢t=4dx’dx=dt=x dx:Z
Ix3 sinx* dx = I(sin x*).x’ dx

—cosx’

dr 1 1
=|sinf—=—|sintdt =—(—cost) =
I 4 4-[ 4( )

J‘ COS X

—axX
(1+sin x)?

38.

Sol. Putl+sinx=¢=cosxdx=dt

-2+1 1 1
IL)CdeZIi;dt:It%dt: ! == S
(1+sin x) t -2+1 ¢t l+sinx
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39.

Sol.

40.

Sol.

41.

Sol.

42.

Sol.

43.

Sol.

44.

Sol.

J%/sinx .cosx dx

1
1
I%/sinx.cosxdx='[(sinx)3.cosxdx= i
—+1
3
I2xex2dx
putx>=t= 2x dx=dt
X2 X2 t t X2
I2xe dxzje .2xdxzjedt:e:e +c
logx

=

Put 10gx=t:>ldx= dt
X

dx

logx

e 1
X X

Put x’ =t = 3x’dx =dt = xzdx:%

J. I X dx =J. ! ﬂzlsin_ltz
Vi-x° JI-() N1 33

3
J‘li—xxgdx

dt
2x° 2x°d
J‘ Xsdx:J‘ X dax 2
1+ x 1+(x) 1+
8
X
J.lerlgabC

Put ¥’ =t = 9x*dx = dt:xgdx:%

d

x* x*dx
dx = dx = =
J-1+x18 J-1+(x°)2 1+t jl“

—+1
sin x)? 2
g=—(smx)3 +c

4

1., 3
—Sin (x")+c
3 (x")

Put x' =t = 4x°dx = dt = 2.2x°dx = dt = 2x°dx = %

1
= =—j ——tan "t=—tan"'(x*)+c
147 2

—tan t—étan (x)+c
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J‘ e (1+x) I

45. cos’(xe")

Sol. Putxe'=t=(xe" +e' . DNdx=dt=>e"(x+)dx=dt = e (1+x)dx =

(1
IMG’ =.[——Isec tdt=tant = tan(xe')+c
cos” (xe") cos” t
46 _[ cosec’ x .
: (a+bcotx)’
2 2 dt
Sol. Puta+bcotx=t= b(—cosec” x)dx = dt = cosec” xdx = —
dt
2
J~ cosec” x :I_b:—_j &
(a+bcotx)’
1 1 t75+1 lt 1 1
:__It_sd =- - —+c

47. Ie" sine” dx
Sol. Pute'=t=e'dx=dt

Ie" sine” dx:Jsintdt: —cost=—cos(e")+c

sin(lo
48. J.de

X

1

Sol.  Putlogx=t=>—dx=dt
X

j sin(log x)

I sin(log x).— dx J.sin t.dt = —cost = —cos(logx)+c¢
X

1
dx
49. I xlog x

Sol. Putlogx=t¢ :>ldx =dt
X

I ! dx:I ! —dx I .dt=log|t|=log|logx|+c
xlog x logx x

50. J.de

X

Sol.  Put 1+logx=t:>ldx:dt
X



| Integration | 191

S1.

Sol.

52.

Sol.

53.

Sol.

54.

Sol.

55S.

Sol.

n+l

n n+l
J.de:j(1+logx)".ldxzjt”.dt: 7 _(+logy)
X X n+l n+1
J'cos(logx) dr
X

Put logx=t= labc =dt
X
J cos(log x)

jcos(log X).— dx J.cos t.dt =sint =sin(log x) + ¢
X

J'COS\/_

Put Jx=t=x=1=dx=2tdt

J' COS\/_d J’ cost?

—2tdt = 2Icostdt= 2sint = 2sin\/;+c

_[ 2x+1 I

X +x+1

Put x* +x+1=¢t= (2x+1)dx =

2x+1 3 1 el ) i
Ix2+x+ldx—jx2+x+1(2x+l)dx—_[;.dt—10g|t|—log|x Fxtl]4e

n—1

I af dx
bx" +c
n n—1 n—1 dt
Put bx" +c=t = (b.nx"")dx=dt = x dx:b—
n
n—1
J'ax dxz_[ 1 .ax”_ldx:_[l.a.ﬂ
bx" +c bx" +c t  bn
a 1
=— dt——lo t|=—Ilog|bx" +cl+
. bgllbglx c+c
_[ 1
X
xlogx[log(logx)]
1 d
Put Jog(logx) =t = ———log x dx = dt
log x dx
ldx:a’t:> dx = dt
log x x xlog x

| : de=| : : dx—jldz
xlog x[log(logx)] log(logx) xlogx ¢ =log|]=log[log(logx)|+c
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56. j coth x dx

Sol. j cothxdx = J C?Sh al

sinh x

dx =log|sinh x| +c

57 j;dx
’ (x+3)Vx+2

Sol. Putx+2=t=x+2=>=x=t*-2=dx=2tdt

1
'[(x+3)\/x+2 abc_j(t2 —2+3).¢2tdt

= ! =2tan 't =2tan"'Vx+2 +¢
1
. —dx

58 j 1+sin2x

1 1 1—sin2x

dx = . dx
Sol. J‘1+sin 2x 1+sin2x 1—sin2x
J~ 1—sin 2x —sm 2x
—sin 2x cos 2x

1 sin 2x
= I —— dx
cos“2x cos2xcos2x
= I(secz 2x—tan2xsec 2x) dx

_ tan2x _sec 2x
2 2

2
59- J.x4+1dx

——dx
Sol. NN 2( ) 1)
X X +7
X
1
1+i2 1+— (1"')62}
=I xl dxz.f ] dxzj. > dx
x2+7 )(,'24'72 2—2 (x_lj +2
b X X
1
Putx——=t:>(1+—2jdx=dt
X X
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60.

Sol.

61.

Sol.

62.

Sol.

dt dt 1 t
= dx = dx=——=tan"' —
Jt2 +2 Jzz +(2)Y N2 2

1
| Y B

= ﬁtan 5 |° ﬁtan_' [%}rc

I dx
cos’ x +sin 2x

J- dx B J- sec’ x
cos’ x+sin2x ? sec” x(cos’ x + sin 2x)
sec’ x sec” x
y e
1 1+2tanx

——(cos” x +sin 2x)

COS X

Put 1+ 2tanx =t = 2sec’ xdx = dt = sec’ xdx:%

&

lel 1 1
= =—|-dt=—=log|t|=—log|1+2tanx|+c
[=F=2]-di="log|1]=log| |

2
jx—zdx
(a+bx)

t—a t—a) t*+a’>-2at
R Gt

dt
Puta+bx=t:>b.dx:dt:>dx=;,x: 7 3

2

J- X dx:I(Z2+a2—2aI)ﬁ

(a+bx)’ bt b

1 ¢(# & 2at) 1 L, 1

:EIL7+?_[_Z dt:FJ.(1+at —261; dt
1 2.1 1 2

=5 t+ —2alog|t@——{t———ZalogM}
1 B 2

=5 (a+bx)- —2alog\a+bx]}+c

j\/1+cos2xdx

I\/1+cos2xdx:J\/2coszxdx =jﬁcosxdx:ﬁsinx+c
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63.

Sol.

64.

Sol.

65.

Sol.

66.

Sol.

J‘COSX+SII’1)C

V1+sin2x

J-cosx+sinx COS X + SIn x

dx

—_—————dXx =
V1+sin2x

_J- COS X +8in x I
\/(sin x + cos x)*
J- sin2x
(a+bcosx)’
J- sin2x _J- 2sin xcos x 5
(a+bcosx)’ (a+bcosx)’

Put (a+bcosx)=t = —bsinxdx =dt =

2sin xCcos x

_J- B J-cosx sin x dx
(a+bcosx)

(a+bcosx)’

t—aldt 2 [r aj
=2|—5—=—7F||7->/d
b t*-b —bz-[ 2

Jsin? x + cos® x + 2sin xcos x

CcOs X +sin x

dx:Il.dx:x+c

sin x + cos x

. dt t—a
sinxdx=—=cosx=——

2 loglt]+9 | =—2| log| a+boosx|+ +
= —|= a xX|+—|+c¢
5| 8 e a+bcosx
secx
e ®
(secx +tan x)
Put (secx + tanx) = ¢ = (sec x tan x + sec’ x) dx = dt
= secx(tan x +secx)dx = dt = secx(t)dx = dt = secxdx =—
) secx ldt cdt
f e gL
(secx +tan x) ot t
B} " 1 1
= [£dt= === 3
-3+1 2t 2(secx + tan x)
j dx
a’sin® x+b* cos’ x
I dx _I sec” x dx
a’sin® x+b*cos’ x ? sec’ x(a’sin® x +b* cos’ x)
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Put tanx = ¢t = sec’ xdx = dt

sec” x dx dt 1
:J. 2,2 2:I 2.2 2:J. T dt
a tan” x+b at +b (at)"+b

=— =—tan
b a ab
_[ dx
67. sin(x — a)sin(x — b)
J' dx B J' 1 sin(b—a)
Sol. -} Gin(x—a)sin(x—b) * sin(b—a) sin(x —a)sin(x —b)
:I sin[(x—a)—(x—b)]
sin(b — a)sin(x —a)sin(x —b)
B 1 J- sin(x —a)cos(x —b) —cos(x —a)sin(x —b) dr
" sin(b—a) sin(x — a)sin(x — b) (+b=a=(x=a)=(x=b)
3 1 J- sin(x —a)cos(x—b)  cos(x —a)sin(x—b) dr
- sin(b—a)”?| sin(x—a)sin(x—») sin(x —a)sin(x —b)
1
= T I [cot(x —b)—cot(x— a)] dx
3 1 [log\sin(x—b)]_log\sin(x—a)q 3 1 o |sin(x—b)|+c
" sin(b—a) 1 1 Csin(b—a) |sin(x—a)|
J' dx
68. cos(x —a)cos(x —b)
dx B 1 sin(b—a)
Sol. -[ cos(x —a)cos(x—b) B I

sin(b — a) cos(x —a)cos(x —b)

1 Isin[(x—a)—(x—b)]dx

sin(b—a)* cos(x—a)cos(x—b)

3 1 J- sin(x —a)cos(x—b)  cos(x—a)sin(x —b) i
- sin(b—a)”’| cos(x—a)cos(x—b) cos(x—a)cos(x—>b)

= T J‘ [tan(x —b)—tan(x — a)] dx
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= m[log | sec(x —a) | —log|sec(x—b)[]+c

__ 1 [log|sec(x—a)q+c
sin(b—a) ‘ sec(x — b)|

j sin2x

69. dx

2 <2
acos” x+bsin” x

dx

sin 2x 2sin xcos x
dx= J.

Sol. j ;
acos’ x+bsin® x

acos’ x+bsin® x
Put (acos’ x+bsin’ x)=t = [a2 cosx(—sinx)+b2sinx cosx]dx =dt
dt

—a

2sinxcosx(—a+b)dx =t = 2sinxcosxdx =

2sin xcos x 1 dt
I d _I;b—a

acos’ x+bsin® x

! ! log|t|=
b-a b—a g b—a

1 .
j;dx: log | acos® x + bsin® x| +c

0. Il—tanx

1+tanx
sin x
1—tanx - COS X —sin x
I dxzj cos X dxzj —dx
1+ tanx n sin x COS X+ SIn x

Sol.

COS X

Put (cosx +sinx) =¢ = (—sin x+cos x) dx = dt

dt .
=J.7= log |t |=log|sinx+cosx|+c

. J~ cot(log x) dr

X

Sol. Putlogx=t¢ :>ldx =dt
X

J- cot(log x) dre J»

1
cot(logx).—.dx
X X

= Icot t.dt =log|sint|=log|sin(log x) | +c
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72. _[ e'.cote’.dx

Sol. Pute'=t=e'dx=dt
Ie”.cotex.dxzJcotex.e".dx
:jcott.dt:10g|sint|: log|sine® | +c

J' 2x+3

— dx
X2 +3x—4

2x+3 ( ' )
2 x=2Jx'+3x—4+ N AT
Sol. J ST x x*+3x c | | nEk 2 f(x)J

74. j cosec’ x+/cot x dx

Sol.  Put cotx == —cosec’ xdx = dt = cosec’ xdx = —dt

Icosecz xvJcotx dx= _[ JJcotx cosec” x.dx

73.

A
= [Ni(dny=—[ ¢ dr= =~ = —g(cotx)% e
2
75. Isecxlog (secx+ tanx)dx
1
Sol.  Put log(secx+tanx)=¢= —[secxtanx +sec’ x] dx = dt
secx +tanx

sec x(tan x +secx) dv = di = secx dy — dt

(secx+tanx)

j secxlog(secx +tanx)dx= I log (secx + tanx).secx.dx

) 2
=It.dt 7 [log(secx + tanx)] e
2 2

76. _[ cos’ xdx

cos3x+3cosx
4

Sol. Put cos3x=4cos’x—3cosx = cos’ x =

J-COS3xdx=Ic053xz3cosxdx

1

1 .
= —I(cos3x+3cosx)dx =— sin 3x
4 4

. 1 . 3.
+3sinx| =—sin3x+—=sinx+c
12 4
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77. j xJ4x +3 dx

=3

Sol. PutvVé4x+3=t=4x+3=¢ :>4.dx=2tdt:>dx:%tdt:>x:

2_
[xvax+3 dxzj%.té.dtz%j(tz _3).2.d

3

5 3 5
le.(t4—3t2)dt:l ra|_r. r
8 85 3 40 8

A3 (A @xd @yt
40 8 40 8

1
——d
78. I a’ +(b+cx)’ ’

tan”' (M)
Sol. I 1 dx = l a (I 3 ! 3 dx = ltan’1 (fj ]

a’ +(b+cx) a c



Unit 7

\ Definite Integrals l

The fundamental theorem of Integral Calculus

Iffis integrable on [a, b] and if there is a differentiable function F on [a, b] such that F' =, then

b b
J /(X)=F(b)—F(a). We call J f(x)dx , the definite integral of ffrom, ato b. 'a' is called the lower
limit, 'b' is called the upper limit of the integral.

The letter 'x' is called the variable of integration.
Note: We write [F(x)]i for F(b)—F(a). Also [F(x)]l; is not dependent onx and [F (x)]i = —[F(x)]; -

b b
The functionfin J f(x)dx is called the 'integrand'. The numerical value of I f(x)dx depends
on fand does not dependent on the symbol.x. The letter 'x'is a "dummy symbol" and may be replaced

by any other convenient symbol.

Properties:

1. jff(x)dxzif(a+b—x)dx
2 [f@de=] fa-xas
5 [f@dc=—] fds

4. [f@adx=[reyde+[ f(x)dx | wherea<c<b.

a

2f f(x)dx. if  f(-x)=f(x)

0

N

J 1=
. 0. i D=1




200

[ Basic Learning Material - Maths II(B)|

a

0

6 [ reoas-

2f f(x)dx. if  fQRa-x)=[(x)

0, if fQRa-x)=-f(x)
Problems
z 5
2 2
1. Evaluatef SCOS d -
0sin? x+cos? x
T S
7 cos? x
Sol. Letl= f—; s—dx (1)
0 sin? x+cos? x
2(n
. wd(E o
= I S e dx jf(x)dxz'[f(a—x)dx
0 sinz(— )+c052(— ) 0 0
2 2
T S
7 sin? x
[ = @)
% cos? x+sin? x

Adding (1) and (2), we get

m 3

cos? x
I+I=_[ 5

% sin? x+cos? x

T 5

T
7 sin? x
—dx 4 J s dx

5

5
9 cos? x+sin? x

5
sin? x

f cos? x
:>21—_[ 3 3
O\sin? x +cos? x

5 5

5 5
sin? x+cos? x

T\:
#cos? x+sin? x

_ feostarainix
0

3 3 de
sin? x+cos? x
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P 5

7 cos2 X T

I 3 dx=—

. 4

sin? x + cos? x
5% "
2. Show that dx = log(\/2 +1).
owtha j sinx+cosx 2\/5 & )

7 X

Sol. Letl= J- —dx

0 S x+Ccosx

But [ f(x)dx = [ f(a—x)dx,where a= g here
0

g b s G
‘ °sin(12t— )+c0s(g—) , COSX+sinx

a

dx

X
—— dx
sin x + cos x

Il
o —3
N
=,
=]
=
+ o
(@]
o)
w2
=

%o %o
, SINX+cosx » SIN X +Cos x
7
1
LY R A
2 , SIN X+ Ccosx
n/
a2
2 v SIN X +COS X
% 1

=] = dx

o
49 sin x +cos x

X 1 X . 2t
Put 7 =tan= = dt = —sec’ = dx, sinx =———, cosx =
2 2 2 1+¢

When x=0, =0 and when x = =1. Thus

U
—,t
2
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I =

o1

1 ,x
L 5% 5 th' 2dt
4

(sinx +cos x) lsec2 X 49
2 2

1

_TEJ' dt
45 (N2 —(-1

_mf L N2l w (V21
I PN RN R N I

T /\/5+1 T
:Zﬁlog \/—_1:2\/510‘%(\/5“)'

A i
3. Show that I sin"xdx = J‘ cos” xdx.
0 0

%
Sol. LetI= Isin"xdx

0

Leta= g £(x) =sin" x = (sin x)"

o3 [l5-1]

=(cosx)" =cos" x
We know that _[f(x) dx = If(a —x)dx
0 0

% %
= j sin"xdx = '[ cos"xdx Hence proved.
0 0

'3[ v/sin x
4. Evalute d \/sin it m
6

dx.

Sol Letaz™ b=T f(xy—__Vsinx
6 3 Jsinxt Joosx

Then a+b—x=£+£—x=(£_ j
6 3 2
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. T
simm| —— [
f(a+b—x)=f[g—XJ = (2 x) B \/cosxcisj/csinx
in( 2o (24)

/sin x
dx.
\/sin X++/cosx

Let =

|3 — |

We know that [ £(x)dx = [ f(a+b-x)dx

T ERRY P
I:I S dx:IzI cost dx.
7 A/SIN X ++/CcOos x ™ A/SIN X ++/CcOoS X
6 6
Adding them, we get
z . ERRY P
I+I=I A/sin x dr + J COS X i
7 A/SIN X +~/cos x ™ /SIN X ++/cos x
6 6
21_-3[( A/sin x N \/cos x \dx
nL\/sinx+\/cosx \/sinx+\/cost
6

sin x ++/cosx

: dx
sin x ++/cos x

Il
YR YN
<l

a

T T 3 v/sin x T

il dx =—.

I= =—=I=
6x2 12 g\/sinx+\/cosx 12
6
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xsin x

5. Evaluate I —dx.
o 1+sin x
¢ xsinx
= dx
Sol. Letl _([ [+ sinx
Let a=m, f(x) = - >
l+sinx

(m — x)sin(w — x)

Then f(a—x)= f(n—x)=

1+ sin(m — x)

_ (m—x)sinx
I+sinx

We know that jif(x)dxzjl‘f(a—x)dx

1
) I_J xsinx I(n x)smx
B 1+smx 1+4sinx

1 dx

I-nsinx—xsinx
) 1+sinx

t( msinx  xsinx
_[ — — - dx
) l+sinx 1+sinx

_jf nsinx J- xsin x
01+sin)c 1+smx
sin x
I dx—1
1+sinx

0

“ll=xf MY

» L +sinx
fl+sinx—1
PSRN AL Lk P
, 1+sinx
:E"f 1+s%nx_ 1. )dx
20 l+sinx 1+sinx

e
[a—

1
- - ]dx
1+sinx
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SN
—~
=
N
S A
—_—y

0 0

|t o1
5 '[l'dx_J.lJrsinxdx}

1 1-sinx
— X —dx
o I+sinx  I—sinx

T t1—sinx
_E_n_-([ cos® x dx}
_n_Z_E“[ 1 sinxjdx
2 2¢\cos’x cos’x
2 n
:n———j(seczx—secxtanx)dx
2 0
7'[2 T n
:T—E(tanx—secx)o
T on
:7—E[(tann—secn)—(tanO—secO)]
o
:7—5[0—(—1)—0“]
T om T’
= (2)=——
; W=y
T . 2
J. XSI?X dx:n——n
1+sinx 2

0

4

6.  Evaluate _[ xvx? —ldx.

1

4 4 |
Sol. Ixx/xz—ldxzj(xz—l)é.xdx

1

1

[[r] fieodx =

[f(X)]n+l
n+1
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pefs-ong]-for ]

2
7.  Evaluate j V4—x*dx,
0

a

2 2 2
Sol. J.\/4—x2 dx = J.\/Z2 —x” dx [Imdngxfaz -x +%sin’1 (fj]
0 0

X 4 X
=| =N4-x" +=sin"' =
| 2 2 2}

2

0

_ 5\/4 "4+ 2sin” (%H —[%/4—0 +2sin” o}

=0+ 2sic'(1)-0-0

=2x r_ T.
7
8. Evalute J. sin|x| dx .
A

T 0 K

2 2
Sol. - J. sin|x| dx = J. sin|x|dx+J.sin|x|dx

0 %
= I Sln(_x)dx"'ISIHXdX ['.'—g<x<0:>|x|=—x, O<x<§:>|x|:xj
_ 0

2

0
= J‘ —sinxdx+(—cosx);%

%

= [cos x]g% + [— cosg —(—cos 0))

= {cosO—cos[—%ﬂ+(—0+ 1)

=1-0-0+1=2.
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¢ 2x
9.  Evaluate _[ 1+ 52

2

dx.

J(x)

3 2y e
Sol. -[1+x dx = [log‘l+xﬂ2

=log 10—1log 5

10
=log | = )=log?2.

10. Evaluate j\/2 +2cos0 do.
0
T[ Y 5 e
I«/2(1+cose)d9:j,/4.cos EdG
0 0

T

=[4sin9} [451n——451n0} 4.
2 0

T
11. Evaluate jsin3 xcos’ x dx.
0

Sol. LetlI= J sin® xcos® xdx
0

We have j{f(x)dx:jif(a—x)dx

WY ™

=I= Isin3 xcos’ xdx = Jsin3(1t —x)cos’ (1M —x)dx

0 0

Y

= —I sin’ xcos® xdx = -1

0

LI=-1=21=0=1=0.

T
Jsin3 xcos® xdx =0.
0

( IM dx =log |f(x)|j
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2
12 Evaluate [ |- x|dx.
0
2 1 2
Sol. '[|1—x|dx:J.|l—x|dx+_[|l—x|dx
0 0 1
1 2
=I(1—X0dx+j(—1+x)dx (v0<x<l=[l-2)=+(1-x), 1<x<2=|l-x|=~(1-x) = (-1 +))
0 1
()
SRy W “_J

oo {223

:l—l—2+2+1—l:1.
2 2

%
13. Evaluate I cosxdx'
1+e
7
%
Sol. Letl= [ COSY ix
1+¢€"
A

cos( x)

cosX _ cosx _
= xe
i e’ +1

X

e

1+

e'.cosx
1+¢*

We know that j f(x)dx = j fa+b-x)dx

_ ? COSX ?e COS)C dx
1+“
A %

Adding them, we get
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g A
[+1= J‘ Cosxdx+ J’ e’ COSX
> 1+e” o
% 1
% . %
—]= (ICOS)§+61.COidex= J’ OSX1+€ Cosxdx
+ + +
& e e 3y e’
p . %
1
=21= J. wdx= I cos xdx
e
e ¢ e

=2I= (smx)/—sm——sm( gj

=2I=1-(1)=2
7

:>I=1:>1=j

1+¢€"
=2 e

COS X de=1.

: X
14. Evaluate | ———=dx
'([ VxP+16

o,

3
X
X i
Sol. !\/x2+16 21 Jx+16
3

:(1.2 x* +l6j
2 0

(JFe)

0

— R +16-0>+16
=5_4

=1

1
15. Evaluate J‘x.e*x dx .
0

Sol. j‘x.e)62 dx = j‘ef xdx
0 0

Put x>=t= 2xdx=dt = xdx=—o

UL:x=1=t=-land LL:x=0=t=0
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29 2
=_l(e_]_eo)=_l(l_lj
2 e
__ 1 L(LLJ
2e 2 2 2e
PR
16. Evaluate dx.
'[VZX—I
Sy 22x-1)
Sol. | dy=| =~
o V2x—1 2 1
()
=V10-1-v2-1=9 -1
=3_-1=2.
4 xz
17. Evaluatej dx.
o 1+x
T x2 t 1
dx = -H+—|d
Sol. '([l+x * .ﬂ(x ) x+1} *

- -4

= _x?—erlog|x+1|_0

2

4 0
= 2 _4t10gl4+1 |-| Z=0+1ogl
5 gl4+1] (2 gj

=8-4+log5-0
=(4+1log5)

2 2
18. Evaluatej

—-1

T X F -2
Sol. J.x2+2dxzj(l+x2+2jdx

-1 -1

dx.

X +2
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2 2 1
:Il dx—2| —— dx

he! x4 (\/5)2

[+, _[z%ml %}

:[2_(_1)]_£%[tan-u%_m—l [—T;)D

1
—3-J2| tan"' /2 + tan™ —j
( V2

4

19. Evaluate “2 - x| dx.

0

Sol. j|2—x|dx:j|2—x|dx+}|2—x|dx
2

0 0

O Gy N

(2—x)dx+jt(—2+x)dx

- ST 574
p R [ P
2 i 2

2

L 0

:'4_3_0}:(—8%)—(‘4*9}

=2+[0+4-2]
=4

T

A
20. Evaluate '[

0

sin’ x
.5 5
sin’ X +cos’ X

%

Sol. Letl= J

0

sin’ x
=5 5
sin’® X + cos’ x

We know that jff(x) dx = j‘.f(a —x)dx

[S)

(T
n Gin® x A sin’ (Z_Xj n
= |
0

dx = J.
sin’ [n—ijrcosS (n—x) 0
2 2

I= !sin5x+cossx

cos’ X

cos’ X +sin’ x

dx
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B s 7

sin’ x I cos’ X

. sin’ x +cos’ x

dx

0 COS x+sm X

sin’ x cos’ X
+ dx

sin® x +cos’ X cos’ x +sin’ X
=5 5
sin’ X + cos’ X
= S |
o\ sin’ X +cos’ x

sin’ x T
sin’ X 4+ cos’ x 4
T
7 sin® x —cos” x

21. Evaluate jﬁdx.
» Sin” x+cos” x

Yoo 2
SN X—COS X
Sol. Letl= [——5————dx
0 SIN”" X+COS™ X

We know that jff(x)dx = ff(a —x)dx

(m
v sin’| ——x |—cos’| ——x
72 sin? x—cos” x 7 (2 j (2 j
Izv[ﬁdlezj‘ dx
. sin’ x+cos’ x ¢ (T (T
sin’| =~ —x |+cos’| ~—x
2 2
72 cos? x—sin’ x
WECES e
d x+sin’ x
T[ T[
sin” x —cos” x cos’ x—sin” x
. I+I_I3— j €O YT Y oy
sin’ x +cos’ x cos’ x +sin’ x

0
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T
7 sin’ x—cos’x cos’ x—sin’ x
21= [| == S ldx
sin®x+cos’x  cos’ x+sin’ x

sin® x —cos® x+ cos* x —sin’ x

dx

oY

sin® x +cos® x

sin’ x —cos” x
| ————dx=0.
0 SIn” X+COosS™ x

7 dx
|

22. Evaluate | ——.
oy 4+5cosx

1-¢

1+ 1+

Sol. Let tang =t=dx=

UL:x=0=t=tan0=0and L.L: XZg:M:tan%:I

- 2dt

% [ 14r
:>-[4+5<:osx_j -7
0 %4+5 5
1+¢

£4a+z)+5 )

1
=2!92_dttz =2I321 dt
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A
23. Evaluate _f

0

sin x +cos x
—dx
9+16sin2x

%
Sol. J

0

sin x + cos x
——dx
9+16sin2x

Put sin x — cos x =t = (cos x + sin x) dx = dt

2= (sin x — cos x)> = sin? x + cos? x — 2 sin x COS x
=1-sin2x
=sin2x= —£+1=1-7

U.L.: x:E:M:sinE—cosﬁzo
4 4 4

LL: x=0=>¢t=sin0-cos0=-1

7

sin x +cos x ® dt
j - dx=.[ 5
9+16sin2x 9+16(t° +1)

0 -1

_} dt
S 168 +25
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sin x + cos x

Definite Integrals |
7 .
asinx+bcosx
24. Evaluate I - dx.
,  Sinx+cosx
7 .
asinx+bcosx
Sol. LetI= j d (1)
0

We know that | /(x)dx = [ f(a-x)dx

. (m T
asm[—x] +bcos(— )
2 2

S —o |3

Sl= dx
(= T
sm(— j+cos(— j
2 2
3 .
=jacosx+b.smxdx ........ @)
,  COSX+sinx
Adding (1) and (2), we get
5 5 .
I+I:J~as?nx+bcosxdx+Jacosx+b.smxdx
, SinXx+cosx , COSX+sinx

asinx+bcosx+acosx+bsinxd
x

=2I= -
Sin X+ COS X

o t—|a

a(sin x +cos x) + b(cos x + sin x) i

ct—u

sin x + cos x

(a+b)(sinx+cosx) I

sin x +cos x

o —po |3

T

—(a+ b)f Ldx = (a+b)(x).?

=(a+b)§

T
S I=(a+bd)—
(a+b)7
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Y

25. Evaluate j ——dx.
y 1+sinx
Sol. Letl= j ——dx
0 1+sinx

We know that | f(x)dx = [ f(a—x)dx

N N Gt
“I_Il+sm(n x) ~([ +s1nx

=1 :J.[ r___ 2 )dx
7 l+sinx 1+sinx
:J - dx—.[ x dx
o L +sinx » L +sinx
I dx—1
01+sm)c
: 1 1—si
I+I:nJ. — X S%nxdx
01+s1nx 1-sinx
¢ 1—sinx t1—sinx
221:75.'.—261 ZTCJ. 2
0l—sm X cos” x

0

TE 1 .
Lmj( s,
24\cos"x cos’x

T
= EI (sec® x—secx tan x) dx
0

T n
= —[tanx—secx]0

= g[(tan n—sect)—(tan0—sec0)]

:g[O—(—l)—0+l]:gx2:n

rox
I —dx =T.
7 1+sinx
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1
26. Evaluate J. M
0 1+ x
Sol. j M
1+ x2

0

Put x=tan0 = dx =sec’0d0 = 1+ x* =1+ tan’ O = sec’ O

U.L. x:1:>tane=1:>e=%, LL:x=0=>tan0=0=0=0

4

J-log(l+x) J- og(l+tan9) sec’ 040

1+ x?

0 0

log (1+tan 0) d0

cﬂ—»ﬁ

i/
LetT = | log(1+tan®)d0

0

We know that [ /(x)dx = [ f(a-x)dx

1= ?log{lycan(%— ﬂd@

%
J- 1 tan@}de
0

log| 1+
8 1+tan©

1+tan©

A
=jlog( 2 jde
) 1+ tan©

%
= I[log2 log(1+ tan0]d0
0

_(1+tar16)+(1—tan6)}de

% %
= [ 1og2d0- [ log(1+tan )0
0
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%
=log2J. 1.d6 -1

0

= L+1=log2.(6)* = log2(§) 0
T

=2I=—log2
S log

T
=1=—log2
3 g

¢ xsinx
27. Evaluate j—zdx.
01+cos X

Sol.  We know that [ f(x)dx = [ f(a—x)dx

t xsinx
Letl= J—zdx
7 1+cos” x

t (m—x)sin(nt — x) _I(n x)smx

=1=
'([ 1+ cos’(m — x) 1+cos” x

,I_jﬁnsinx—xsinx j Tsin x I- xsin x P
) lvcos’x 1+ cos’ x + 1+ cos” x
jf sin x

* 1+ cos” x

sin x

SI+l=n|————dx
-([1+cos X

Put cosx =t = sin xdx = —dt
UL:x=n=t=cost=—-1, LL: x=0=¢=cos0=1

-1
—ol=n| 4
L 1+1
-1
1
—1=-Z >
24 1+t

T IR L U DO NP
—E[tan 1), = 2[tan (=1)—tan" (1)]
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A
28. Evaluate I log (1 + tan x) dx.

0

i
Sol. LetI= J. log(1+tanx)dx

0

We know that Ja-f(x)dej..f(a—x)dx

s= ?log{l+tan(§— ﬂdx

0

73 1—tanx
= Ilog 1+ dx
1+tanx

[1+tanx+1—tanx
dx
1+tan x

o
:Ilog dx
7 1+tanx

s 1= log2dx—1

(=]

A
= I+1=(log2) [ 1.dx
0

= 21=(log 2)[x]ZA
T T
0g 4 4 0g
T

4x2
A

= J. log(1+ tanx)dx = %logZ
0

S=

log?2
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| Differential Equations l

Definition: An equationinvolving one dependent variable and its derivatives with respect to one

independent variable is called as Ordinary Differential Equation.

Eg: %+5x:cosx

2. \? 3
d—f -3 (ﬂ) !
dx dx
Definition: If a D.E. contains one dependent variable and more than one independent variables,

thenitis called as Partial D.E.
Oz oz o o o

X.—=y—=12z + + =0
kg Ox 4 oy ox> o o
z=f(x,y) o = f(x,y,2)
We learn about Ordinary D.E.

Definition: The order ofa D.E is the order of the highest order derivative occuring in it.
Definition: The degree of a D.E is the largest exponent of the highest order derivative occuring in it
after the equation has been expressed in a form of a polynomial equation in derivatives.

(The exponent of x and y need not be an integer)

d_y_ x1/2
1. dx y1/2 (1+x1/2)

order=1, degree=1

d2y dy 2 5/3
=1+ —
2. dx’ (dxj
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-]

order=2, degree =3

d2 2 J 2 13/2
3. 1+ )2/ = 2+(—yj
dx dx
_ e ,3
=1+ dJ; = 2+(ﬂj
dx dx
order=2, degree=4

2
4. Q+2Q+y:10g(ﬂj

dx? dx dx

Order is 2 and Degree is not defined since the equation cannot be expressed as a polynomial

equation in the derivatives.

d2
5, dx); =—p’y

order =2, degree = 1

&y (dyY
6. —)3/ —3(—)}) —e' =4
dx dx

order=3, degree=2

dzy dy 3 6/5
(A e J{E) =6y

d’y a’yj} :
CXE <(6
- dx’ +(dx ( y)6

order=2, degree=1

% The general form of an ordinary differential equation of i order is

2 n
F(x,y,ﬂ,d—y ..... ,dy]:O

dx"

Solution of a D.E: Asolution ofaD.E is arelation between dependent variable; independent variables

and along with some arbitrary constants satisfying the D.E.
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General Solution : A solution of a D.E in which the number of arbitrary constants is equal to the order
ofthe D.E is called the general solution.

Particular Solution : A particular solution ofa D.E is a solution obtained by giving particular values to

the arbitrary constants in the general solution.

Very Short Answer Type Questions:

1. FormtheD.E correspondingto y = cx —2¢*, where ¢ is a parameter.
sol:  Given: y =cx—2c*-(1)

It has only one arbitrary constant

So differentiating once with respect to x, we get

dy
= —¢(1)-0
So=c(l)

d
Substituting ¢ = d_i in(1), ‘¢’ gets eliminated

Th ired D.E 1 —ﬂx—2d—y2
.. Therequired D.E1s ¥ dx i

2. FormaD.E correspondingto y = 4cos3x+ Bsin3x whereA,B are parameters.
Sol: Given: y = Acos3x+ Bsin3x-(1)
Since there are two arbitrary constants or parameters,

differentiating two times successively with respect to x, we get

d_y =-34sin3x+3Bcos 3x—(2)

dx

d_zy_i(ﬂ

= ]:—9Acos3x—9Bsin3x
dx dx\ dx

= —9( A cos3x+ Bsin3x)
d2

" i} =-9y istherequired D.E. Where A and B are eleminated
x

d
2
Y

I +9y=0

3. Find the order of the D.E. obtained by eliminating the arbitrary constants b and ¢ from the
equation xy = ce* +be " + x°
Sol: There are two arbitrary constants b and ¢ in the equation

xy=ce' +be” +x° ... (1)
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So diff. twice successively w.r.t. x, we get

x. d—y+y.1:ce"+be_x(—1)+2x
dx
2
xd—{+ﬂ.l+ﬂzce"+beﬂ‘+2 ........
dx®  dx dx
d? dy d
:x—{+—y+—y=(ce"+be_")+2
dx* dx dx
= (xy—x2)+2 from (1)
d’y _dy .
:x.ﬁ+2£:xy—x2+2 isthe D.E.
.. Order=2.

Sol.: The general eqn. of the circle with centre (0, 0) is

XAV =rt (1)
r2is the arbitrary constatnt.

So, diff. eq. (1) only once, we get

dyo

dy
2x+2y—=0=>x+y—==
ydx ydx

.. Order=1.

(1) y=c(x—c)’ . (1)

diff once w.r.t. x we get

% =c2(x—c) ... (2)

@ y _clx=c)

- = =
Now ) (dy) c2(x—c)
dx
y Xx-c
- — =
& 2
dx
2y
:>d—y—x

Find the order of the D.E. of the family of all circles with their centres at the origin.

From the D.E. of the following family of curves where parameters are given in brackets.



224

Basic Learning Material - Maths 11(B)

Substituting in (1) we get

2

L
y=| x|
dx dx
dy
—=2
y:xdx yx 4.y°
dy [dy]z
dx dx
dy ’ dy j 2
=Sy = =|x=-2y |4
y(dxj ( e y |4y Ans
dy ’ dy 2
=| = | =4xy—-8
(dxj ya’x y Ans

xy =ae" +be"....(1); a,bareparameters

Since there are two parameters, differentiating eqn. (1) twice sucessively w.r.tx, we get

dy

x.—+yl=ae" +be.(-1)
dx
dy _
= Xx.—+y=ae —be"
e y=ae —be" . (2)
Againdiff.
d’y dy dy _
—S+—1+—=ae" +be " =
X ey o ae e xy from(1)
d’ d
X. i} + 2.—y—xy =0 is the required diff. eqn.
dx dx

y=acos(nx+b)...(1); a,b areparameters

Since there are two parameters, differentiating (1), twice sucessively w.r.t.x, we get

@ =—asin(nx+b)xn
dx

= 4 = —ansin(nx +b)
dx

Again differentiating w.r.t.x.




Differential Equations 225

2
Ccll i} =—ancos(nx+b)xn

X
=—an’ cos(nx +b)
=—n’[cos(nx+b)]
= —nzy

d’y

= 0 =-n’y istherequired differential eqn.
X

Solving Differential Equations:
Methods to solve first order, first degree D.E.

. d
The general first order, first degree D.E. contains the terms of d—i ,xand y.

: d : :
So it is of the form, d_i =F(x, y) where F is a function of x and y.

Variables Separable Method:
Ifthe given D.E. can be written in the form of f'(x).dx + g(y).dy = 0, then its solution can be
obtained by integrating each term. This method of solving the D.E. is called variables separable method.

Long Answer Type Questions

1. Solve:x+yQ:0

dx

: : dy
Sol. GivenD.Eis x+ yd_ =0
* Note: Afterintegrationonbothsides, write

d . .
=y d_y I the constant of integration, C, on
X

= ydy = —xdx

any one side.

Integrating on both sides,we get
I ydy = ~[—xabc

= x° + y* = 2c istherequired solution
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dy .,
. — =
2 Solve o

d N
Sol. GivenD.E -2 = e
dx

d
= @ _ e'e’

dx

= & =e"dx
ey

=e’dy=e"dx
Integrating on both sides, we get
je’ydy = J-e"dx

=>-e'=e"+c

= e"+e” +c=0 is the required solution

dy y2+2y
3. Solve —=——"-=
ove dx x—1

d 242
Sol. GivenD.Eis—y=y 4
dx x—1
dy  dx
Y42y x-1
e
vy +2y Jx-1

=

1

:jy2+2y+12_12 dy =log|x—1|+c

—
j(y+1)2—1

| y+1
1
2(1) og| y+1

2afy=log|x—1|+c

-1
= |=log|x—1|+logc
+1

:log]ﬁ|=2log((x—l)xc)

= log =log,((x—1)><c)2

y+2

= log =10g(x—1)2><c2

y+2
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Sol.

Sol.

Y 2 2
L -1
:>y 5 c’(x-1)

=y=c’(y+2)(x— 1)2 is the required solution.

Solve y(I+x)dx+x(1+y)dy=0
y(1+x)dx+x(1+y)dy:O

:y(l+x)dx:—x(1+y)dy

y(1+x) _dy
—x(l+y) dx
(I+x) v _dy
-x l+y dx
:(1+x)dx—1+yd
—x y

Integrating on both sides, we get

J~ l+x J~1+y

= (x el
At

= —[logx+x]=[logy+y]+c

= —logx—x=logy+y+c

= x+ y+logx+logy+c=0 is the required solution

Solve f14+x2 Jf1+y*dx + xy dy =0

= xydy =— 1+ x> 1+ dx
ydy \/1+x dx

\/ 1+’ X
Integrating on both sides, we get

:J‘m Ide _(1)
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1+x* -1

Substituting in (1), we get

l+y2—{Vl+x2+%kg

——+c
VI+x? +1

'[\/T x=2f(x)

1+x* =1

VI+x* +1

}c

Put 14+x° = =>¢=1+x’

Sxl=r -l x=+ -1
= 2xdx = 2tdt

Ddx:@

X
dx tdt tdt
->—=—=

X X.X xz
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1+x* -1

VI+x? +1

:>\/1+y2 1427 +%log

2
:>\/1+y2 31+ X +%log ;J =c

V1+x? +1

:>\/1+y2 N1+ +log[

X
— |=c
\/l+x2+1]
:>\/1+y2 +1+x° +logx—log(\/1+x2 +l)=c

6. Solve \/1—x2dy+\/1—y2dx:0

Sol.  Given \/l—xzdy+\/l—y2dx =0

= \1-x*dy = —J1-y*dx
dy —dx

\/l—y2 :\/l—xz

Integrating on both sides, we get

=

1 1
L NV S S
=sin”' y=—sin"' x+c¢

= sin”' x+sin”' y =¢ is the required solution.

dy 1+y2

7. Sol —_— =

olve dx  1+x°

dy 1+y2

Sol. —_— =

© dx  1+x°
dy  dx

1+’ C1+x°
Integrating on both sides, we get

=] dy N dx

1+y° ST

Tan™'y =Tan 'x + ¢ is the required solution.

N1+x2 =1 1+x% +1
X

i+x2 +1 1422 +1

(1+x°-1)

(mﬂ)z
(i)
o x Y
_Lmﬂj
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Sol. —=e

=e’dy=e"dx
Integrating on both sides, we get

= je_ydy = J.e_xdx

e*)’

-1 -1

— ¢ ¥ = ¢ 4+ ¢ 18 the solution.
9. Solve (ex+1)ydy+(y+l)dx20
Sol.  Given (ex +1)ydy+(y+1)dx =0

:>(e" +1)ydy=—(y+l)dx

Yy —dx

y+1l e +1

Integrating on both sides, we will get

:jﬂb

y+1 e +1

y
[——a
LHst+1y

y+l 1
_I y+1

g e

=y-—log|y+1]
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RHs: |2 Put
oY e 4] Ut e =
Lo odt
1t +1) e'dx=dt
t t+1 T ¢

= log|t| - 10g|t + 1|

=10g‘e"‘—log ex+l‘+c

substituting in (1) we get the required solution as

y—log|y+l|= —log‘ex‘+log ex+1‘+c

= y=log(y+1)—loge" +log(e" +1)+logc

y:loge{w} ( €X+1:€_x+ix:1+exJ

e

v _ (y+D(e"+1).c

X

e

—

e =c(y+D)(1+e™)
Problems for Practice:

d . 3

1. Solve: = =e" +x’¢” Ans. € = +tc
dx 3

2. Solve: tany dx +tanx dy =0 Ans:  sinx.siny=c

10. Solve 1+ x*dx++/1+y*dy =0

Sol. = 1+x*dx=—1+ydy
Integrating on both sides, we get

J.\/1+x2dx:—.|.«/1+y2dy
=Vl +%Sinh"(x) = —BM%smh* y}c

= w1+ +y\/1+y2 +sinh™ x+sinh™' y =2¢




232

Basic Learning Material - Maths 11(B)

11.

Sol.

12.

Sol.

dy xy+y

Solve E = o+

dy _xy+y
dx xy+x

_ & _y&+D
dx x(y+1)
b_ y x+l
de y+1 x
y+1 x+1

=>—dy=—-—dx
y X

:(Z+1de=(£+ljdx
y oy X X

:>(l+ljdy:(l+ljdx
y X

Integrating on both sides

:I(Hlj dyzj(1+3 dx

y

= y+ 10g| y| =X+ log|x| +c is the required solution.

Sol DE'd—y_ —X 1
olve D.E.is —° y @)

Put y —X = tz
diff wrt x
d_y dt

—1=2r—
dx dx

dy dt

= ——=1+2t—
dx dx

Subsituting in (1), we get

1+2tﬂ=t
dx

dt _t-1

= =
dx 2t
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Integrating on both sides, we get

2+~ fas
LHS = th;:rl dt

= 2[t+log|t—l|:|
Subsituting in (2), we get
2[t+log|t—1|] =x+c

= 2[\/y —x+log\y—x— 1} =X +c is the required solution of the given D.E.

Problems for Practice

13.

Sol.

d N
1. Solve: =™
dx

d
Solve 2 (Bx+y+4)’
dx

d
Given D.E. is d—iz Gx+y+4)°

put 3x+y+4=t¢
diff. wrt ‘x’, we get

dy dt
+ —+0=—
3.1 dx dx
dy _dt
dx dx

Subsituting in (1), we get
dt

—-3=r

dx

:>£:ﬂ+3
dx

= dt = (> +3)dx.

)

Ans: ooy x4 =0

Hint put x+y=¢

Y
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zdt =dx.
" +3
Integrating on both sides, we get

d
J.tzj3:-|.dx

1
= jm—\/—?’)z dt—_[dx
:>Ltan_1 (Lj =x+c
3 V3

:Ltan_l(MJ—x+c is th ired soluti f the gi
5 NG 1s the required solution of the given D.E.

d
14.  Solve —y—xtan(y -x)=1
dx

Sol:  Put =t thtd—y—l—ﬂ
ol: ut y—x=t so tha I I

Therefore, the given equation becomes

1+£—xtant=1
dx

ﬂ =xtant
(or) dx .

Therefoe, cot ¢ df = x.dx so that Jcot tdt = I x dx.

. x’
Hence, log|sint |:?+c

2
i.e. log |sin( V- x)| = % + ¢ which is the required solution.

[ d
15. Solve sin™' (—yJ =xt)y
dx

. dy
Sol.  Given D.E. is SIn [a’_j =xty
x
dy .
= < =sin(x+ 1
e (x+y) (D

Put x+y=t¢
diff wrt to ‘x’
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16.

Sol.

1+Q=dt

dx dx
:ﬂ:dt

dx dx
Substituting in (1), we get

dt )
——1=sint¢
dx

dt )
= —=1+sIint
dx
= dt =(1+sint)dx
dt
1+sint
Integrating on both sides, we get

dt
J.1+sint =Idx

= [ 2 g
1+sint 1-sint¢

=dx

=] 11—_ ssiinnztt =[x
= [ I;jslftt dt = [ dx

1 sint
= - dt = |dx
j(cosz t cos’ tj -[

= j(seczt—tantsect) dt = Idx

= jsecz t.dt—‘[tantsectdt:jdx

= tanf—sect=x+c

= tan(x + y) —sec(x+ y) = x+ ¢ is the required solution of the given D.E.

d
Solve : 2 tan? (x+y)
dx

d
Given D.E. is d—i — tan>(x+ )

Put xX+y=t
diff w.rt x, we get
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d dt
1+ 24
dx dx
d dt
= _y -
dx dx
Substituting in (1), we get
t
——l=tan’¢
dx
= —=1+tan’ ¢
dx
=sec’ ¢t
dt )
= —=sec’t
dx

= dt =sec’ t.dx

dt

SCC2 t

=dx

= cos’t dt =dx

Integrating on both sides, we get

J.cosztdtz.[dx

:J1+cos2t

dr:jdx

:>%J.(1+cos2t) dt = | dx

1 sin 2t
=>—|t+ =x+c
2 2

sin 2¢

t+
2

=x+c
1 .
:>t+581n2t:2x+20

:x—y—%sin2(x+y)+c:0

putt=x-+ty
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